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ON THE BINDING ENERGIES OF THE ATOMIC NUCLEI
*H, °H, °*He and ‘He
Part III

By Cuanc Cur-Hene anp H. W. Pene

Institute of Modern Physics, Academia Sinica, Peking
(Received July 24, 1950)

The binding energies of the atomic nuclei 2H, °H, *He and ‘He are examined here with a
nuclear potential based on the meson theory where the hypothesis of charge independence is
given up. Preliminary calculation indicates that the interaction of nucleons with the neutral
meson field does not contain the factor 7; and that the mass of the neutral meson is some:
what larger than that of the charged meson. 3

It is shown in the previous papers, Part I and Part II, that the cal-=
culated value for the ratio of the binding energy of *He to that of °H
turns out to be more than twice the experimental value. The calculation
was based on the Mgller-Rosenfeld nuclear potential and the variation
method was used with a one-parameter family of trial functions of a
particularly simple form. The above discrepancy could have been originated -
from a peculiar combination of errors, say that the calculation yielded
poor results for °H but good results for ‘He. Tt is not unlikely, however,
that the above indicates that the Mgller-Rosenfeld nuclear potential has
to be modified.

Tt seems to us that the Mgller-Rosenfeld potential contains a doubtful
hypothesis, namely the charge independence of nuclear force. Blatt', in
his analysis of the neutron-proton force, has reached a conclusion in
contradiction to this hypothesis; and recent experiments of scattering at
high energies seem to further substantiate this view. In what follows we
shall therefore give up this hypothesis and replace the M, ller-Rosenfeld
potential by the following:

1 Blatt, Phys. Hev. 74 (1948), 92.

548
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(1)

| TZ]_Ci] g +fo(0'i’0'])} it +NZJ{g0 +ﬁ(61.0])}

Here Cz'j="}_ (T Tj + Ty Tpo) and IV, =7,57; or 1 a\_ccording to whether the
interaction of the neutral meson field with a nucleon contains the factor
v, or not. The constants g°% f*, g5, f3 are all independent, while 4 and 4,
are related to the masses t of the ‘charged meson and u, of the neutral
meson by Aid=uc, idy=u,c. In the case Nij—-’c’z-?, 7 the M jller-Rosen-
feld potential is obtained >by specializing @, =W, gi=%g* and f3=4 1>

In this paper we shall examine the binding energies of *H (triplet
state), °H and *He, and the non-binding for *H (singlet state) and *z. In
this way a partial determination of the constants contained in the potential
(1) can be attempted.

We adopt the wave functions used in Part I.  After some calculation
which is similar to that of Part I we get, neglecting the Coulomb energy,

the following expressions to be minimized:

e= % 2t Bl () t-‘%q Fy (fj‘ a) for 2H (triplet state) (2)
e= % a® + 4 Fy () + g%’ Fy (i aj for-2H (singlet state) @)
8=_;Ta2+§d‘uF2(gTa for %n (4).
o= = pF@) =M () tor e ‘ A5
eﬁ%az—pF4(a)v—q%F4 (-E;a) for *He = ' (6)

Here F,, Fy and F, are the functions already appeared in Part I, viz.
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1 3
Fy(a)= 'g'ﬁ-_arz)r

. S i1 =
Fa(a)=u5—2;{'(ﬁ_—a_—-ﬁ§{8a4+9a2—2—-———a—tan 1 :: },

s & B T
F‘,(a) Wm{a +55a + 7 a + 7}.

).

Further we have introduced the abbreviation A= -1or +1 accordin‘g‘
as N;=T7;T;or 1,

2 B (ginpymlanie) g il SREME s
; sukiiivc T (7 [Ty 7

_ M= +2 M3 +3Fs L ME=5F 5 & 8)
q y 5110 ? n ‘u hc 58 6’7’ ( ) ‘V
§=_ﬂ_{g§—.5‘f§4_1+4 54—1

w he = eaoTail 2 \ J

The determination of p and g as function of tb/u,.

Consider (5) and (6). For a given pair of values of p and g, we
obtain a corresponding pair of values for the binding energies of *H and k
‘He by minimizing (5) and (6) independently. Conversely, the pair of
values of p and g which corresponds to a given pair of values for the -
binding energies of H and *He can be determined by making use of the '
following mathematical consideration.

Let us distinguish the parameter @ in (5) and (6) respectively by a;
and a,, these being independent of each other. Let us substitute for the
g in (5) and (6) respectively the values & and & which correspond to the
given binding energies of *H and ‘He. We thus write (5) and (6) in the

form

‘eg=Gy(ag;p,9), © & =0Cu(a;P,q) " (©)
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o

The solution of these equations for p and ¢ will be denoted by

p=Plaga), g=Qasa). (10y
By inserting the solution back we gét the identities in @, and a;:
Ga(ay; P,Q)— =0, Gy(aP,Q) ~ & =0, (11)

and, by differentiation, we get further identities in a, and «,

56, 0GP P 96, 99 (96, 9P 96,90 _
das + dp dag - dg Dag * 9p day Gl e At

(12)
DG OP | 3G 00 - 30, oG0P s NCRIe =
R s Py itk ey e S )

It is easily seen from these identities that at a point a,, @, where Q (a;, @,)

reaches an extreme value, P (a,, @,) also reaches an extreme value and

further both 6aG3 and 245, vanish under the circumstances. Thus the
a

pair of values of p and ¢ corresponding to & and &, are simply obtained

from the extreme values of (10) and the corresponding values a, and a,

for the parameter @ of the wave functions for °H and *He are obtained at

the same time.

In our case (9) is of the special form

p =03 (as) — gos(as) = Fa(a) —qgou (ay) (15)
; glie
with Py (e, oSy Ry e __..__-_FA (“0 a) Am=-B0ndow- (44,

0 W SEEE)PY O
At the point a,, a, where -

Bo (@) = Ba (o) (15)

9= Qa5 ay) = oy (ag) — a4 (ay)

reaches its extreme value we have
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B1(as) _ Bllas) _ Balas) — Bala) 5
al(ag)  ela)  o5(a) —ou(a) (16)

1t is convenient to solve these equations graphically by tracing the curves
C, ann €, in the z-y plane described respectively by the parametric
equations z=0; (@), y=0, (a;) and z=a, (a,), y="0, (a,), and then
drawing the common tangent line. The required values for @, and a,
are obtained from the values of the parameters a, and a, of the curves G
and C, at the points of contact, while those for ¢ and p are obtained fro
the slope and the y-intercept of the common tangent line (see Figs. 1 (a);
1 (b)). Values thus obtained for the case w/p,<1 are summarized in

Tables 1 and 2.

TABLE - 1

P, g, as, ay for pw/ug < 1, given &= — 37, 8= — 127 which correspond

1o 84 Mev and 29-0 Mev for u = 286 electron mass

2

/o 5 \ 4 3 \ 6 7 \ 8 9
- 156 | e AT 5% 3 116:29011 ) 18:05% isv 14156 9192
L s |00 | =718 = TR 8 o _11.76 | —21:82
o eatlh Pilge | U488 | s 188 1-88 1-88
2 o075 | o74| 277| o84| 28 088 992

TABLE 2

p,q, ag,ay for u/py < 1, given &= — 25, g, = — 80 which correspond

t0 57 Mev and 182 Mev for u= 286 electron mass

u/ o 3 4 -5 6 7 -8
P 1314 7-94 8-:53 9-92 1273 18-11 36-22
q —09:40 | —20:02 | —15:53 —14+53 | —16:10 —20-56 —38:25
as 194 | 128 132 | 134 1-36 1-37 :
ay 1-79 1-81 1-90 1-94 1-96 2:01
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F,,'g. I(mi ,\3
KK, =8

Fig. ()

&= ~.37

&= =127

i Al - €] s 5
18 76 78 80 R 0 L 2 3 4

We ‘have selected two pairs of values for &, &, in one of which we have
tried by arbitrary guess work to allow for the various sources of error in
the calculation of the binding energy. The curves C, and C, are traced
in intervals of 0-1 for the parameters @, and @,. Because of the opposite
signs of p and ¢, it is necessary to calculate each of the two last terms of
(5) and (6) to a high degree of accuracy. In Table 5 and Table 4 we
present some values for F; (a) and F, (a) which can be interpolated up to

‘the second differences. For the same reason, two figures after the decimal

point have to be given for p and ¢ in Tables 1 and 2, although both p and
g can be varied simultaneously over a considerable range with little
variation in the values for & and &,. (For example, for @/@,=-7, p can
be varied by dp, as large as -6 and g can be varied by dq as large as -9, and
by suitably adjusting the ratio dg/dp we can keep & unchanged and keep
the variation d &, of &, as small as -002.)

“For w/w,>1 the curves C; and C, are traced in intervals of 1 for the
parameters @, and a,, and the results are summarized in ‘Table 5, which
can be regarded as an extension of Table 1. '
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554
TABLE 3
Values of the function Fy(a), cf. (7)
3 Fya)| a | Fs(a)| a Fg(a)“ a | Fs(a)| a ‘1 Fyla)| a
20019 | 6. |-0412 | 10 1455 t 14 | 3088 | 1.8 |-5186 | 22
'5‘-0062 710612 | 1-1 |-1813 1-5 |-3575 | 1-9 |-3770 | 23
40139 | -8 |-0853 1.9 |-9206 | 1:6 |-4085 | .20 6375 | 24
-511'0255 -9 |-1135 ~._1»'\5 2631 t 1-7 |-4624 \ o1 |-6998 | 25
; iad | STABLE gt i 7l
Valueé'qf the function Fy(a), cf. 7)
a—| Fya)y | @ Fylay | a Fy(a) a Fy(a) a
40| 0138 1-0 1641 ° | 16 - +4988 22 | 0:9820 | 28
-5 | -0260 1toq 0077 | -1:7 .| 5702 23 | 1-0740 2:9
-6 | -0430 1-2 | -2564 1-8 | ‘6455 24 | 1-1689 3-0
LT 120652 i 13| -3101 . 1-9 | 7246 2:5 | 1-2664 3.1
C -8 | <0927 1-4 | 3686 | 20 | -8071 26 | 1-3665 32
-9 | -1257 15 | 4315 21 -8930 27 | 14690 | 33
AR  TABIE 5 :
Dy qrasau for wlpy > 1, given s = — 57, e=—127 -
/g 2 o4 g 10
L — 96 — 47 36 70
T 1:85 1:42 T4 52
a3 18 1-9 18 Yo
a 3:0 51 31 50
I o - “ - ; i i
Since ' is necessarily positive, only the region @/ py >33 could be of :

physical §ignificar;qe,_and in this region p and g are of like sign.

The
is here large, of the order of 0-1. =

error in a; and a,
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The determination of s and ¢ as funections of W/ u;.

Let the minimuﬁi value of (2) be denoted by e, Which_~éééu1';§ for
a=a,, say. It is then easily seen that in terms of &, and a, we have
: » A
t=.ﬂ_2(i~). s=52(a2)-—ta2(a2), (17)

ol (a)’

where B, (@) and @, (a) are given by (14) with 4=2. For u/pw,<1 we
present some values calculated from these equations in Tables 6 and 7.

TABLE 6
s,t for u/uy <1, given &= — ‘098 which corresponds
to 2:23 Mev for pu =286 electron mass
1w/ 3 4 '8 6 . 8 9
g0 [ | 8932 1030 1290 1540 | 1990 | 2949 | 5828
2= t |—29-88 | —2366 | —21:67 | —22-23 | —25:50 | —34-02 | —62-01

e { ¢ | BSOS TI0RE I 5Ty U0 AgEeE) - 4989
e t |—24-31 | —19-42 | —17-93 | —18:52 | —21-38 | —28-70 | —52-57
apm 90 { £ | 699 | 800 0-40 | 11-50 | 1801 | 29:05 | 4507 -
A t |—1994 | —16:07 | —14:96 | —15:56 | —18:07 | —24:59 | —44-92

. TABEE. i7: Lisite ¢ |
st for u/uy L 1, given &g = — -085 whick corresponds
to 1:94 Mev for p =286 electron mass

/g = 4 5 6 g 8 9

65 ¢ | 128211490 17-81 | 2918 | 2946 | 4395 | 87-71.
¢t | —52:69 | —40-55 | —536:30 | —36:28 | —40-76 | —53-26 | —95°60

qo{s | 1081} 19562 | 1491 | 1851 | 2450 | 3648 | 7245
=701, | 4114 [ —31:96 | —98:79 | —29-09 | —52:92 | —43-40 | —78-23

75 { s 9-27 10-70 1270 | 1569 20-69 50-69 60:67
t | —32:64 | —2560 | —25-26 | —25:68 | —26-99 | —35:80 | —64-92
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For /@, >1, we irace in the z-y plane the curve C, described b

=0, (@), ¥ =0, (ay)- The slope and the y-intercept of a tangent line
C, then give the values for ¢ and s, a, being given by the value of the

=

parameter at the point of contact. Some such curves are shown in

figure 2.

4 Fig 2
5 % 0 Chr pfp=10) 1 2 j_______z____z;_:'.
O (Forpefjty=3) 1 2 E} 4 S

HI=) G e i =5) 1 2 3 1 5

The non-binding of *z and the exclusion of the case W/, >1.

‘That two meutrons do not form a stable nucleus 25 shows that (4)
cannot possess any minimum for a.> 0. By some mathematical con-
sideration familiar in curve tracing, it is seen that £ A must be more
positive than a certain critical value c,, say, for which the minimum

of the expression (cf. (4) and (7))

el s
&= — 2 Co— ————— =——‘u
n i e e R T )

degenerates into a point of inflection. Thus we have

de 1 1 a2a2(za + 3)
= ok Gl e ¢ l -
' (19)

1 62%a

PO~ | DB e~ | 028 — 0
da® +c°2(1+xa)4_0 J

tOI-—-
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at the point of inflection a=ay, say, whence we get

=3 B ik B U SRR
ray=—2+4+9 7 and ¢ = it i ns ik (20)
The condition for the non-binding of *z is therefore an inequality
EA = — 1-8934uy/1t (21)

It will be shown that this condition cannot be satisfied in the case
w/w,>1. Suppose A=1. We get from (8)
M _f3
§-—-q—2;—-1%§—-q (22)

which, by referring to Table 5, contradicts the above condition thus:

For uluy= 33 5 10

we have £ < —1:04 —74 ~—+52 by (22)

but we demand &= —0-58 —-38 —-19 by (21)

Suppose A= —1. We see from (8) that s must lie between p and 3p;

with the help of the curves of figure 2 we get the corresponding limits
for ¢ and hence, cf. (8), the.corresponding limits for E. The results again
contradict the condition (21) thus:

For W= 33 5 10

we have s=0 36—1-08 70—2:10 by Table 5

and t=12 87— 60 60— -14 from fig. 2,

50 E=96 109—1:00  1-32—270 by (8).

But we demand & < ‘58 38 19 by (21).

The contradiction in hoth cases with A= — 1 and with A=1 isso severe

that we may trust our graphical treatment as much as to conclude against
the case w/p,>1.
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The non-binding of *H (singlet state) and the preliminary determinatio ;

—

of the constants contained in the potential (1).

By considerations similar to that of the non-binding of 2 we can flnd
the critical value &, for § that corresponds to a given value 1), for 3 from
the following equations derived from (3): 38

de l 1 g2(a+ 3) 1 22a2(xa+3)

da 2 B gy 2 (1+ a)3 gt ry 2 (1 +.7::a)3 = 3
(z = u/p) (23)

Be 1 O (e 1 076 22 B '

dE= T TG rant Ve e J

at the point of inflection @=a,, say. If we. represent the above relation
by a curve I' described by the parametrical equations (the suffix zero -
being omitted below) : "

iy (a+2P—7 (1 +=za)* G
5= §(a)-—6 (z—1)(xa+a+4) x%a? : 1 4

- - (24
' _ 1 (za+2P-7 (1 + a)* -
=) = e N e e ) e J :

e which is the solution of (23) for &,

' * and ),, then the condition for the non-
binding of *H (singlet state) is simply
expressed as that the point §, 7 of (8)
must lie above I'. For examples of
such curves, see figure 3.

For p/w,<1, the negative sign
of g excludes the case of A= —1, s0
we have A=1. The condition for
the non-binding of *z is therefore
E= ~1.8954 w,/u. The points &,

2’ mas obtained: from Tables 1 and 6
are marked by crosses in figure 3 while
those obtained from Tables 2 and
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7-are marked by circles. The' thick ‘portion of the line joining these

points gives the range of values for &, 7 compatible with the non-binding
of ®n and of *H (singlet state). This port_ion is essentially that of a straight
line, so any point §, 7 on it can be obtained by linear interpolation from
the two end points, distinguished by () and (H) in the figures and in
Table 8. In Table 9, the two end points practically coincide, as can
be seen from the corresponding figures.

TABLE 8
The constants for p/uy < 1, given &, = — 085, g3 = — 25
and e, = — -80 (cf. Tables 2 and 7)

u/ g 3 4 5 6 7 8 9

g{ (n) —631 | —473 | —379 | —3.16 | —270 | —237 | —2.10

(H) —231 | —512 | —2:80 | —9:35 | —198 | —171 | —1-57

[ 54 50 68 80 90 98 90

T (H) —1-48 | .—-80 49 | —48 | —48| —51| —51

. {(n) | —66:11 | —44-73 | —34-85 | —32-21 | —534-00 | —45-49 | —78-60
(H) ~ | —6111 |—4512 | —33-86 | —31-42 | —34-18 | —42-85 | —78:07

{ ) 1492 | 16:04 | 17:29'| ‘2011 | 2576 3655 7974
SY(H) 14-25 | - 15:61 | 16:90 | . 1968 | . 2530 | 36-05 | 79-27
a B1s| SB35 685l ey Dy Lo,

M g% (n) 1133 | 1246 | 1314 | 1598 | 1955 | 07-66.| 5478
p—c{(H) 1032 | 1186 | 12:85 | 1464 | 1886 26:91 | - 5408
M fi (n) 559 | 589 | 417 | 484 | 692| - 889 | 17-96
© %ol (H) 595 | 410 | 435 | 504 | 645 944 | 1820
M g2 { (2); 4726 | 3240 | 9519 | 0538 | 2550 | 32:05 | 5845
W Rcl(H). | 4526 | 3159 | 2470 | 9296 | 0594 3170 | 5816
Mﬁ{_(n) | 4786 1238 966 | 885" 040 | 11-47 | . 20-18
W AEcU(H) | 1586 1157 | 0 947 | 843 | 9.04| 11-14| 1901
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TABLE 9

The constants for u/uy < 1, given &= — 098 ey=—"37 and &=—1-27
(cf. Tables 1 and 6)

w/ o ‘6 T -8 -9
g —316 | —2:70 | —2-37 | —210
U] 0 0 0 0

—17-56 | —19-78 | —25:89 | —45°74

™

12-58 | 16-10 23-12 45:84

]

M g 944 | 1208 | 1734 | 32:88
u fic
M 515 | 403 | 578 1096
p Ae
M g 1938 | 1416 | 1882 | 3378
u ke
M fs 548 | s62| 707 | 1196
u ke

Referring to Table 9 it may be mentioned that for w/,="3, -4, -5, the =
data are incompatible, and for u/u,=-9 the data are almost incompatible,
as may be seen from the corresponding figures.

The Coulomb energy correction is still given by the formula (24) of
Part I, viz. 4 6,=:0159 a, for "H—°He. By using the value for a; as
given in Table I we get Ag,=-030, ie. 0-68 Mev for *H—°He in
comparison with the experimental value of 0-74 Meyv.

The values obtained here for g% 2, &5 f3 are much larger than those
of the Mgller-Rosenfeld potential. We easily find the explanation for
this in the negative signs of g and ¢, referring to equations (2), (8) and
(6). Namely for the stable nuclei 2H, °H and *He, the second part of
the potential (1) leads to repulsion instead of attraction between the
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nucleons. As a consequence of this ‘the nucleons are kept at larger
distances from e‘&cﬁ oiher, as shown by bhe snélaﬁer values of ¢2, a, and a,,
in comparison with those of Part I and Part II. Tn order to compensate
for the weakening of the nuclear force with increasing internucleonic
distances, the strength constants g% f? g9, fi have to be larger. The
results are however all preliminary. .




