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ABSTRACT

This paper presents a simple method by which the phase angle between the fundamental
components of two non-sinusoidal waves can he measured. Applications of this method in an

electron tube amplifier and oscillator are discussed.

1. INTRODUCTION

It is often desired to measure the phase angle between the funda-
mental components of two periodic waves which are not necessarily
sinusoidal. This kind of problemn occurs very frequently in a physics or
electrical engineering laboratory. This paper presents a sinple method
by which this phase angle can be directly measured on the screen of a
cathode ray oscilloscope. It the two waves are electrical, the two voltages
are applied either directly or indirectly, through a voltage divider, to the
two pairs of deflecting plates of the cathode ray tube. If the waves are
not electrical in nature, they can be translated into electrical voltages by
means of electro-mechanical or electro-accoustical devices such as piezo-
electric crystals, photo-cells, microphones, together with their auxiliary
apparatus such as input circuits and amplifiers. 1t will be shown in the
following that there is a definite rvelationship between this phase angle
and the area enclosed by the open loop or loops of the Lissajous tigure so
formed on the screen of the oscilloscope.  From this area, the phase angle

can be readily moasured.
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2. RELATION BETWEEN THE PHASE ANGI.K
AND THE ENCLOSED AREA
l.et us consider the geueral case in which netther one of the two

waves is sinusoidal.  EFxpressing themn in the form of Fourier series, we

have,
r= X, -{-Zchos(nwt-i-a,,), (1)
y=1Yy+ 2 Y, cos(nwt + f,), (2)
n==1

where X, and Y .are the constant terms, X, and Y, are the amplitudes of
the nth harmonic, and a, and , the phase angles. If we consider the
fundamental component of x as our reference, then @, = 0 in equation (1).
Iet us assume that the Lissajous figure shown on the screen has the form
shown in Fig. 1 which has two loop-areas 1, and 4, Let the cross
poiut £ in Fig. 1 be defined by
M1 = 6 in the first half cycle
and ®t = ¢ in the second half cycle.

N

Nole that at point 0 which corresponds to the instant @¢ = 0, x or y
does not necessarily have a mmaximum value. The area of the loop is equal
Lo,

Syde=4¢ y- %?dt. (3)

The arcas A, and £, are given by

! f“ y i " "
< = - + »dv-’ A,I‘)= t{, _ / e
1 ,;_:0.71 &£ J-&.«.;A Jyai 2 lm-_ﬂ,“ d.v (ﬁ”‘” Vv ()

The total net arca A s equal to

odor .
A = I1 + /._: =.ﬁ A “d‘[ dt. kr))
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Differentialing equation () with res: . 1o (ime and substituting in
equation (5), we gel y
R 2’
A = ——-f Y, nXysin{nw* + a,)det /‘Q
o =t g Ae P
—_— x
°
pis: 4 . N . i X
~f z z 1w Ny Ypsurlnwt + ep)eos(mwt + Ip,) d wi
L
1 123 A .
Fig. 1

27
__f z n A, Yysin(nowt + «,)cosinwt + 3, daot, (6)
1

n==1
where n = 1,23, 4, - - .
and  m = 1,234, .. with m # n.

Performing the integration in equation (0) and taking the proper
linits, et 15 obvious that the first and the second terms in equation (6)
vanish, giving,

A= Z nit X, Y80 I, — ). (N

re=cd
Equation (7) 1s a very importanl result. It gives an expression for the
total net area enclosed by the loops m terms of the amplitudes of the
voltages and the phase angles. Although we used a double-loop figure in

deriving equation (7), it is evident that the result we obtained is quite
general and is applicable to any shape of path of operation.

3. APPLICATION OF EQUATION (7) IN AN
KLECTRON- TUBE AMPLIFIER

As an llustration in a rather special case, let us consider a vacuum-
tube amplifier where the input voltage (s sinusoidal.  Tere X corresponds
to the grid voltage and '} the plate voliage  Under this condition equation
(7) becomes

A= Ny Y sin 3 (8)

We see from cquation 8 that b J =0 o 2. the area 4 equals zero.
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And conversely, if the area .4 is zero, the phase angle must be either zero
or 180 degrees. There are three possible cases:

Case 1: Path of operation is a straight line. This means not only
that 4 = 0, but also that 4, = 4, = 0. The expressions for 4, and 4,
may be obtained from equation (4) where 8 now equals /2, and ¢ equals

5 /2. Substituting these values in equation (4) and imtegrating, we

get,

h=—S\1, (““ @1}112:'/3 . sin{n — 11) T2 Gin g, N, ) sin gy, /2
A 1 H —

(9)

1 _ -/ . .

Ao = + z ) (,.S_'L"’ll;':r 13 /2 S?,“,(Lj;.;A11)7?(: JsinBu 4 (N ysin 3. /2.

It can be seen from equation (9) that if 4, = A4, = 0, either

Bi=Po= -+ =8, =00orqu,
Ji=0o0ry and Yo=)l;=... =0

It is obvious that the first condition (f, =, = 7 or 0) is never realized
in practice. We can conclude, therefore, that 4, = 4, = 0 is a necessary,
and sufficient condition for zero harmonic output and zero phase shift.
Case 2:  Path of operation is a symmetrical figure of eight. In this case,
A=0but 4 =4, 0. A study of equation (9) shows that the above
conditions can be satisfied if .

Bi=wmand ¥, 5 0.

Fquation (9) may be rewritten as,

/11 =] = Z XY (f_im (n+1)a/2  sin(n—1)a/2 ) sin 8, ,(10»

w2 n+1 . n—1

~
If we neglect the harmonics higher than the second, the above equation
reduces Lo

4
[ A=A, ] = 5 X, Yasin 3. (11)
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It will be recalled from circuit theory that when the load circuit is tuned
to resonance for the fundameutal frequency, it offers almost a pure capaci-
tive load to the higher harmonics. This means that sin f}, is nearly equal
1o unity, and the above equation can be used as a rough check of the
amount of the harmonic content.

Case 3: Path of operation is an open or an unsymmetrical figure. This
is an indication that the circuit is not in tune, for it is seen in equation
(9) that this happens only when §, % 0 or 7.

4. APPLICATION OF EQUATION (7) IN AN
ELECTRON-TUBE OSCILLATOR

It has been shown previously that when neither the plate nor the grid
voltage is sinusoidal, the total area of the loops is given by

A=n S 0K Vysina—a) (7)

n=1

For the sake of simplicity, let us consider only the first two terms in
equation (7), neglecting the effect of the higher harmonics. We have
then, ‘

A= [X;Yysin g + 2 X, Yosin (fo — )] (12)

Imagine that the circuit of an oscillator has been so adjusted that
the area A4 is zero. We want to know what information can be derived
from equation (12):

(1) By =0o0rm,and (fs — o) =0orm,
(2) By # Oorm,and 8y — as) = Oorar,but X Yysin ;= — X, Yysin (fo — «a),
(3) 81 =0orm,and Xeor Ys=0. :

The first two are oﬁly nathematically possible and cannot be realized
physically. Fop if the fundamental components of the plate and grid
voltages are 180 degrees out of phase, the second harmonic voltages, in
general, will not have the same phase difference. It can also be easily
shown that, in general, sin (§, — ) and sin (8, — @,) will always have
the same sign, that is, the angles (8, —a,) and (3, — a,) are in the same
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quadrant. Therefore the first two possibilities are ruled out leaving only
the last. We can conclude therefore that if the condition .4 = 0 is satis-

- fied, we know that first, the phase angle must be 180 degrees, and secondly,
the plate or grid voltage must be free from harmonics. This is the best
adjustment for an oscillator.

5. MEASUREMENT OF PHASE ANGLE FROM
CATHODE-RAY OSCILLOGRAMS

If one of the voltages X and Y is sinusoidal, equation (7) reduces to
A= Xl Yl sinﬂl
from which we may write,

a1 4
917X1 Yl )

fi1 = sin (13)
By applying X and Y to the vertical and horizontal deflecting plates of a
cathode-ray oscilloscope through proper high frequency voltage dividers,
one can observe the path of operation on the screen of the oscilloscope and
measure the quantities X,, Y, and 4. The area 4 is measured by a
planimeter. The justification of the use of equation (13) depends upon
the condition that either x or y is practically sinusoidal. The voltages can
be roughly checked by measuring the positive and negative peaks of the
loop and determining if the amplitudes on both sides of the axis are the
same. The percentage distortion can be easily shown to be given ap-
proximately by, ’ '

3 (D, + Dy) — D,
%‘(Da + Db)

9% harmonic content 2100 (14)
where D, is‘the maximum deflection above the axis and D, is the maxi-
mum deflection below the axis.

'T'he accuracy of equation+(13) depends on how small is the harmonic
conteut. If either .z or y is free from harmonics, equation (13) is exact.
If both z, and y are; non-sinusoidal, equation (13) is only approximilte.
Let us consider the effect of the second harmonic. Assuming, for example,
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that the second harmonic distortion is 39 in both the grid and plate
voltages, and assuming furthur’ that the phase angle has a value that is
most unfavorable, that is, when sin (f, — «,) = 1, then the expression for
A in this case is, from equation (12), .

A= X; Y sin B, + 27 Xo Yo sin (fu — @),

Therefore, the phase angle is given by,
B &

81 ==sin—1 [ A

—— — 0.0018].
v7171\1)’1 00 ]

For f3, equal to about 2 degrees, the effect of the correction term is about
1/10 of a degree. Tor 8, equal to about one degree, the correction term
is about 5 minutes. It is obvious that for large values of 8,, the correction
“term has little effect. It follows from the above example that provided
the harmonic content is not too large, equation (13) gives a very simple
way of measuring the phase angle. “
The author has used this method in measuring the phase angle be-
tween the grid and plate voltages of power oscillators and found it very
convenient. Undoubtédly, it can be used for many other purposes.
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