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ABSTRACT

“The thydrodynamic theory of viscous lubrication is studied from Navier-Stokes differential
-equations .by the .method.of successive approximation hased upon the smallness of the film
thickness. It is found that the first approximation gives the Reynolds equation of viscous
lubrication. To simplify the numerical nature of the solution of Reynolds .equation, -the
equivalent variational problem is formulated. The approximate solution obtained from the
variational problem involves only a very small error, but much less amount of numerical work.

INTRODUCTION

¢ When two plane surfaces of finite width separated by a lubricant
film slide against each other, there will be a positive fluid pressure deve-
loped in the film, as pointed out by Reynolds'. This pressure supports the
load, floats the moving surface, and under favorable conditions will entirely
prevent metallic contact. Because the plane slider of finite width is
essentially nothing else than the thrust block bearing so widely used in
industry, it is desirable to have a more comprehensive treatment of its
lubrication properties. -

The theory of the viscous lubrication of plane sliders was first given
by Reynolds, in 1886. Reynolds’ theory is based upon the following
simplifying assumptions: (@) The lubricant be a Newtonian liquid. (b)
The flow be viscous laminar flow. (¢) The inertia effects of lubricant be
neglected. (d) The lubricant be incompressible. (¢) The fluid pressure be
constant with respect to depth in the film. (f) The component of flow

1. Reynolds, O. On the theory of lubrication and its application to Mr. Beanchamp
Tower’s experiments determination of the viscosity of olive oil. Phil. Trans. Roy. Soc., 177,

pt. 1(1866), 157-234.
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normal to the film be neglected. (g) The viscosity of the lubricant be
uniform throughout the film. Reynolds derived his famous differential
equation for pressure distribution on the basis of these assumptions. ‘The
solution of the viscous lubrication of plane sliders of infinite width was
given by Reynolds as illustration. 'The theory of the viscous lubrication
of plane sliders of finite width; as based upon the Reynolds equation, was
first given by A.G.M. Michell® in -1905. Ixcept for some additional
numerical caleulations carried out by means of Michell’s formulae by
Martin® and Boswall*, no extensions or improvements have been made in
the theory.  Duffing® has developed a solution for the imathematically
simpler case where film viscosity is proportional to the film thickness, and
has pointed out that in some particular cases the first derivative term in
the Reynolds equation does not greatly affect the final solution. The
disadvantage in numerical nature of Michell’s method of solution was
greatly reduced by M. Muskat, F. Morgan, and M. W. Meres® where the
explicit analytic solution of Reynolds equation is given in a form which
is more convenient for numerical calculation than those of Michell. -

In the following we shall establish the hydrodynamic theory of
viscous lubrication from Navier-Stokes differential equations by the method
of successive approximation based upon the smallness of the film thickness.
We shall only make the following assumptions. (a) The lubricant be a
Newtonian liquid. (&) The tlow be viscous laminar flow. (¢) The lubricant
be incompressible. (d) The viscosity of the lubricant be uniform through-
out the film. Itis found that the first approximation gives Reynolds
equation of viscous lubrication.

To simplify the numerical nature of the solution of Reynolds
differential equation of viscous lubrication, the equivalent variational
problem has been formulated. It is found that the approximate solution

2. Michell, A.G.M. The lubrication of plane surfaces. Zeits. f. Math. Physik, 52 (1905),
123-137. :

3. Martin, HM. The theory of Michell thrust hearing. Engincering, 109 (1920, 235-236.

4. Boswall, R.O. The theory of filin lubrication. Longmans. Green and Co., 1928.

5. Duffing, G. Handbuch der Physik, Tech. Mach., § (1931), 839.

6. Muskat, M., Morgan, F.. Meres. M.W. Studies in lubrication. Vil The lubrication of
plane sliders of finite width. Jour. of Applied Physics, 11 (1940), 208-219.
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obtained trom the variational problem involves only a very small error,
but much less amount of numerical work. [t is evident that the same
variational method can be applied to the lubrication theory of other
bearings, such as journal bearing.

a

THE HYDRODYNAMIC EQUATIONS APPLIED TO LUBRICATION

In figure 1, let ABCD represent a beaving surface of any shape, and
XYO its journal surface (slider). As we are concerned onlv with the
relative motion, we may consider the journal at rest and suppose a

z v velocity w, be timparted to the hear-

ing in the direction x. The clearance

D .
h of the bearing is a linear function
of x.
A ! // ih Assuming constant viscosity, and
, e neglecting the effect of body force on
//;;1 oo/ 7 the motion of fluid, the Navier-Stokes
ot v differential equations of steady flow in
b S i
' : - the space bounded by the plane
Fig 1 ABCD and XOY are
du du du 1 ap 2u , u , %u
oz oy 9z g 3:r+l(ar‘°+3y2+622)
v ov dv 1 9 v 2% v
+ L ov v ap
u—— vay+u Ep o ay+1((')x2+3y2+322) (1)
ow dw ow 19 Pw | w | FPw
+ v g = =0P 4, (0w,
“ox vdy+” dz 0 9z V7' o=t _r'*’+az"')
and the equation of continuity is
du T du T ow =0 2)

o oy oz ’

where i, v, w are the components of flow velocity, ¢ the density, p the

-
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pressure and ¥ =t/ 0 the kinematic viscosity of the fluid \\'}1{91‘1 1s assumed
to be uniform throughout the fuid.

The boundary conditions of the flow are
W= g, v ="0,w=0at ABCD, oratz =4z, ) (3a)
u=v=qw =1 at XOQY, oratz=0 (3b)

p =0 on all the free surfaces bounding the film, of which

the length is @, width is b, and the thickness is 4. (3c)

The present problem is therefore to find the unknowns u, v, w, p from
(1) and (2) satisfying the bhoundary conditions (3a, b,c). We shall now

mtroduce the following dimensionless quantities:

R = Reynolds number = 1, a/7, (4a)

U= uluy, V = vluy, W = w/uy, (4b)

) E=uaran =y/¢;, 'Y = z/a, (4¢)
 P=plioul. (4d)

The Navier-Stokes differential equations and equation of continuity
can be written in the following dimensionless form

UZZ:J,V%T +W%§ =——;—%§+%—@2§+327? 325), (5b)
g'gf ¥ aaV + %’g.uo. (6d)

The boundary conditions are

=1 I"'=0F=0at{=hz,y)/a=h*E1. ba)
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Usms V=W =0at{ =0, (6b)

P =0, on all free surfaces bounding the {ilm, each of which
contains respectively the lines
(a) L= k%, E=0, B[ =m%E=1,
() L=H¥2 =0, )L =k*y=>b/a  (6c)
In the following we shall seek solutions of (3a, b, ¢, d) in power series
form of the coordinates {. Let us assume that

P=P,+ P L+P2+ -, (7a)
U=Ul+ U B+ U0+ -, (7h)
We=W,24+ W, B+ Wt 4 -+, (7c)
V==VO§+V1§2-+ Vo3 + .-, (7d)

where the coefficients P, U, ¥, W, are functions of §, 1 only. Itis

easily verified that the boundary condition (6b) is satisfied. In the follow-
ing we shall show that the coefficients

Pl,Pz,Ps' "'leqU2vU87"°7V1vV2’V8’"'vWO’W'l’W%""

can be expressed in terms of the coefficients U,, V,, and P,

We substitute P, U, ¥V, W from (7a, b, c,d) into (5a, b,c,d). By
collecting terms of equal orders in {, we obtain a sequence of equations as
follows:

For the terms of £ in (5a, b, c¢) and the terms of {'in (5d), we have

_% aalg)f) + ;_Ul =0, (8a)
_;%1_:_04_%%1-0,‘ (8b)
— S P+ 2y, . (8¢)
?_%) + %L;q +2W,=0. (84,
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These equations determine the coefficients W, P, U,, ¥, in terms of
U,y Vs Py

1 /90, aVo

Wo———Q(a§+ 317) (92)

Py = (aa? +2 V") (9h)
R 5 :

V. —_— 0

1 4 7] ’ (gC)

Rap

Ujws — 220, 9

From the terms of ' in (5a, b, c) and the terms of {* in (5d), we
obtain

- ; aalgx L1 (%@ + 3@;& +60,) =0, (10a)
;_;_éaﬁnz+ (a;§°+ay° +67,) =0, (10b)
—P2+-1%W1==0, (10c)

aa—tgfl + aa? 457, =0. (10d)

Using P, V,, U, given in (Yb,c,d), we obtain, trom (10&, b, ¢, d) the
expressions of W, P,, V,, U,

1{/1.=._£‘_(ﬁ)_0.+@)‘

2\ T8 T ap (11a)
*P, , 9*P,
Pz‘"E( e T op *). (11b)
1 8 raU oV, 1, 32U 22U
Ihe= — — — [ o) v 0
te 6 ag(ag 81]) 6( g + PR ), ()
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1 9 U, aVO) _'1_(8‘31/"., " a‘-‘ffﬂ).

I"2=—‘*“‘-—(a§ + 677

P (11d)

From the terms of ¥ in (3a,b, ¢) and the terms of & in (3d), we obtain

[jroaa(go,*_[/ Bal Oy Uy = __;_3_1?+ 1 (adéj, N aa.;‘;l + 121:3), (12a)
ana,q_-}—Vua,O-}—ll’Vo —;?a% ;1{(6(;;) + "’af/ + 127, ). (12b)
0= P3+ (aa’g" + aa',’i.” +12 %), (19(:)‘
0Us L 2Vs L aw,—o. ‘(12d)

2t n =

From these relations, we obtain, with the aid of (9) and (11), the expres-
sions for W,, Py, V, U,.

Wy 12( )(6‘Uo+aVo) (13a)
ek G 2 (G 40, o
Vy= R( 97y _ aU0+2[]03V0)_§(62 + “’2)“’“ (13c)
' 03¢ ’ dE 24\ 3& a2/ an’
U3=-—(Uo "ago aaV]O +2or,2 o o) ~—(aa~: + a"";) aa{;"' (13d)

From the terms of {® in (5a, b, ¢) and the terms of {* in (5d), the expres-
sions for W, P,, V,, U, can be obtained. \We shall only give the final

exXpr essious for IV., and P, as follows:
v .



. R DUN o Uy | (9T7)? BV, AU,
”3*"1‘9‘0\{(@) UG +(a1;) G T 25T ay
Ve dly , 9 U, o2V, R 92 3%\
4G Gt Vo geas + Uvgray ¢ *rae (G ang) Po, (14a)

' l Upn: o aU, 3, PY AL 2/ 3%
P4-—=—-—-{4(Q-——9) + 45! 31'0+4(31;) —Qzunig o1 0

t

- 8U 2Ly Vy a7, 1,50 a2
cor, Pls 4 DLaBT oy BP0y L8 8y,
Vgt — 450 5t 053 )+24(,d:_, + ) Po (14)

i S i S i

By sumilar steps we can express all the other coefficients P, U, V', W,
in terms of P, U, V. However, for the purpose of the first approximation
in the theory of thin film Jubrication, the knowledge of the required
expressions of P\, P, P, PV, V,V, U, U, U, W,, Wy, W,, W, is
sufficient.

We have now succeeded in expressing P,, F;, U, W, in terms of three
quantities U,, 7, P,. Hence it U, 7, P, are given, the velocities of flow,
and the pressure distribution throughout the film are determined. There
remains, however, the task of determining U, ¥, P,.

These three unknowns can be determined by the boundary conditions
on the bearing surface ABCD, or the conditions (6a). They are, in the
explicit form,

Rap (69U, avr
—_ * . 0 2%2 P B ded 0 ] %3
t=Uoh® + 0 Feh 6{a§(as+aq)+v”° h

R{ U, 1 . 9V,, 1 90U, 1 _,0Py] ,s4
‘ +'1—2{I/0 o —'EL()??’F?UOW—'EV X3 A*¥t 4 .., (15a)
. APy .. 1 (00U, , 9V, e
= |7 ¥ — *2 —_—d Y 70 e *3
0= Pyl S G — {an(ag”’"av:;)Jr“r” h
R ol ou, 1 v, 1 _.ap 3
g--l-é{uu as“— Vo—a—g-"+ =V 3’1( “Q"Vf'a?u ¥ 4 e, (15b)
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1
3aléo Vo)

0w — —

_ 3y 1,%3 2 3U0 oV, %4
(“\71)11+ V(E 61;)1

_an 2 s __ R U, a2 U, 2V,
+120va0h 120 (a§)+U° at‘z.+ an)

2V, aU atU V0 1 s
) 2 - ) oo 0 0 0 x5 ..
HhoZnE T % a, AT o T gy +U“ar,-a§}" +

(15¢)
The pressure distribution throughout the interior of the film is given by
the following expression:
U,  aV,

2 1 dly | Vo s
P—Po“‘i -5'§—+——37)C“72‘(V2P0)€2+ V( = + 2")_?

1 . 1 2 Uy\? Uy dV, v 9?2 U,
L ororp oL 0 OUydVy Vo) _
+ 5 VEVEP, ] 12{4(a§) +4 o 44 }) 2 Uy gt

2V, Uy o, 82T aU,dV,

o, Lo gy 97U
eUigige ~ 2V ogar 2oy T4 Sy aE

A g R (16)

In all the above expressions, the Laplacian oparator is taken with respect
§; m, or
3? i
72 R 1

Vi B (17)
Equations (15a, b, ) are the three equations for the determination of the
three unknowus, U, ¥, P,, under the boundary condition (6¢c). These
differential equations are too complicated to be handled without any
approximation. Inthe following we shall introduce certain systematic
approximations based upon the thinness of the film, so as to obtain, for

various order of approximation, differential equations in simple forms.

APPROXIMATION BASED UGPON THE THICKNESS OF FILM

We consider a family of infinite thin film of the same lubricant,
bounded by stators and sliders of identical form, but of different average
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thickness. We assign to each film a value g, so that the thickness of all
films can be represented by '

h¥* =gt (£,n) (18)

where 0 <& < ¢ and the function ¢ is the same for all the films; for
thin films, &, is supposed to be small, but the basic idea of the method is
that we seek solutions valid for all £in the range0 < ¢ <¢. We may
suppose & chosen equal to the ratio of the average thickness to a selected
lateral dimension of the film, say the length of the bearing surface « in
the case of sliding bearing lubrication.

It is important to observe that ¢ is the only parameter involved.
[ixcept the Reynolds number R, all the quantities occurring in (15a, b, ¢)
are functions of & We shall now suppose that all these quantities are
regular in & In other words, we seek solutions of following forms:

. 1

Uo=? {Ug + Up & + Up et + -+ -4, (19a)

I =—-{1U”+1016“+I 2t + -], (19b)
1 N\

-Po=é { P Pue®+ P&t +--- 1. (19¢)

We now substitute (19a, b, ¢) and (18) into (15a, b, c). The lowest
power of & occurring is ¢ in (15a, b) and &' in (15¢). The corresponding
coefficients give rise to equations of lubrication in the first approximation
as follows:

R R
t= Uyt + = 200 2 0=pgrt— 2Pw 2 (20a, b)
4 0% 4 A
1ol or %P a P
() == —— - 00 00 2 00 09 S
0= (gt 7 )¢ ( 7 ) (200

We inay remark that all the quantities in the above equations are
finite, 7. e., independent of & These equations form a set of three
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equations for the determination of the three unknowns U,,, V,, P,,. We
may solve (20a, b) for U, ¥, in terms of P , or
1 RaP R 3P
U oo o 20 on Voo o — 200 21a, b
00 " 4 aE l, 00 4 ar 4 ( 1'{, )

Substituting (2ta, b) in (20c¢), and regrouping the terms, we obtain an
equation for the determination of P,

0 31’ 3 0P 12 5¢
2 (L OG0 Yy . Z9F (22
ag-( )+ Ty )= % P \22)
This is the famous Reynolds equation for lubricant film between
plane sliders, the solution of which has been studied by Muskat, Morgan
and Meres in great details.

For the next approximation, we have the terms of ¢” in (15a, b), and
€ in (15c). They are

‘ R ap 1 2 00U, v, )
14 - 01 .2 __ 0 Yoo 00 72 ]
att ¢ 6{0; —2f T oy )+ U ¢ ¢

R 1 4 7
+B {y«aﬁw_“;%ogy.+%U®amm_;wmdmn}ﬂ=m

R
th-f—:'———-—apm 12— — { aU"“ + aVQO )+V2Voo}r3
U

R v, 1 7}
+'1—2‘{U00 00 V

Uy 3V 1w 3Py
o0& g %3k +_2—V°° a ?v an £e=0,

(23b)

__(3U01 + aVm)t__ —(T2Py) e + V (3Uoo + aVOQ)tA

2 a UOO a'.Z UOO 9 !fﬁﬁ 2 32 VOO
+ o V2V Pt = 120{( )"+ Uy e +( 7 ) + 7% o

o 2 U 87y 2V Un e U PV ls_o o




HYDRODYNAMIC THEORY OF LUBRICATION FOR PLANE 289

From (23a, b) we may solve for 7, I in terms of P, U, ¥ ,:
Uy, »= — }iapm +_ 00+6V00)+\7U
’ 0 4 ag ag

_— If—z W a,,} 2 vo a ‘ 2 00 a I3 2 a§

4

R {[/ 0 Uy _,11,,[,/ 2 + — 1 U aUﬂ" — ,1_ 2 0 Pon }tS, (24a)

R 5p 1§ a2 c0U o, . .
J = e— - 0] N 7 oo Yoo 2 vy
atl 4 a’,‘)- t 6 % 81 a-r + a,‘_ ) + V V()() t
R . ¥, t,. ay, 1 dV,, t ., 8P , .
o U = S IR TR Tl S

Substituting (24a, b) into (23¢), we obtain the equation for the deter-
mination of P,

4 33Pm A 33P01 = 9 (s 0 (8
3—§(t )+ (t )= g CM+ S BN, (25

where W and 2V are expressions involving only known quantities Uy, ¥,

P .t

002

M= 9° Un, 9% "0 02Uy _ 3 128 O U — U, 9 Vo
M R(Q se *arar t 577"’) mz(g » EN T

d Uy

e e Ve

(26a)

(g Ve Uy T\ _ 3 ooy 2Fm 7 d Uy,
N R( o +a§an+ agz) 0’ (2 ©THE ©oF
OV _ o2 9 Pu (26b)
+ Voo 27 AV a1 ) g )

Equation (25) gives the solution of P,;, which is the correction term to
the first approximation of P,. '
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The process of successive approximation can be carried on as far
as required. However, we shall, for the time being, be satisfied with the

second approximation.

SOLUTION OF REYNOLDS EQUATIONS BY VARIATIONAL METHOD

The solution of the Reynolds equation of type (22) or (23) depends
on the boundary conditions of the pressure P as given in (6¢).  Or
particular, the conditions of the pressure P on the boundary lines AB, BC,
CD, DA give for ) = 0, b'a. or § = 0, 1,

o U, a Lo 1 /00U, , 31 .
= P — — oo (2 p #2 — 72 v S} %3
0 =P, (a.g + )/L SUOVRPOIR (G 9'/)/'

: 1 o 4 1 /aJo? . o 31, 9 U,

2
_ou, 2

DBy 80 00810 e .
varer 2T Ty GE e D)

Q!
..]

Q)
VR

Substituting (18), (19a, b, ¢) into (27), we obtain in successive order of
approximation, the boundary conditions for P, P, and so on. They
are for n = 0, b/a or $ =0, I,

Py =0, (28a)
2 /020, 2V, ]
Po = R (ﬂ—3_§— + o ) i (28b)

and so on.

The present problem is therefore to find the solution of Reynolds
equations in successive orders of approximation, (22), (23), under respec-
tive boundary conditions (26a, b). The analytic solution of Reynolds
equation (22) for plane sliders of finite width was given by Muskat,
Morgan, Meres®. The engineering application” of these results is handi-
caped by the tediousness of numerical computation involved.
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We shall here give an approximate method of solution of Reynolds
aquation based upon the variational method which is quite familiar in the

theory of elasticity.
The following is the fundamental theorem to be proved:

Of all pressures P, satisfying given boundary conditions (28a), those
that satisfy the Reynolds equation (22) make the following integral H,

a minimum:
/l

=f./12[ 00):“3(«931;00 Y*i: 3P°°]d§d1 (29)

where the integrals are taken over the area A bounded by the lines § =
0,1, n = 0, b/a.

To prove this theorem, we merely have to find the variation of H,
due to an arbitrary infinitesimal variation of P,,. Let AH, be the varia-
tion of A, due to the arbitrary variation 4P,,. Hence from (29)

- aPoo APy \* . s( 9Py IAPy \?

Hy+ A H, f_] + 25 ) +e( IR T )
% 2P 3AP :
+xt (e + )] anas. (30)

The difference of (29) and (30) gives

R aP,, AAP, dPy, NP 12 3aAP .
= 1. 00 00 o 9LL 00 Y00 YdE
A ﬂﬁ[t( T o )+ oo L Ty )+Rz e Jana

+ff12 _5AP°° ) + (——3%500 )z] dydé. (31)

The first integral can be integrated by parts. By means of the boundary
conditions (28a) on P, or 4P, we obtain -
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Ryp & (., 8Py D (4 3Py, 1201 .
== [T e (5] + 5 (55 + R gl o paanas

+fj—t3 aAPO") + (,a%f])o&»)z] dyds. (32)

It s evident that the first integral vanishes by the Reynolds equation, and

the second integral is a positive second order terms in APOO. Hence
A H, = 0 + Positive second order terms in A P,. (33)

Fquation (32) expresses the above stated theorem of minimum H.
- Similarly we can easily prove the following theorem for P :
Of all pressures P, satisfying the given boundary conditions (28b),
those that satisfy the Reynolds equation (23) make the following zntegral
H, a minimum:

Hy = J [ (2 01)2+t3(%%L)2—2t3M‘7_;’é1_2t aP‘“]dg‘dn

(34)

where the integrals are taken over the area A bounded by the lines & == 0,
1, N = 0, b/ a. .

According to the theorem of minimum H_, the exact solution of P,
1§ to be found by examining all possible functions satisfying the boundary
condition (28a) on the lines § = 0, 1, = 0, b/a where the values of
P, are specified, and selecting only those that minimize the integral H.
Since this procedure is, in general, very difficult one might hope to obtain
an approximate solution by selecting fromm the set of all admissible
functions a certain subset. One may assume that the function P, can be
represented with sufficient accuracy by the approximate expressions

=3 a fi(En). (35)
i==A
The functions f,(&,7) are assumed to satisty the same boundary

conditions as do the function £, but are otherwise unrestricted. If the

007
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approximate expressions (35) are inserted in the integrals H

. @S given in

(29), the latter becomes a quadratic function /17 of the parameters a,. The
minimizing conditions

aHY
2y

=0 (i=1,23,---n) (36)

are therefore linear equations for the delermination of the unknown
constants @,. The approximate expression /’{) can thus be obtained.

It is evident from the theorem of minimum H , that the approximate

value of the integral (29)

*Rr R a P«‘n) .2 P ])uz) ° ) 24. a .P(n') )
(n) o s L0 B o on .
Hr .l.'/m[t( aé ) o (S )+-—Rz—-a§ ]dgdr, (37)

{

always exceed the true minimum H}¥ of the integral (29), or .

H{™ = HS. (38)

This method of approximation can be used similarly for P,,.

It should be noted that the total load carried by the support of the
bearing surface is borne by the combined action of the resultant hydro-
dynamic pressure Q, and the total viscous friction #. (Fig. 2) We shall

now show that the absolute value Of the true minimum HY of (29) repre-
sents the component S of the hydrodynamic force Q, in the direction of the
motion of the slider surface. )

1
Suppert 1
i
j:é%:j .
3eariny
= s»rfoc‘i
- £ X8
T ISR
«
i
Outlet ict
ga
—F .
[ )
e Stide
Mation
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Let us denote this component of force in dimensionless form by S, or in
the first approximation ‘

. . 1 o ’ .
S= Jorce/(-—g—gu%a-') =Jf-g% P dids,. (39)
i

Now the integral (29) can be integrated by parts with the aid of Green's
theorem and simplified through the application of the boundary conditions
(28a). The result is

ot a1 I R9E

Since P, satisfies the Reynolds equation (25) in the region 4, we have
at once

Hg=—fJ %Poodnd'g. (41)
A

Hence the component of resultant hydrodynamic force § in the direction
of the motion of the slider surface in the first approximation and the
minimum value 1, of the integral (29) are related by the expression

APPLICATION TO PLANE SLIDERS OF INFINITE WIDTH

We shall apply the ahove method of approximation to the case of
plane sliders of infinite width, or slider bearing without side leakage.
This is a one dimensional problem, in which

Py = Py, (8), t=1ty(1+ 1), (43)

where ¢, and A are given numerical constants. The Reynolds differential
equation for the pressure distribution in this case can easily be solved.
The result can be written as follows:

12 -
Pw-im §f1t2 £ ) (44)
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This solution can also be obtained from the variational method stated
above. Let the function P, in (35) be of the form
£(1 —
Y= a :'—tﬁj“g—) ) (48)
where a is a numerical constant to be determined. Substituting (45)

into the integral (37), we find for unit width in %-that

R A+ 2 12 L42
# o ¢ 2
H¥ = 61z [Z 7 log (1 + l)]( a 57 al). (46)

From the minimizing condition dH§/da, = 0, it follows that

.

124 (47)

(Ir]="v‘)l+2.

Hence we have the same solution for P, as in (44), and the following

00
expression for the minimum value of H

T L+ 2
Hg‘(x+2)r01{[2" : log(i-}-l)]. (48)

«

The friction force produced on the slider acting in the opposite
direction of motion (Fig. 2) can be calculated from the shearing stress
s, at =0,

=i (0L Hu e Bk
S a ( 728 ):ﬁo— a o = a (49)
By means of (21a), we have

L 1 R ap
o B (L 9% .
So =45 (t Y ). | (50)

The total frictional force on the slider is therefore in dimensionless form
as follows:
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- tal frictional force *
sztoal rllct2 :) rce 11 J SedndE
30Uz a® Foug

2 1 P
E‘[‘f?dgdq J’:f 0 rdEdy; (51)

The second inregml can be integrated by parts, giving

2 2
b= R —-(l:t/) + - J‘f‘ e m,ll 1/)=—I? ' ——dsd) ————H*. (32)

The total normal pressure @ on the slider is given by, in dimensional

form, )
o= ff Poasar. (53
A

In the case of plane sliders of infinite width, we have from (48), the

total frictional force and total mormal pressure on the slider per unit

width in 7,

= 4‘ ¢ o —
F= NICEDD [2(A + 2)log (1 + ) 51,],{ (54)

ZRAZ(2 + A)

The coefficient of friction is therefore equal to

f=§= Az, [2(2+l)10g(1+l)—-5l _ (56)

5 (24 A)log(1 +4)—24

APPLICATION TO PLANE SLIDERS OF FINITE WIDTH

We shall now proceed to apply ﬁhe above method of approximation
to the case of sliders of finite width, or with side leakage. Let us take
as a first approximation,
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t 1 —_—
PR = S0 80—, (57)

where a, is an unknown constant to be determined by the minimizing

condition of H, and

=t,(1 + A8, _k=bla (58)

It 15 evident that £ in (87) satisfies the boundary conditions (28a).

1t

Substituting (37) into the integral (37), we find

k
HY = a2 5117 {—) @+ +MDlog(1 + 1) —24]

10

F (14 A nog(1+x>+ (9+x> ~~6)~—6]}

—a g lo[(l+2)log(1+?)—2)] (59)

Erom the minimizing condition df/da, = 0, it follows that

ar:ﬁ% . (2+})log(1+l)—2l =
(1+4)2log (144)+ 92+ /f)),(l‘ﬁ—ﬁl.— )+ —l"(2+k [(244)log{1+A)—24]
(60)
Hence the minimum value of H|, is
Hf,”=—% : [(2+},)log(1+l)—-2l}2 .
°(1+l)2log(1+L).+1—9(Q!+L)l(l" 61— 6)+ -(2+7v)[(2+1)log(1+L)—2},}
(61)

In this case, the total normal load @ and the total frictional force on the
slider can be found respectively from (53) and (52). They are

B

Q= R l.[(l+2)lou(1+},)_2”2 (62)
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EV §oaarm o — T g —
L {L B+ Dlog (14+2) = 2[5 (2 + log (1 + 1) — 24

+ 4log (14 A)[(1 +1)%log (1 + ) + 1-15(2 + )L —64 — 6)]}, (63)

b - - . .
where I' represents the expression involving A and 4 as follows

L)

i2 i
1"=1—612(2+1)[(A +2)log (1 + 4 — 2AT+ (1 + A)%log (1 + 4}

1
— (02— 61 — 6).
+ 5@+ M)20E—61—6)

Hence the coefficient of friction 1is

fefo o $hepE@rblad+l) =24
: Q 2 A* [+ A)log(1 +2)— 24;

[+ Mlog(1 +4)—2AJ

+ 4log (1 + A

{64)

y LA+ MM log (1 4+ ) + 25 (2 + )2 (% — 61— )] } (65)

In this case, the exact value of the cocfficient of friction has been

calculated through laborious numorical computation by Muskat, Morgan,

Meres®. The results was given in a series of graphical charts, all in

dimensionless form. The approximate values of f/(Af,) given by (63) and

the corresponding exact values taken from M-M-M’s graphs are compared

in the following table:’

A k

1 © 5.7 5

1 2 6.9 6.5
1 1 10.7 11

1 1/2 25.5 24.5
1 1/3 50.2 ' 46

2/3 - 6.7 ' . 8

f/ )by (63)  f/(Aty) by M-M-M’s graphs
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2/3 2 12.2 12
2/ 1 18.4 19
2/3 1/2 44.0 44
/2 15.2 12.5
1/2 2 19.2 18.5
1/2 1 : 30.9 29.5

The agreement between the approximate values and exact values of

f/(At,) is evident.

B #” OE
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