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Fig. 1. A generated BA network. Different colors represent
different node-degrees in the network; nodes in red have rel-
ative large degrees, and nodes in blue have small degrees.

P A B = 31EM. WRRA
Me2E 5 166167000 YK 997 B4 B4 Y B/ VR
TEE. AR 1, Eee B AL A{2, 11, 3HE
KRR B 2 T AR A TR A A = 0.3046,
DIt N VSR s e dm i, AT DASRIS A{2, 11,
3,18, 1,9, 4, 8, 14, 31} L&A (6) =X, SRIGHKIK
RN SAEGH ML), R EAEL{2, 3,
18} M (Lv—1) = 0.3155 B K, AR5 H kM (L)
YRR B N AT O 7 A, IR AR R B K
M A (Ln-1), BRULES AT S E A {2, 3, 18}RI 2
il ] = A9 s P Az 45 1 SR

2 IS HI DA A, B =4 1. RIEREE 1,
B A {2, 11, 3, 1ISHENWIA I Z 15
TS, T A = 0.3894 | LUIBL A AE A H)
TR AT BE bR, & B SR BEHEIE AT 17 171 SRR
W IR E A5 (6), AR S A B M (Ly—),
KT EEA{2, 11, 18, 9189 A (Ln—1) = 0.3963

F 1 WAEHE L AHS (BA M, N = 1000, ¢=>5)
Table 1.  Degree ordering and node numbering in a BA network with N = 1000 and ¢ = 5.
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75 63 60 58 53 51 51 49 47 43 42

T ERS 2 11 3 18 1

4 8 14 31 21 17 10 63 34 20 13
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Table 2. Number of remaining nodes n after Step 2 in Algorithm 1.
RIS 24 1=2 1=3 I=4 I=5 1=6
NW: N = 1000, P = 0.05 3.9 11.9 30.3 51.0 89.1
NW: N = 1000, P = 0.025 11.3 27.9 53.4 132.9 216.1
BA: N=1000, ¢ =10 5.7 13.2 18.6 22.1 38.4
BA: N=1000, ¢ =8 6.7 14.2 22.5 51.2 176.3
BA: N=1000, ¢=5 7.1 15.3 67.1 177.5 1000
BA: N=1000, ¢ =3 10.2 55.7 1000.0 1000.0 1000.0
F# 3 EPYR 3 LA RART ANASEE R
Table 3.  Number of combinations R of remaining nodes after Step 3 in Algorithm 1.
BB 1=2 1=3 I=4 I=5 1=6
NW: N = 1000, P = 0.05 5.1 33.3 216.1 1136.5 4245.8
NW: N = 1000, P = 0.025 18.2 215.6 1009.5 1.1 x 10* 4.7 x 10?
BA: N = 1000, ¢ = 10 3.3 11.5 34.3 163.1 1801.6
BA: N =1000, ¢ =8 6.3 16.3 83.8 233.5 2583.7
BA: N=1000, ¢=5 21.6 69.5 306.5 2203.8 2.4 x 101
BA: N=1000, ¢ =3 25.3 307.3 4376.2 2.2 x 10° 4.5 x 10°
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Table 4.  Node-selections and the corresponding A1 (L ;) under different algorithms on the dolphin network.
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Table 5. Node-selections and the corresponding A1 (L y—;) under different algorithms on the email network.
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Fig. 2. Visualization of nodes selections on the Dolphin network underfour strategies (I =5): (a) Using the degree-based pinning
scheme; (b) using the BC-based pinning scheme; (c) using the ESI-based pinning scheme; (d) using our proposed algorithm.
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Fig. 3. Visualization of nodes selections on the Email network under four strategies: (a) Using the degree-based pinning scheme;

(b) using the BC-based pinning scheme; (c) using the ESI-based pinning scheme; (d) using our proposed algorithm.
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Fig. 4. The structures of networks A and B are different, but the remaining structures are the same after deleting node 4. (a) net-

work A and its Laplacian matrix; (b) network A deleting node 4 and its Laplacian matrix; (¢) network B and its Laplacian matrix;

(d) network B deleting node 4 and its Laplacian matrix.
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Fig. 5. Chain graph with N = 5 and its Laplacian matrix.
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Fig. 6. The relationship of Ai1(Ly_2)and the left node’s
position, where N = 82 and the two nodes are selected sym-

metrically.
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Fig. 7. Pinning two nodes in a square lattice. The optimal options are shown by red nodes: (a) The square with 24 x 24 nodes;
(b) the square with 31 x 31 nodes; (c) the square with 40 x 40 nodes; (d) the square with 45 x 45 nodes.
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Fig. 8. Pinning four nodes in a square lattice. The optimal options are shown by red nodes: (a) The square with 24 x 24 nodes;
(b) the square with 27 x 27 nodes; (c) the square with 32 x 32 nodes.
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Fig. 9. Compare the importance of three communities in a
network, in which red, blue, and green colors implicit three
different communities. This network is taken from Ref. [24].
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Abstract

Controlling a complex network to achieve a certain desired objective is an important task for various
interacting systems. In many practical situations, it is expensive and unrealistic to control all nodes especially in
a large-scale complex network. In order to reduce control cost, one turns to control a small part of nodes in the
network, which is called pinning control. This research direction has been widely concerned and much
representative progress has been achieved so far. However, to achieve an optimal performance, two key
questions about the node-selection scheme remain open. One is how many nodes need controlling and the other
is which nodes the controllers should be applied to. It has been revealed in our recent work that the
effectiveness of node-selection scheme can be evaluated by the smallest eigenvalue A\ of the grounded Laplacian
matrix obtained by deleting the rows and columns corresponding to the pinned nodes from the Laplacian matrix
of the network. As a further study of our previous work, we study node selection algorithm for optimizing
pinning control in depth, based on the proposed index A: and its spectral properties. As is well known, it is an
NP-hard problem to obtain the maximum of A1 by numerical calculations when the number of pinned nodes is
given. To solve this challenge problem, in this paper a filtering algorithm is proposed to find most important
nodes, which results in an optimal A; when the number of pinned nodes is given. The method can be applied to
any type of undirected networks. Furthermore, in this paper we propose the concept of node-set importance in
complex networks from the perspective of network control, which is different from the existing definitions about
node importance of complex networks: The importance of a node set and the selected nodes in this paper
depends on the number of pinned nodes; if the number of pinned nodes is different, the selected nodes will be
different. The concept of node-set importance reflects the effect of nodes’ combination in a network. It is

expected that the obtained results are helpful in guiding the optimal control problems in practical networks.

Keywords: complex dynamical networks, pinning control, optimization algorithm, node-set importance
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