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Pro(u(A) =€) < 4b(b — 1)d? exp (—"f) . (16)

12log (bd)

= - RA (16) =2, &3 2 13IE.

b = 16}, Bi-TpCM ¥ 5¢ 4B 1k — > XU
PR 2% BN R, SCHk [12] B 500 T X 28
FE R PERE, X HUOR B R . E B 2 WA, Bi-

logn

THOM i AR E ()0 1By 027,

X5 IR [ R DG R AT Welch B H 22 —Mr
wmlogn . EH 2 WIES T Bi-TpCM 7& H M
R TR EIS AR, 256513 1 fie B 2, ]
DMfE i Bi-TpCM i AL 0S5 B A 1, SRS B
WO | ot (s — 1), BRIEZ P, L
A M G ) 2% B PR AR T B B A o B — A
Rademacher 5[, Kt & 9k 2 RS (con-
centration of measure) N3, 454 Richard 55 2
KT RIP BTAE, AT LR L.

L1 XT—ADRN R m < n BB
22 YRR TN A, 2 m > coslog (n/s)iY,
ER LA 1 — 2exp™ ™ AR RIP, Hirbeo
Fl e A4

#eie LIRS T 42 1) Bi-TpCM #£ 24 38 45 #E
RN EA RIS ORIE. AR, X8
AT HEE 1R TEAIIE I A 5 n] AR 4 SC
R [21] WA, HEHRR FTE D BR . TR B |
TRLE DL S5 HE) T BT IR RS

i 2 LEREW 4R IE Rademacher 751
MR TE RS REAE M IS ) Bi-TpCM, Jf HAGHE R

Bi-TpOM 9 1 46 RECH u(4) = | 21" gy

ERELHEIE T 1 BREARIE 2 2R AR 24T
ARG LA A RTR, ARSCER Y A I HE AN

WA TS RIBIERSG, @ rT L) 2R MR
RS, 4N Logistic 1% Cat 11 A5, I HENX
N Bi-TpCM YRR RBMEHE T TR, SEPr
I, ¥ Gershgorin [RI#LEF N T Bi-TpCM AI#%
P (Gram) FEFE, PTG LT HER.

¥ig 3 XHTF—K/ANAm xnff) Bi-TpCM,
5 G=ATA H ATELIR AWEE, IGH
A BRSSPI R . A AFTE T IE R 8 0a F1 0, , dat
b, =05 € (0,1), fifH G EE—AXF A ICE Gii i
JENG i — 1] < da, HAEGXS AT R 2 Gir(i # k)
WL |G k] < 00/5, BBATEH G 2 (s,05)-RIP.

WIS 3 FET T AT LA Ak B S5 900 0 v
) Bi-TpCM & 751 /£ 29 s A HE 254 7E 475 5 A
H/NTT R, 25UESE Bi-TpCM AR BAG RIP.

3.3 Bi-TpCM vs. f5% B &N 4EFE

T A HL P4 Bi-TpCM 1 fE, 2 1% Bi-
TpCM F1 At FH R AR B il T — 4> 42 T LA
& 45 (1) & BN [ 1 75 Den-RgM, Den-Bol,
Den-CbM, Top-Rad fil Cir-CaM. H:H', Den-RgM
1 Den-Bol 43 il £X 2% &1 357 A %5 ) Ja 0 o B
Den-CbM & Gan %5 M F|H Chebyshev SZ{H R 1E
¥ L4 1 1 TR B 1 [ Top-Rad 1038
Bl BT RSURR 470 ) 8 P BN P 6357 1) 2% Bt L%
FEFE 12 Cir-CaM J& Guo 55 19 JF & 1Y Cat 1R
IR .

M1 1 n 1, Bi-TpCM AURA BEHLERIAE
R BN RE 7 AN, 1 ELAR Ak T 6357
S5 B SRR G T R A R A A B, [RIR I8
FIA T SRR T8 5 T A TR A R
FARME . FEA M, A0 EE T O AR TR B
ASCHE P T T i R SR AR B U PR TR

R ARFEVEAGE R ROVERE HLEL

Table 1.  Performance comparisons of different sensing matrices.
FRAE I

SRR — X

RIP Heidi LR NAFHFE SR X R
Den-RgM i /2 Yes Rt AL O(B x mn) /X No
Den-Bol i 2 Yes Rt AIL O(mn) /K No
Den-CbM iy Yes e O(B x mn) No —
Top-Rad i Yes () O(m+n—1) /& BZE; Lt N Y
Cir-CaM Wi 1 Yes e O(B x n) A B B LTI
Bi-TpCM W Yes e O(b(m+d—1)) EZ5) LA LTI

L RP BT — O TR AR BRLNAT, APRETT R 1 7 — (L NAT.
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TP 5 B 1 Bi-TpCM, BEAUA SCAE TR P 57
PEATHRRERAE. BRILZ AN, R A5 ) 22 BOfR I
SRR T 2 4 - LTI RS RJE4i
SRR )AL

4 FRERFAH

AR5 K38 3 B S5 R B0 HIE Bi-TpCM 14
fE. T CREE LKk WAL Bi-TpCM [ 2 o %
G, B , ik Xt — 4R A 5 A0 53 )
TP RGRREE, RIIE Bi-TpCM B RAEEMERE. I T
X EEATHIT, A5G0 A AT B AT TRV A AR
A A, W B A B 413 Den-RgM, Den-Bol,
Den-CbM, Top-Rad #1 Cir-CaM. H:H', Den-CbM
S o =6, FIURE 20 = 01T RN AL KON 10 1
SZ{H Chebyshev &1 /3 81 44 15 11 8. Cir-CaM W
& WA 1 20 = 0.09 FN 3 B¢ 2 K o8 200 19 52 A
Cat TR F 5 IR A M 5. Bi-TpCM J& A SCA 41
f XU P Chebyshev YR T R 514 15 17 B A5 Y
FT A SE 56 4 7E & U H i, JEARJR AR 4110
CPU@2x2.10 GHz (WALHER), 64 GB WAFE T 11
Matlab-R2018b B35 T i1,

4.1 AREFEBRAR

e, R 3.1 — > Bi-TpCM e
R100x256  fh 3 B R a =6, 2 =017, b=4J
d=64. ZMhrim 1/vm, & 1(a) 43 T35 /Y
Bi-TpCM MICE 5. AT LA Y, SR PEFE 2%
HORIB MR A R Y IC 5 -1 5 +1 BB A A
[F], 33K 0, DA T 60 i ™ FH ) 3 12 e R i o 1 XA
PERMEFHI{T (77 (20)) }520 & Rademacher J¥51.

K 1(b) A 1(c) 43545 1 T Bi-TpCM Xt )i
RORSHLUAE RS, AT LA ), Bi-TpCM ) Gram JE 4
X FOC R Gaa ST 1, EEXH TR ITE 0
B I7 0. ARAEHES 3 W], Bi-TpCM HI#f AL
SRAEFEME, TE QbR A BRI R A — .

42 —H#BRES

Tk —RRE N s —YEf5 5 = € RPOfE
HRERAE S, HAEZ TR IR & A AV (0, 1/2).
WRSEAT  FVTAG E A B i, RO AR S
SCHR (7] 2 H B R AR A O R AR o D
{HMEHE (signal-to-noise ratio, SNR), HiE Lk

(a)

Amplitude

200 1
150 4
100 ¢

50 1

50 100 150 200 250

B 1 ZWskRE 1//m B Bi-TpCM K H %k B iy Gram 4
FERRIE (a) Bi-TpCM; (b) Gram il —=4EE Y4 E; (c) Gr-
am J PR 119 55 5 1A

Fig. 1. Bi-TpCM without the factor 1/4/m and its Gram
matrix: (a) Bi-TpCM; (b) three dimensional rendering of its

Gram matrix; (c) contour map of its Gram matrix.

SNR(z) = 101 [ S 17
(z) =101g Tz a2 ; (17)

AP TR EME SRR, X T —A> W B
(55 @, #F AU SNR(2) > 100 dB, 5 4 (5
B SESEHH (perfect recovery).

TEXESHBE T, B 240 7 F H Bi-
TpCM € R100*256 J0 il b B B b 20 i 30 H— 4k
WBifE S © € R¥*OHEAT Rgil iy R R, Bk
Mo, P2 S5 — B XE RIS 1R 22 (8 XN |lz—2 )
FIEAY SNR 452 3.58 x 10713 fl 124.45 dB, %
OV R R 25 FE R SNR 4RI 1.26 x 10712
f1118.99 dB. I 2 AT I, —4ERG (5 5 = BER
DA/ TR 22 (RO 1R 22 RO BRSO 10712) B
Hiok, XA T A SCHT Y Bi-TpCM HA LR
R A
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(a) —* Original signal
0.50 F —© Recovery
0.25
Q
el
3
Rt
=, 0
g
<
—0.25
—0.50 . . . .
0 50 100 150 200 250
Signal size
(b) Original signal
L 05
3
£ 0
£ ] R
< 70.5 1 1 1 1 1
0 50 100 150 200 250
Signal size
Recovery signal
g 05
3
=0
£ ] I
< —0.5 L L L L L
0 50 100 150 200 250
Signal size
° Recovery error
T- 2F
= Tolr
B 0
ES-1f . : . . .
< 50 100 150 200 250

[}

Signal size

B 2 Bi-TpCM H 45 i — 4 {5 5 9 A4

(c) —* Original signal
0.50 F —© Recovery

AR

5
2
= 0 T
FTTTTT
—0.25
—0.50 = : * . .
0 50 100 150 200 250
Signal size
(d)q.z Original signal
2 0.5 J
% 0 Av U vh 0 A A AV WA
£ Y |

o 50 100 150 200 250
Signal size

Recovery signal

A A A A J A A Ah
oo U
0 50 1(.)0 150 2(.)0 250
Signal size

Amplitude
=)
—

Recovery error

o I
L A - " .
0 50 100 150 200 250
Signal size

Amplitude
/10-13
=

(a) s =20, &KIEKE; (b) s = 20, 09 1&; (c) s = 30, ZKIEK; (d) s = 30, 445 &l

Fig. 2. Reconstructions of one-dimensional signal using Bi-TpCM: (a) s = 20, stem rendering; (b) s = 20, detailed drawing; (c) s =

30, stem rendering; (d) s = 30, detailed drawing.

BTk, M Den-RgM, Den-Bol, Den-CbM,
Top-Rad, Cir-CaM fil Bi-TpCM (¥ € R100236)
O FRFERRE s R IbI— 4R B (5 5 @ € R*O,
BeJ5, 1] BP Bk L EEES ISR 2, JFH
RN — DB s 1Y o 55 500 100 K. &5,
3 T SRV 187 8 T 12 R T R A5 ok 6 BRI R 7 - 2
PRIZAER. K] 3(a)—(c) Zr ) HeA T 3k S0 B M1 A [
MIPR I 1 2% | F AL SNR FI5E 6 EEAGHERE. M &l 3
AL, SRR S AURANFE R (245 Den-RgM, Den-
Bol, Den-CbM, Top-Rad I Cir-CaM) %% {A& 5 #j
1P — B R GUERRE ) AT b, A
TR BN B (Den-CbM) 2w A1 T B LI 148
M (Den-RgM Fil Den-Bol, {H5 55 #1472, A1
AN Den-RgM HA R4 IR BLEHTROR), 1
EATHRL T 45 4 1 R B (Top-Rad 1 Cir-
CaM).

T, (&1 3 W RS T Bi-TpCM B
REEL B A T3k SEAL e ) P IRRNAR R, 3K o A
LI T Bi-TpCM Bk £6 8% 1 [ 58 H AT 450

THIS AR AR B R, Bi-TpCM 8 K 17 i 2%
FIBESI N EAE CS HAYSEPRI R BE TARA LR fR.

4.3 E®RES
AT 534 LA RN o B o [R5 5 i A T
45 SR FF I A PEBE, 18 A4 S8R0 46 B £ 45 Den-
RgM, Den-Bol, Den-CbM, Top-Rad, Cir-CaM
A Bi-TpCM. X BLEHCT W5k F AR S AE A il i
{55 x € R?°6x256 [l “Lena” F1“Lin”. X M 5K K%
I3 AERTER 4(a) FNIE 4(e) Y, EATHEE HUINEK
AR R AT R AR . AR SCHESR 2R L) OMP
ARV R G A, I R L (peak-
signal-to-noise ratio, PSNR) 1 Ay 5 # R4 1) i i
PN RS, HoE N
8 2
Tz = :i£|2|2/(215)6 ><256)> dB, (18)
Arp e EREWEENR. B4 1 0E, XBRTE
PG B 4 D0 s e R b g AT re B I P A L S
B 17 FH s v A TP e 75 R e M 7

PSNR(z)=101g <
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1.0 p—o—e

5 150
(a)
—e— Den-RgM 2 125

5 4T —e— Den-Bol 7
= —— Den-CbM 100
© gl —+ Top-Rad %
b —+— Cir-CaM > 75
5] —s— Bi-TpCM ~
Z 2F Z
9] © 50+
9]
Eoat 25 1

(b)

—o— Den-RgM
—e— Den-Bol
—o— Den-CbM

0.8 F
—e— Den-RgM
—e— Den-Bol

0.6 —o— Den-CbM

—#— Top-Rad —#— Top-Rad
—+— Cir-CaM 0.4} —+— Cir-CaM
—+— Bi-TpCM —e— Bi-TpCM

0.2

Perfect recovery probability

Signal sparsity level

O 1 1 1 1
0 10 20 30 40 50 60 70 80

Signal sparsity level

0 b
0 10 20 30 40 50 60 70 80

Signal sparsity level

3 S A [a) ) R R e o o AL AL ) o BT TR A 00 1k i P AR VR BB LEEL () TR 2E; (b) fFMELL (dB); (c) 58K

R

Fig. 3. Performance comparisons for recovering x with different sparsity using various sensing matrices, respectively: (a) Recovery

error; (b) SNR (dB); (c¢) perfect recovery probability.

K4 JE a6 BRI Bi-TpCM 75 A A SR A R T IR & KR, H P 5 —17J2 (a) JE4H “Lena”, (b) w=10.3, (¢) @w=0.6,
(d) @ =0.8; % 472 (e) JRIH “Lin”, (f) w=0.3,(g) w=0.6, @=0.8

Fig. 4. Original and reconstructed images using Bi-TpCM at different sampling rates. The first row: (a) Original “ Lena” ;
(b) @ =0.3;(c) w=0.6;(d) =w=0.8. The second row: (e) Original “Lin”; (f) @ =0.3; (g) @w =0.6; (h) w = 0.8.

B, K14 “Lena” Fll “Lin” 43 %] #% Den-RgM,
Den-Bol, Den-CbM, Top-Rad, Cir-CaM #1 Bi-
TpCM FEA R  RAE 3 oo 7 e 48 0 5 A g, AP
KA oo [fE G DN S R AS R ) 24 B 1 s . 7
FHAEZ: OMP FIFEHITT, AT LAZKAR I 6 A B
XiF 7 Y EE A S R B 7 PSNR. [EAE R, N
4 BE AL 0 M (B0 Den-RgM, Den-Bol Fil
Top-Rad) PERERYFE T, X AR EATEEITIZ
S 100 WK, JFBOLE445 R, ;T Den-CbM, Cir-
CaM Fl Bi-TpCM & i i P B AU M, e AT
(L2 FOERE I, R EEEE IR, A T 4
LT R, B4 45 T $E S  Bi-TpCM 7

SKRERSFHR 0.3, 0.6 F10.8 B 4% 5 1814, Hip A
% “Lena” %} W 1Y B # PSNR 43 5l /& 22.52, 29.19
1 32.36 dB; “Lin” Bk & PSNR 43 %l J& 23.69,
30.22 F1 33.59 dB. &l 4 7 H1, BliE RAER o (M
SEAEAEHE ) ARG, E Y PG A ke R T A
I H M > 0.5, ff o] 15 31— 42 h 7 I Ak
BUR. S0 290 W, 3 HEL A5 W T JF At SRR R R O 1) Pk
IEIR.

Bl 5 i T EARFERFER T, Bi-TpCM FifE
GUIESNHEFE: (135 Den-RgM, Den-Bol, Den-CbM,
Top-Rad F Cir-CaM) # # E {4 “Lena” Fll “Lin” i
) PSNR {H. M 5 AT, ZEMCRAESR (@ < 0.35)
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T, 25 Bi-TpCM ¥ 82 0 A T HoAth /g
FEFE, MR SRR (> 0.4) B, X 2L
R RAEPEREAH 22 A8 K. (HEE R | B iy Bi-
TpCM ZL H AL G5 ) BN B IS T 4t

35
(a)
o 30r
=
z
_3 25
g 20}
Q
I
= 151
gio —o— Den-RgM
w10k —e— Den-Bol
v —6— Den-CbM
g —+— Top-Rad
a, 5+ —+— Cir-CaM
—e— Bi-TpCM
0 L L L L L L
25 50 75 100 125 150 175
Number of measurements m
35
(b)
o 30r
=
2
_3 25
2 20f
Q
)
= 151
50 —o— Den-RgM
‘% 10k —e— Den-Bol
v —— Den-CbM
g —+— Top-Rad
oW} 5 H —+— Cir-CaM
—e— Bi-TpCM
0

25 50 75 100 125 150 175
Number of measurements m

5 RS [A)SRAE AR A (7] A S8 A B % 1R E AT

FEGGER (0 T 4 PSNR I (a) “Lena’; (b) “Lin”

Fig. 5. Reconstructed PSNR comparisons for image com-

pressed sensing using different sensing matrices at various

sampling rates, respectively: (a) “Lena”; (b) “Lin”.

DL E o —ZE 055 A MR A IR B, A S0y
Bi-TpCM 5 28 BB FEAR F AR R ARG AR
BRI HA U B AR E. 454 Bi-TpCM Ry
TEHEFE A 25 HOR 254, [R] HAT SO TR 1 7 5]
TR A, I, Bi-TpCM HA 1A R FHE /.

5 & @

AR SO RO AR 1 51 4 PN A1 8 MR A FE
TRZZRE DU, M3 T 2 T XU IR P31 /Y
FEE N ZZ ORI . 5 AR IR0 RE e £ i
FEARFRSE, #1 Bi-TpCM H i 2 UK IR T
P, oAU S AR TR 0 e S R AT il R HR AR Bi-
TpCM AMLE ARG K T FE2 | 25 BOIR BRI B 7Y

P, i LR 51T XU PR IR P 51 B4 R AR AT 24
PSR, M3 Bi-TpCM HAT A &5 FE Pk
HAE A AR 7 I T iR SRR, AT,
EFENAETTES | TS 2% B R S 0 4 T EL AT
WY AR 38— 455 UG AT R 4R A,
USAIF T AR SCH 3 ) Bi-TpCM A H T JH: il s 764 ek
DR P ELA T A ()P .

—J7 T, AR SCHE R EE Bi-TpCM HESL AT 4
T EARF MR RS, W Logistic Al Cat 11 &
48, SRR AT AR H— RGRFEE 1) 2% HOR B
M. 55 —7J7 i, Bi-TpCM (¥ #4 1& 77 X if s IR A4
Hankel Bt | fEERE LK M FUHORRAI A [ 45. Sgn]
A ZABIAR ST 525 5 A AT 3o 4 Y il B R
PIMERE. BRILZ AN, 7T LK Bi-TpCM FHAG A H
FAYJERHRE 2 107 P T 45 P 25 R 1) 22 i -t LTT
F G A I I ) AT 3R T AR Ok T A
SOEY=y

Mtk A

FEHL 3 (Gershgorin B &) B G e R
HITFEILHN G, 1 <ik <n, ISAHE G W REEATFE
T n B & d =dile,u), 1<i<niy 45 4 4, Hrp
¢ = GiiFTR i YL, wi = 3, |Gikl R di FEAR.
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Abstract

Compressed sensing is a revolutionary signal processing technique, which allows the signals of interest to be
acquired at a sub-Nyquist rate, meanwhile still permitting the signals from highly incomplete measurements to
be reconstructed perfectly. As is well known, the construction of sensing matrix is one of the key technologies to
promote compressed sensing from theory to application. Because the Toeplitz sensing matrix can support fast
algorithm and corresponds to discrete convolution operation, it has essential research significance. However, the
conventional random Toeplitz sensing matrix, due to the uncertainty of its elements, is subject to many
limitations in practical applications, such as high memory consumption and difficulty of hardware
implementation. To avoid these limitations, we propose a bipolar Toeplitz block-based chaotic sensing matrix
(Bi-TpCM) by combining the intrinsic advantages of Toeplitz matrix and bipolar chaotic sequence. Firstly, the
generation of bipolar chaotic sequence is introduced and its statistical characteristics are analyzed, showing that
the generated bipolar chaotic sequence is an independent and identically distributed Rademacher sequence,
which makes it possible to construct the sensing matrix. Secondly, the proposed Bi-TpCM is constructed, and it
is proved that Bi-TpCM has almost optimal theoretical guarantees in terms of the coherence, and also satisfies
the restricted isometry condition. Finally, the measurement performances on one-dimensional signals and images
by using the proposed Bi-TpCM are investigated and compared with those of its counterparts, including
random matrix, random Toeplitz matrix, real-valued chaotic matrix, and chaotic circulant sensing matrix. The
results show that Bi-TpCM not only has better performance for these testing signals, but also possesses
considerable advantages in terms of the memory cost, computational complexity, and hardware realization. In
particular, the proposed Bi-TpCM is extremely suitable for the compressed sensing measurement of linear time-
invariant (LTI) systems with multiple inputs and single output, such as the joint parameter and time-delay
estimation for finite impulse response. Moreover, the construction framework of the proposed Bi-TpCM can be
extended to different chaotic systems, such as Logistic or Cat chaotic systems, and it is also possible for the
proposed Bi-TpCM to derive the Hankel blocks, additional stacking of blocks, partial circulant blocks sensing
matrices. With these block-based sensing architectures, we can more easily implement compressed sensing for
various compressed measurement problems of LTI systems.

Keywords: compressed sensing, chaotic sequence, Toeplitz matrix, coherence
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