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Fig. 1. Original network and transpose network: (a) Original-

network; (b) transpose network.
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Fig. 2. Directed network node classification and edge classification: (a) All possible maximum matching and corresponding MDS of

directed network; (b) node classification and edge classification.
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Fig. 3. Find the quasi-critical edge set in directed network:
(a), (b) Node classification and edge classification in original
network and transpose network; (c) quasi-critical edge set

in the network.
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Fig. 4. Theoretical curve of edge failure based on quasi-cri-

tical edge st.
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© 0w O 0
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Fig. 5. The edge failure process of the network shown in
Fig. 1(a).
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Fig. 6. The edge failure curve of the network shown in
Fig. 1(a).
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Fig. 7. Curve of the ratio of critical edge, intermittent edge and redundant edge to the total number of network edges with network

degree in different networks: (a) ER random network; (b) BA scale-free network; (c¢) random triangle network; (d) random rec-

tangle network.

148902-8


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 70, No. 14 (2021) 148902

4.2 IBRPOT M BEI RN RIXT L

ARATLE 4 RIS (ER BEHLINZE . BA Jobr
FE W & | BEAL = A T2 X 4% FBE AL AR TR I 2% ) A
26 Flt 52 B R 4% v 28 O B 1 4R R AL (failure of
quasi-critical edge set, FQ) FlH WA 3 Fiili 4L
T =GHATXS e, B[R] R0 2T M 28 e da
np , 73 M2 BRI AR R AU X 0 48 BE4A M A 520
LR A LA JLF.

1) SHFEALIR K BERUIN R 9 2 i) — 2%,

2) BT RE R A IR X 2% R B R —
. TR e SO PR B R R LA R R T
X Tl ai;, FBFERTUUFRIR R R Ky, He ki
TR RIARE, kj T G R

3) BT By 2 A% IR X 2% b A s R
) — 230 ﬂH’Jﬁ’ﬁﬁlﬂzXﬁﬂfﬁqﬂﬂ?ﬁB’JEﬁ”%&
Hh i T R L. X Tl BT LAROR

a’i] bl /\

T m Z A B AR B S8, Nim (ai5) 37819 11
LAY i m 2 A B AR 220 T gy RO R
AR Lu A L2 f9451E, Je T BT AR
77 A AR TR AR T 9 2R 80T U AR T
R RELETE. P, X TR L 3 AR Or, A
P& MNP S SUE SR ¢ it R R R SUP S
Jr A X W 2% PR ) B B R Y. R
2, ZETREPL. B B R0 N R A
— 2R, BA TR ARG S A R B R
AR IABOANE, (H R T RA i =M 450
R L A5 p X W28 BELZEE o BORERD, RIS B i
GVEZUDO R Sib LT owm 2108

4.2.1 ER MK

AR A BT B0 ) Sl 300, 500, 700,
(kin) = (kow) = 2B ER BEHLIIZE. %5 8 3] W 25 1 HE
VS WA G ) B FHCE B

Nlm (ai )
N J H e .
B D st oy F N FORFT LR i 5 S8 300, 500, 700, (i) = (ko) =6
{t,m}+#{i,j} lm
1.0 1.0 1.0
b
0.9L® 0.9 ® 0.9 |
0.8} 0.8 0.8}
0.7 0.7+ 0.7+
So6t fo6t fos6t
0.5F 0.5+ 0.5
0.4F 0.4+ 0.4+
0.3 0.3} 0.3
0.2 : 0.2 : : : 0.2
0 02 04 06 08 10 0 02 04 06 08 10 0
P P p
1.0
0.8F
0.6
[=]
IS
0.4F
0.2}
1 1 O 1 1
0 02 04 06 08 10 0 02 04 06 08 10

« SR+ BRI

B8 IR AR RO Y

(kin) = (kour) = 2 FEHL I 25 ; (b) 17 22 EEL N = 500, V3 B (ki) =

(kin) = (kow) =2 BIBEHLIN L (d) 35 A BH N =300, FIFE (k) =
n) =

(kin) = (Kou) = 6 HUBEHLING; (1)

IR

4 B AL ) 265 E 4 i 2% 28007 U I 4% BE 4% 1 np 119728 fk

A BN = 700, EH B (

P
= RGBSR — HitihZk

i

(a) T A BH N =300, ¥
(Kout) = 2 BEHL M 45 ; (c) 77 s M E N = 700, - B
(kout) = 6 HYFEHLIN 45 ; (e) 7 A BB N = 500, ¥ B

Kin) = (kou) = 6 Y BEHLIM 2%

Fig. 8. The change of controllability np of random networks with different number of nodes and average degree under four kinds of

edge failure modes: (a) A random network with number of nodes N =300 and average degree (ki) =

network with number of nodes N =500 and average degree (kin) = (kour) = 2;

N =700 and average degree (kin) = (kour) = 2;

(kin> =

(kout) = 2; (b) a random

(¢) a random network with number of nodes

(d) a random network with number of nodes N =300 and average degree

(kout) = 6; (e) a random network with number of nodes N = 500 and average degree (kin) = (kout) = 6; (f) a random net-

work with number of nodes N = 700 and average degree (kin) = (kou) = 6.
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Fig. 9. The change of controllability np of scale-free networks with different number of nodes and average degree under four kinds

of edge failure modes: (a) A scale-free network with number of nodes N =300 and mi, = mouw = 1; (b) a scale-free network with

number of nodes N = 500 and mj, = mou = 1; (¢) a scale-free network with number of nodes N = 700 and mj, = mouw = 1; (d)

a scale-free network with number of nodes N = 300 and my, = mou = 3; (e) a scale-free network with number of nodes N = 500

and my, = mow = 3; () a scale-free network with number of nodes N = 700 and mj, = Mmour = 3.
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Fig. 10. The change of controllability np of random triangle networks with different number of nodes and average degree under
four kinds of edge failure modes: (a) A random triangle network with number of nodes N =300 and average degree
(kin) = (kow) = 2; (b) a random triangle network with number of nodes N =500 and average degree (kin) = (kou) = 2;
(¢) a random triangle network with number of nodes N = 700 and average degree (kin) = (kou) = 2; (d) a random triangle net-
work with number of nodes N = 300 and average degree (kin) = (kout) = 6; (e) a random triangle network with number of nodes
N =500 and average degree (ki) = (kout) = 6; (f) a random triangle network with number of nodes N = 700 and average de-
gree (kin) = (kou) = 6.
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Fig. 11. The change of controllability np of random rectangle networks with different number of nodes and average degree under
four kinds of edge failure modes: (a) A random rectangle network with number of nodes N =300 and average degree
(kin) = (kout) = 2; (b) a random rectangle network with number of nodes N = 500 and average degree (kin) = (kout) = 2; (c) a
random rectangle network with number of nodes N = 700 and average degree (kin) = (kour) = 2; (d) a random rectangle network
with number of nodes N = 300 and average degree (kin) = (kour) = 6; (¢) a random rectangle network with number of nodes
N =500 and average degree (ki) = (kout) = 6; (f) a random rectangle network with number of nodes N = 700 and average de-
gree (kin) = (kou) = 6.
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Abstract

It is undisputed that complex networks are used to describe the interaction between large-scale complex
systems. Different edges have different effects on network controllability. When some edges in a network are
attacked or destroyed, the network controllability may be affected very little; when some other edges are
attacked, network controllability may be affected very greatly, even results in the uncontrollability of the
network. Which edges failure will affect the network controllability? To solve this problem, according to the
node classification and edge classification, the concept of quasi-critical edge set is proposed, and the judgment
theorem of quasi-critical edge set is given in this paper. In order to study the influence of quasi-critical edge set
on the network controllability, the failure model of quasi-critical edge set is proposed, and the network
controllability is quantified by the ratio of the number of driver nodes to the number of network nodes. In this
failure model, the quasi-critical edge set with the minimum number of edges is removed first, thus destroying
the network controllability quickly. By analyzing the failure model of quasi-critical edge set, the failure curve of
quasi-critical edge set is obtained. It is found that the failure curve is a piecewise linear function and that the
maximum (initial) slope of failure curve is related to the average degree of network. In addition, the failure of
quasi-critical edge set has the greatest influence on network controllability. A comparison among the failure of
quasi-critical edge set, random failure, degree failure, and betweenness failure verifies that the failure of quasi-
critical edge set has the greatest damage to the network controllability in both model networks (ER random
network, BA scale-free network, random triangle network and random rectangle network) and real networks in
26 different fields. For some of real networks, such as cancer cell networks, terrorist communication networks
and other networks that are harmful to human beings, the failure model of quasi-critical edge set can provide a

reference attack method.
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