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p =Xt — VAX. (36)
(34) AN (35) XM PLASE T LU AL A 7209 A
P EE T T x B B 0 A, il an

n-Vx=0, n-m=0, 7-m=71-Vyx on 0f2,
(37)

19

x=0, n-m=n-Vyx, 7-m=0 on 9. (38)

SHE R (34) ¢, (35) BB A (37) XE
HURTREILL T E X

FEX 3 Gauge b EIHL TR

(GM-1) SRAFHLEAE L

m"tl —m»

= (e V)2 g g

T gA(m"“ +m"), (39)
HE, m" AR (m T -V ) o0 =

0 FH%Y,

n-m" =0, 7-m"! =7.V(2x" —x""!) on 912,
(40)

Hrp s AR AMEA (X" = 2x™ — X" 1)

ERUS 1R,

(GM-2) K HE u

untl — mntl _ vXnJrl, (41)

Horpox
A" =V -m" in 0, (42a)
n-Vx" =0 on 00. (42b)

(GM-3) GnSRAEE RS, H5g p Al i (36) A2

n X' = X" vk, on

PR = S S CAGTT ) (43)

I w MR p HRAE IS 2 Z Friless,
It H (40) 2 fd H A SME A R E Y, AU
FH s 5 A8 xR — Bk B 0L f i AR
(40) 2RI N, iz S TSR RN A 07 R BAT R RY
[l B ELAA SR A T s TR Rk B A

3.5 PPE Fi%

Pressure Poisson Equation (PPE) J5 ik [18-24
(A% 0 B A2 ] — > He ) Poisson J7 744 4 It 14
AN AT AR

%:—u~Vu+g—Vp+uAu in 2, (44a)

u=20 on 0{2, (44b

)
Ap=V-(g—u-Vu+rvAu) in £, (44c¢)
)

n-Vp=n-(g+vAu) on 952, (44d

Hirp (44c) BN B E TR (1a) BEBUE R 4564
AT REZYH (1) AR HNAY, 1 (44d) A2 (44a) K
3% ] o d K TG W S I B SRR AR BN R
Veou=04EN (44) W A 5&AF, W] (44) XS54
F INSEN,

AEXT TR DU/ T g5, PPE kiR
AR A T TN s ) R R B 58 4 i “ PRI £
T w o (44) P E— AL AR 5 TMRGR p ]
A w ) B PR B, FEAT — B 21, FRaR A ] LA3E I8
(44c) M H R PRI K, IFH p Filw 3 A 55
AT B T R A3 7 i B AT AR A S —A
B )RR D7 ik e, HBLZG T (44a) XA i
TEIZ T 48 2000 “REA A, AT LIARIEIZ s
) <L 15 21 i AR B[] b s B A e 7R
Hh JCRE HEZ B T R 43 O ik B AT Ar 4 S

PPE J7ik (44) A — SR R 22 4b. 5,
HHE R R T G 1 T e 45 14 2 T 1Y
BT (44c) AHE SR BB T (1b) 3K, Lotk
1 (1b) =X 7= A= 59 1% 22 X} INSE fi# (1) 52 i J2& AR TRl
3& (). B LAY, (44a) SUAN (44e) B E
TV 0, D O R RE R L 9,
VRAE RN FHIZ 7 1 B G s 32 T ol . (e
SEEGZE R N, HREXT PPE 7 ik ag sl B kAT
MOL #5145 21 /4 PU B J7 R AR 1.

3.6 UPPE 7%

FIH 2.3 95 1Y Laplace-Leray 32 #7411,
Liuss 24 7 L F UPPE (Unconstrained

PPE) Jrik:
%‘;:g—u-Vu—Vp—i—uAu in £, (45a)
u=0 on 92, (45b)
Ap=V-(g—u-Vu) in (2, (45c¢)

n-Vp=n-(g+vAu—vVV-u) on 9f2. (45d)
ZIT AR PPE Jrik MALHAE T3 (45a) 2K
IR (45¢) AT

(V- u)
ot

=vA(V - u). (46)
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D] 38 A 30 Fl — N A R s o], AR A
AR KA JE B UPPE #% 3 (45) 2 X6 i 3 1Y
V - wly I RIS PPE AR (44) XA 515 £
FEA FRTTE UM HEZL T | S 00 45 5 129 EE T
UPPE /i ik kG .

4 GePUP: B2 —Z MW MAFE 8y X
SR I~

A (45) A UPPE Fad0 FHT3ET MOL
FRAT R 22 73 AT BRAA AR 1 O e S A T3 3 1 K
ME. O, BLEONHERIITE (45) 94T MOL B
SRIE o TR A B AL AR E R, BARLE
I P BR3P 2 R X I 3 £ o ) A R AT
I AT LA 2R MBS R, B i TR R O R
(45) "HIFBAT R BUEIHGE AT, XX ]
AR AT O BB ME BRIE BT IR R, 55
Hb, B AT LIRS O R (45) PR —2E u ] Pu
PEAT R, WARMERR B — B A U B H T P
i /& Leray-Helmholtz 52 PET (10) 20 #5 2Z,
BB P ELAE L LA R AL Ao S5

P?=P, DP(u)=0, PG(¢)=0, (47)

Horb (u) F1 (@) s o8 LAEFEHIA BV 918, DA
G 43 ) 2 B WO S B B R . i TR
Sy F N PO BRG BEEOK X — R A
& EATIRAFAE.

UPPE K& (45) X py#E S BRI T Leray-
Helmholtz £3589 1E% (10) . AEXFEL T, W
SARIEAT] i s 7 1E A 8 1 R Geny i fb s
ML= R (47) X BEBEGE R+ PRIk
{8l Leray-Helmholtz 5% 5+ 77 A= 1) 85 iR 25 5
XA E M BUERERSEIRTE? X MRTE UPPE
FER T IRMELARIE 1Y, FAT A 2 2 UPPE
FARRY MOL Bk A E HARAS S AL

9 Y AEEE b2 AN R (47) 2R B R
BT, 41T EXLT =T LA T (generic
projection). 7E 4.2 7791, A TE LT Laplace &
TR AR T T, SRR TE 4.3 TS E
YEHIZE INSE 1443 GePUP ik, X =/ g
T e 0y 2R, BRARWEE (47) MBI HK
B EFAELIR R, B DR i A —E BE
SEA AT R AT, B2 R B AN i
HIERE I RGN FA R, ZFIU/NTNETHS

£ GePUP FiAIeal [y wE L. Hi 4.4 14y
P ML A FRAR B HEL, 4.5 193128 T — S8 Py s
HOAFRIE, 4.6 9T T Qe 4.4 5F0 4.5 75
PR R U] DX 35k 1 22 () g e ) AN R0 IX L
4.7 I ABHEF S, B45 T GePUP-IMEX 5k
RS

4.1 [ XEEET
J7 XA e As A] BT
Holm A I i 5% Hh ) 5 2 22— DR
Pv* =v:=v"—V¢ in {2 (48)
v v = 04— Jor. AR A A4
A, IEBOR T LPGET P AR AR
B AARAE, H)
n-Pv*=n-v*on 012 (49)
JoZE &N A L) Leray-Helmholtz 5% 55+
BRI LBEA T
XN E T AT P, H (48) U
(49) AL Poisson &
AYpy =V (v*=Pv") in 2, n-Viy=0 ondf?
(50)
T2 8 B 1 AT g R A, DN AT ME— B A V.
EPSS ik
Vi £ v* — Pv* = V.
Bty — ¢ AT LU 2.3 & K1) Stokes ik,
HE, (48) A H ) Po* = v* — VY IFAEXS v*
FROME— 23 A, T2 H 45 8 1 P AR IRGE T BRI
V. T2 1) RIS B 7 I
I (48) AN (49) 2 L) A T —Fhs
TR T, HARRRIETE T S A A v* i
P Po* | [ WE Z 22— DY)
A 2T AT AR 5K 20 IS S A
B (47) B RS WE? X2 RN B B S i
J& Leray-Helmholtz # 5% M — > B (p>4) i
L, AT
v = Pv* 4+ Vb= Po* + O(WP) + Vo
VAL, mbiINE O(RP) A4 ] DL 2.
4.2 Laplace EFH X EEEFHIXHR
F([V,.P]

T e SRR - HUE - B AT
[VV-,P]:=VV-P - PVV-. (51)
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Hi (48) 28 ATV BISSHAE LI B (13) L T7E
APv* = A(v* — V¢) = Av* — VV - Vo

=Av" = VV. (v* —v)=Bv"+VV. -Pv*. (52)
PRI
AP =B+ VV-P. (53)
XF(52) s =R s —WN P,
PA —-PVV - (I-P)=PB+PVV-P,
s eyl
PA=PB+PVV-. (54)

M (53) 3, (54) A0 (51) AT 45 Laplace &
INEi s A R RS S

[A,P]:= AP —PA = (T —-P)B+[VV-,P]. (55)
LHPWEE (10) X, W[VV-, Pl =0, i (55) X
e (17) =K.

4.3 INSE HJ GePUP kit

H 4.1 TR e AL, M7 AT P AE
FTE— RO A Z T v EEF, AT LR BUE X u
T — R BE YL Bl A RO A — e . 7R SCHR
(5] /1, FATIXT SRR (1a) BT X HE TP
Jt454 (55) 2UF (51) 2UHET T INSE (1) GePUP
FR. A SCHIHE TS FAEIE A LA AR

A (6) =X, (53) K, (5) LA (15) X nT 15

o
P — P (a* — Vp) — vBu + vAPu — VYV - Pu

ot
(56)

= E)Z;Tu =g—u-Vu—Vqg+rvAPu—vVV-Pu, (57)

Hrp B EEY Vo

Vqg:=a"—Pa—-vVV-u. (58)
M (6) XL HSE R AT (58) Xty
uf S BN R E . b e ¢ iTH AT Neumann i1
(ENEEEY =

Ag=V-(g—u-Vu)—V-Pa in 2, (59a)

n-Vg=n-(a*"—vVV-u)—n-Pa on 92, (59b)
Hrbr (59a) X (58) X EHBUE 5 H V- AT ARYZE
AR, 1M (59b) 2 (58) Ak m /& 78
BN AT, th (5) X (49) XnT145

Vol. 70, No. 13 (2021) 130201
Ju OPu
n-Pan«P(at) =N
ou
—n~a—0 on 0f2. (60)

GI51, Tl A& I (2) AR AT ALE L 1

u-Vu =0 on 9. (61)
HEES (5) AT g + vAu B (59b) Ry

a*.

T BT
w := Pu, (62)

FBB R T A
VV.-w =0, (63a)
W&;w —0, (63b)
AT RTCH RS 1L T 25 T INSE ) GePUP i
%—ng—u-Vu—Vq—i—qu in 02, (64a)
w=0 on 02, (64b)
u=Zw in (2, (64c)
u-n=0 on 9, (64d)
Ag=V-(g—u-Vu) in £, (64e)
n-Vg=n-(g+vAu—vVV-u) on 912, (64f)

Hrr (64a) U2 (57) AXAMEE (63a) XAF2Y,
(64e) XIEH (59a) ZAMBE (63b) AFEIAY, A
M (64f) 2k AT (59b) X, (60) LI K (61) =X
M) SRS T A 0] TR 33 w P B2 3
T —BREEIR, AT AR A B #F7E Leray-Helmholtz
B R TR, I (64c) 2 BART.

1 (64) XX =R ARG, WEMHE wi
M — A AR i, TR w Y w ME— B 2, T R
FAE Vg X wME—HfE. I (64) 2XAT LAE &
KF whiysh e, s HPE 7258 MOL B 5
PRBN—AH I R, MR Rl
(RS TED AR A3 2 TR by < BRI~ (5, XAt vl A
SR 1Y (Goal-3).

iR GePUP Fik {47 T UPPE KR ML
PR, BIVEE 2 30 3 HIORE | — A B0 R s ol
52, %) (64a) SIGHEEFF45 6 (64e) TR

oV -w)

T vA(V - w),

(65)
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HAE 0N FAREN A FZMNY - w =0, W H T
W RAEJFEH ATV - w 7E 2 _ERER ] SR8 5.

GePUP R A% UPPE R H#A LU
JIN=¢

() #5343 A K38 T4 1] Leray-Helmholtz
BB T 2 e (10)

(I1) e AR f: w A AN AT R R 45424

(1) WEFF 2 HITE (64) WA, KL
FH B B TR, 22 I B A B R
TE PR R RE M AT

XA R AN AT R S5 1Y w W B (ER UL, 40
R INSE Wi £7 78 HLME—, #4052 (65) B A5
SE(63) FMor. H AR INSE B fif A B 1 ik
i, OO ek, Rk A Y INSE 7R RS I
W SEA A HEIRA TR B A B B, 52, &
MIJE k8 3 H 5B 76 18 INSE 19 75 =X [] ke H i A7 AE
PERTRAR R, ORERE (63) 51 2.

4.4 FEERXEEHN=ZEER
T RS R o0 R 2, FF LA Z o0& 5]
i € ZP AR e ERIIR G, X IR
C; = [:I:O +ih, zo + (1 + 1) h}, (66)
PR R d ERY S I A T RR A
Firier = w0+ (i +e?)h, ®o + (i +1)h], (67)
Hrhao € RPEEE M ALBRIEUR, b IEEI ST RS ]
B, 1eZPRri el 1 EZTRS|, et e 2Pk
AN d AN 1 HA e 0 ZI0EKE!.
WniEl 1R, o eI C; RIS {ERE SR

@)= 75 [ (@) da. (65)
O AR RT 7, 1, 1HF0TE S
Oy =5 [ o@)da (©)

3K PP 2 2 18] F) 5% 28 ] 3 i (AR AR
E BAT 3 1291

9) !

i+%ed - ﬁ

(= (@)isses +7(D)ises

£ 7(6)i=(6)ies ) +HO(RY), (703)

o¢ 1
<>i+éed - ﬁ ( - <¢>i+ged+15 <¢>i+ed

8.%‘,1

— 15(8)i+(0); o1 ) +O(h"). (T0D)

P T 2 A P B R ) AP 24 2 )
22 O(h?), WA BRI BUTEA T ZX e T
X3, WAE PR T ik ML 0% S X — 22 5. EAh,
PERI T 3ME B A IRV T S5/ T i fE L
A BRZE 7T TR ANF Y.

K1 T E A R E. B E T () B AR
SO B RS R TS 1 RSP (8 X0 00 T AR S e i B
Ilid (¢>i+%eo , <¢>i,eo+%el H <U0>i+%e0+212‘§i‘ IR
{8, T (¢); AR {EL

Fig. 1. Notation of face-averaged and cell-averaged values.
A symbol with angled brackets denotes either a cell-ave-
raged value if the subscript is an integer multi-index, or a
face-averaged value if the subscript is a fractional multi-
index. Hence <¢>i+%e0’ <¢>i—e°+%e1’ and <u0>i+%e0+e1
are face-averaged values while (¢),

K3
Horizontal and vertical hatches represent the averaging pro-

is a cell-averaged value.

cesses over a vertical cell face and a horizontal cell face,
respectively. Light gray area represents averaging over a

celllfl,

4.5 [MMBEEHEF

EHORR B | B ECHUE DL S ES EL Laplace 147
Sl LA

Ga(0): = 137 (— Diraen +5(Fien
~ 8Bt + (Biger)s (7D
D)= g 22 (= (aisaes +8 (e
~ 8 (ua);_ea + (ua)i gt ), (72)

L{¢); := Tlm Zd: ( —(D)ir2ed + 16 (#); ca

= 30(6); + 16 (6); et = ()i e )- (73)

O RSP, BV - w =0V - w = 0 KR (64) =X mm By 8Os iy 5. e BN SR, X Se 5 & T AR

HMEZ W Z4E R 2 WS
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EHE R DS TTERAE R R E L
“h Z( (ua, u ed F<ud7u>i—§ed>’

(74)
Horb s I AR A T - (R AT AR
F (o, ¢) ={(#);, 1o ()

i+%ed ’ 'L+%ed i+%ed

h2
+ 12 Z (Gj"p)zwr
d'#d

1.a (Gdl’w>i+led ) (75)
2 2

1M G s 1) B OB B2 1

(Giso)i%ed = % <<‘P>i+;ed+ed' - <9">i+§eded/) .
(76)
i 4 (71) X—(75) b Ay BHUE T AR

A DU
Guldhi= gy [ Godw+ 00N, (77

Td
D (u), = ﬁ/ V.udz+O(hY),  (77b)
Ci
L(¢h::;%5j£'A¢dz—%CKh4L (77¢)
D (u); = O(h") = D (uu),
:hiD [ (@ Vg out), (7
F ((p,w>i+%ed = % /; oydx + O(h?).

e (77e)

SIFR Sk [4].

WIE 2 Fros, BA e R0 Bt 2 S
JEREAUFRTC. AR SR R S R A ) A
B AR AR B S I B R T, 0 4
FE RN B R AL ST B PSR an, kf
T Dirichlet 1A 5444 = 0, AT BB ARCRIE
FBIIETC L + e? J i + 2e:

1
ST +43 (),

- 17 <¢>i—2ed +3 <¢>i—3ed) + O(h5)7

<w>i+ed =

1
5 (=505 (¥); + 335 (1)

— 145 (), _gpa + 27 (Y); 504) + O(R®).
(78)

TERfE T FTA AT RS FEIEZ )5, #H]

<’l/]>i+2€d =

# X (71) 2 (74) AR B T XA AT
Qb SR i B SR RN A SR I B OB 258 2.
F(71) K (73) AT B HBGY AT

P:=I-GL'D. (79)

M L#DGuJ P>+P. fEEAMIAZET, P
JEX} Leray-Helmholtz #5281 22 UL, I
FLUAT RIGIE B A2 0 2- 50 114, 7E T 8
R, PSRRI, EEEE LR RIE T P
RN K T 16L Bz, PAlLUE U A BR4E

At |] B XBGE AT, fE X GePUP 3Rik
(64) U Leray-Helmholtz #5325 F A9 ALL.
i+%ed
i—3el | i—2e? | i—ed 7 it+el :i+2el

K2 EEGRR ERMREEAIT (d=1). B
E 30 SUR LN 2SN R E e U T s N £ A T
Fig. 2. An example (d =1) of ghost filling for the domain
boundary. The thick line represents a physical boundary,
the thin solid lines interior cells, and the dotted lines ghost

cellsll,

4.6 AN X _ERYES 8 B8

WSR2 AR, FRAT IR FHAE T
TGRS — S T QIR X, Ifa E
FRFAH V: = Cin 2. 2BV, =Ci, 0B}, 53 5IFR C;
Al AR TC ARSI, X PR LSS LR
AR RIAR. 2|V FE AR Y IR, & Lo
TEYV ERPEEE N

v = g Jy d(@)dz. (80)

Xof T B i B R Al AR S A, S 8 E - L 1E
HEREME (L), T LA 4.5 35 o B BRI
RLE DY RS . 2R 3(a) BT, £= A X T
R C; BRI o Al A s A, AT 7
S A A 1 AL B R (L), -
W 3(b) i, =% I o e 4 il A 1) - 34
HU AT E A — D2 it 22, Kzl
SE SR AT e B Vs BT 1 — g s A R AR (15 %2
T LA 1 R ME— i, X )R 2 A 25
T 7P AR B (MEP) AN A 5 i A . kAT
P T A FE T X FREEE 0 IR0 BT LA 4.
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(b)
Vicoe—eUVioge— U Vioge

et |

B3 TEA RS E b JT 1E 58 M 4% 8 1 Laplace 55 A P

Fig. 3. Discretizing the Laplacian on irregular domains with rectangular grids?0.

—0.25 +

_0'50 1 1 1
—0.50 0 0.50 1.00 1.50

Bl 4 G ER IR mUT IR 5 — 2% R LIS 248 n ISR 2 TN TG 19 58 42 2 BT LSS W33 7, OF HLARAR U7 (3

124 2 2

Fig. 4. For a given starting point, we choose a set of nodes to fit a high-order, multi-variate, complete polynomial, which facilitates

the discretization of spatial operators and the enforcement of boundary conditions!?%.

4.7 HEFRS

XF(64) X AEE SR E B, IFH B HUE 7
ELAT BUY, AT A AL

% =(g9) — D (uu) - G(¢) +vL{(w), (8la)
L{g) = D((g) — D (uu}), (81D)
(u) = P (w), (81c)

Hrp A1 (g) N, AR AR R A Y E ] i
(w), T (w) A () # AT AT (w) 155, (81) 2NAYH)
R (w) (to) = (u) (to), HFEAFATH (64) =X
53,

T P& X} Leray-Helmholtz #5551 2 1Y
VUYL, &5 A i 4 v] F1H o 7 R (81) J2&
X} GePUP ik (64) =AY YR B HL.

TESR R B R S (81) hst, B[l FR 4y 7 ik
A DL 58 4 AR S R . 78 STk [5) i3k A4
GePUP Hl IMEX J7 ¥ PSR A R 19 2] T —415K

fift INSERY 22 e xC if [8] #E i 5816, R4 GePUP-
IMEX. X B Ll Kennedy 5 Carpenter? $2 i 9
ERK-ESDIRK J5#EA/EA— 4Bl 7K ik GePUP-
IMEX 5.

PO N

L= XV +x0w), ()

ERK-ESDIRK J7iEAEE A BsR A BR AR
P = a2y (t™), (83a)

fors=2, 3, ---, ns,

s—1
(I = Aty X ) p) = g 4 ALY a[ﬂ X [E] (1/,(1)7 tm)

Jj=1

s—1
+ ALY all XUy, (83b)
j=1
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P = gp(ns) +Atz (b —alf )X[E] (d,( >’t<j>)’
(83c)
Hoh EAR OfREHRIBEE, t© =" + c At EZB
BT ng & BB B AL A, b, ¢ )& Butcher 3
i EREL AF b file FR—A~ ERK Jrik, 1 Al b
e FR—4~ ESDIRK Jik. fER S hRp B, o»©)
iR g 4l (83b) £5.81), Hirp oA v i R 4
B AT AP BB TR B0, (83) KL E T2
Batig . S4h (83c) sttt ol =l =, = all
RN, A OGZNERNE 2401 S5 S0k [29).
X GePUP B R4t (81) & X

XM= (g) - D (wu) -G (q); XU :=vL(w),
(84)

I+ M ERK-ESDIRK J7ik (83) Ay 2y, Al
BET B GePUP-IMEX &

(w) M = (w)", (85a)
fors =2, 3, ---, ns,
(I — AtvyL) (w)®

s—1
= (w)" + At > ) x T <<u>(j) ,N‘))
j=1 (85b)

+ Aty Z a[I (J)

(o = ()™ 83 (1 o)
j=1

% XE <<u>m ’tm) 7 (85¢)

()" = P (w)",

>n+1 >n+1

(W)™ = ()",
TERIIRI 20t = to, A (w)° = (w)° ~ (u(ty)).
GePUP-IMEX 7% (85) X i H AR 4 B 1 4%
K HFH ERK-ESDIRK b HE] GePUP A8
ARG (81) 2 E. Hd (85b) R AYEH — X0 T
(81a) =N (81b) 3K, 1 (85b) 2 2H — 20X ff
(81c) =, HIFIBS M 3 ph«>“%m<>,‘
18 F —Br Bt 8 X P ((u) ) 1O et i 4. 7E
(85¢) 2, BT X A AR R AR TS 5 (w) ™
{3 KT P T BE (w) ™ IR, D AT

e R ) Joe A (o)™ BEE N (u)"

M3 (85b) 2R (81) =X, ZEREA PR BL, T
TR AR RRAL

(HLS-1) Neumann i1 % 2 {F T () Poisson J7
T2 (81b): HIRM (u) IR (q) ;

(HLS-2) Jo ¥ # i #4544 T 1Y Helmholtz 5
T (85b): HIRAERT ] S (w) ;

(HLS-3) Neumann i1 % 2% {F T () Poisson J7
& (81c): HRXS (w) i1 745,

SR 3 28 Ty R 2 Y 2R BB DL SR [5). 7E
(85¢) A, TFERA# (HLS-1) A1 (HLS-3), HILTE
FAHEIAE N, GePUP-IMEX 8.9 (ns = 6) Mk
T SR A 17 AT AR FRATTEE A Ty A
HE Y Z A% VIR IR, L rp o i 2k AR AL
Jacobi 71k (w = 2/3), MK F o 5+
FE A BRI 55 7 Bl T — L@ T A 1 2 B 82
HLA MR RGP, 90 4 0F @ PR 5. (HLS-
2) ISR (I — Atwy L) (A RRAE(E Y 5538 42 R 1E,
PRI I 28 i L] 22 i A o = Atk R 1Y
SRfRHARA M AL

Ry T AR EARE 1 VB L, FRATTRE R I
PEAL, P 5 A0 BGRB8 2[RI 7 vk T
Al SRR 1 2 B BGIE Ly

Cr < 291/D. (86)

2% PR, GePUP-IMEX &3k 24 IMEX
[R5 i B4 2] GePUP LB HUR S 118
114 3% FA7 B A SR X LA s TR R Dy ik i
A Runge-Kutta J7 %218 Y, BARL BA1E
S ER AL B, AR £8P0 By Runge-Kutta,
J7 15N B GePUP f B R 48 145 2 A 7L FR
}# GePUP-ERK #.1: B,

5 ALK
5.1 AFMXIE_EkEE INSE
TEAFIN DX, (f5iEHE R

0 6 6 <§>
sing cosg n
1
+—(2)=(§n)€[&1P} (87)
0
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2 A 5 A e

sin®(nx) sin(2my)

u(z,y,t) = ( ) ncost, (88)

— sin(2mz) sin® (my)

p(x,y,t) = — cos(nz) sin(ny) cos t, (89)
ARG S 7 (1a) $H S AT PSP FH Y
Sh 1t g .

FEHRE (87) b, JH (88) B E W H A H)
WA i B i A 2, ] GePUP-ERK Fi1%
H INSE (M to = OffERER t. = 0.1. R 15 T
F I 2 25 2R B DR 22 AT, AR U w F
58 p ARREISZ YRS

5.2 Z=HTMEIRINFER

YT R IR Bl I N AN BT R4 i 8l LT3
B AR Ty b e H DL IR el . R
TRRL 12 8l A Fae P b U | i I R A [ I
M % = Yk s 26 4 31 PR e LB (LA 40l A
FLNRLE R . A F U e R R TR, T
UR B 7 I i A 96 INSE B0 R ff 7 s h i 1 A
I FEAEI 2 —.

TEFL 0 3 B X80 [0,1] % [0,1] % [0,2] |, H]

GePUP-IMEX 3 (85) xUx = 4k 10 55 3K h 7 1
AT EE AL, BB HAR S HON : Wk
u = (u,v,w) R ZMERE2 =140, v=1, Hf
N Fuw=0; ARG Z], wfEiEIRN 2N 0,
to =08 te=12. & W 4 Re = 1000, J& W%
Cr=0.5, YA MM EHE h = 1/128. F i 19 BUE 45
FERTLAAESCHE (5] T4k E].

Bl 5 25 TTERTZIt = 2,4,6,8,10,12, XFFRF-
T 2 = 1N 3 BUE 1 I k. BUERLLNIIT b
B, f TS = B AR KW BT DN 11, IF
TEt =2 Z HIE R — e A T3 oo s il 4
F4) S L BT P A s AR S /N 50 A 22 . B
EBAULRSEIEAT, 10T Ueins B 3 1 v T A
BB IR, =42 F AR, A
T3 A NS T i (e TF LR T AR, FffEt =6
AR ARG IR T IR sh B R A
. EeAE =120 %), IR RIR A A
FIFE A, X EERHIF 5 SR [34] ) SE 5045 558
A 4 S TR RS T R sh ) — A
DX 1) 2 VY 3L [ R S e 5 P YL ARG T B
i) Taylor-Gortler ZUITiE, [ 6 Tt 0 s 1 B %)
t = 8,10, 12 fRIc L5 R

# 1 JH GePUP-ERK FIETEARMIMTFA I (87) LR LL (88) M (89) = A MAAT R AY INSE 75 2 i1 22 AN 8L B

Re = 1000, tg =0, te = 0.1, Cr = 0.2
Table 1.

Errors and convergence rates of GePUP-ERK for solving the INSE on the irregular domain (87) with Eq. (88)

and Eq. (89) as the analytic solutions. Re = 1000, to =0, t. = 0.1, Cr = 0.20.

h 1/32 Rate 1/64 Rate 1/128 Rate 1/256
w Lo 2.63 x 10 3.94 1.71 x 107 3.98 1.08 x 10°® 4.00 6.78 x 107
w Ly 1.63 x 107 3.87 112 x 107 3.97 7.14 x 107 3.99 448 x 10
u Ly 1.49 x 104 3.89 1.01 x 107 3.98 6.38 x 107 4.00 4.00 x 103
p Loo 1.63 x 103 3.99 1.02 x 10 4.00 6.39 x 10 4.01 3.97 x 107
p L1 3.26 x 10 4.00 2.04 x 1070 4.03 1.25 x 106 3.97 7.97 x 10
p Ly 4.60 x 10 3.99 2.89 x 10° 4.01 1.80 x 106 3.99 113 x 107

(c)t=6

(d) t=8 (e) t=10 () t =12

5 =TGRRSO I A RS b (h = 1/128) XFRF I 2 = 1N AY TR IR AN R BEACRA R B9 [l P
Fig. 5. Snapshots of streamlines for the 3D lid-driven cavity test inside the symmetry plane z = 1 on a uniform grid with A = 1/128.

Different colors represent different values of ||u||2 .
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2.0 1.0
>,
_ . (t=10

A ——

Z

]

1.0
{0.8
[0.6

S
{0.4

10.2

0

6 =Tk sh 7 il sl 8 S W (b= 1/128)iR 5 (19 o0t SF(E . 206, B, I R 6 X000 5 1 o0 B E

23514-0.50, —0.25, 0.25 Fl 0.500%)

Fig. 6. Isosurfaces of the z component of the vorticity vector for the 3D lid-driven cavity test on a uniform grid with A =1/128.

The values of the vorticity component for the red, orange, blue, cyan surfaces are —0.50, —0.25, 0.25, and 0.50, respectively!.

A ¥ GePUP-IMEX 55 15 45 Sl Guer-
mond 55 B Y SL I RN AE R AT T &
7 A 8 a3 28 s 1 e i rh oo B A E
iz = 1,05 B s H K. AT LUE 3], GePUP-
IMEX B3E A 25 5 Al Guermond 55 BY il 5256
545 AR W 254 . A, GePUP-IMEX &
Y IR <R =R~ N 7 (| R < R o e S B
Guermond 45 B4 [T HE5 R INAT & L5055

9.4'.

0.60 8
055 *d®

0.5 0.6 0.7 0.8 0.9

Bo7 o mzt=1,2,4,6,8,10, 12X FF i 2 = 0_F EHER
B O LB LR ¢ o7 RN AR ST BUE S5 R (M E b
|2 581, T “+7 F1“ 07 4351 J& Guermond 45 3 15 51 (1 52
BRI R A5 AL P

Fig. 7. A comparison of the center locations of the primary
eddy in the symmetry plane z =0 at time instances
t=1,2,4,6,8,10,12. The circles represent numerical re-
sults of this work, which are determined by minimizing the
speed ||u||2. The experimental and computational results of
Guermond et. al.3" are represented by the crosses and the
squares, respectively!).

5.1 WAL T 3T GePUP £ (1) INSE #5%
T L REAE TR BB 25 — S 0U Bioks B . eSS L
AT EE R — L IE T GePUP J7 A il 42
SR AR Y e

5.3 Z#HMEIRN AR
A HAEMRE 5 ((87) 2X) A48l — 4k Ti
TR Bl S, RS B A B 25 R -5 6 R )
KR [0, 12 F A BE S5 Rt T s, EH A P =
Jasio- (

V3 V3 1 VB L L
7’74-5 2'1'2,2)5%/339@3@?‘@
RLLB: b, i uw A5

(2 1wt 90
u(mat)<\/§/2>n(r)( —e e, (90)

n(a) = {el—la2 if |a] < 1,
0
r=2lx—Pl—1, w=2. (91)
HATEEN A Fu=0, TEWENZ, wfEit
BN AR 0, to=0, t. =60, Cr=0.1. FiL%
Re = 1000, #J5]MIAERIFE A = 1/128.
9 FIEl 10 4 3045 8 T AERS 20 ¢ = 4,8, 32 B
F14) A S 37 R DA R R ) DX SR AS D] X 5
e, XA R P RRIE R A —

otherwise,
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0.5

(a) z=1.0
—-0.5 . —-0.5
—-0.5 0 0.5 —-0.5 0 0.5

B8 = 4T 56 YR 5 7 I AR I 20 ¢ = 12 B9 3 ) T B A (b = 1/128). ;&%%i%r/l&xﬂ’)ﬁtﬁm%, BP — Lo i Loy BI4E R
% - yﬂl% — o MRREL. “x 7 A« R Guermond £ B £5 3] 1% S 56 A4 4% IR

Fig. 8. A comparison of velocity profiles for the three dimensional lid-driven cavity test (h = 1/128) at ¢ = 12. Solid lines repres-
ent computational results of this work, i.e. —%u as a function of % —y and %v as a function of % — x. The computational and ex-
perimental results of Guermond et. al.¥ are represented by the solid dots and crosses, respectively.

1.4 1.4 1.4
1.2 1.2 1.2
1.0 1.0 1.0
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
0 02 04 06 08 1.0 1.2 1.4 0 02 04 06 08 1.0 1.2 1.4 0 02 04 06 08 1.0 1.2 1.4
(a) t=4 (c)t=38 (e) t =32
1.0 1.0
0.8 3 0.8
. S N
. ) : b .
T
0.6 1 NS 0.6
0.4 N 0.4
0.2 3 B 0.2 3
0 . ey . 0 . UL 0 . e .
0 02 04 06 08 10 0 02 04 06 08 10 0 02 04 06 08 1.0
(b) t=4 () t=8 (f) t =32

9 THETHEESKS J EEI h 2 A A B (b = 1/128) B
Fig. 9. Numerical results of the velocity field in the two dimensional lid-driven cavity test on the unit box and the rotated box with

h=1/128.

54 GePUP 5—A1Z 8 77 kR 1ERE Uy B 400 A5 RE A 23 ] L3 8 DU RS B, 7E
227 e RS EES S .t TR s B
RASTEVEZ R B30 @ r sl B IIRE T S 00, ee iR e 3 e Sl
TRTF Wik, (A GRS TR UM Tk KSR RRCRASAIR AR, PRI B — A~y e s ]
BTS2 1 AR ARG 5100, S DR b LA SR S R B, R ] L U R
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Fig. 10. Numerical results of the vorticity in the two dimensional lid-driven cavity test on the unit box and the rotated box with

h=1/128.
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AT [IESCHR [5] Hr s i —APERe i A =

TE L EA A WS B 1 INSE 8UE 7 1Y
BORES, LU MR E

(ECA-1) KAt Jr fR 4 st )z K T f =X
TR BB AR 2 (0 I (8]

(ECA-2) Kl A7 FEALIE #E 1) CPU
I ] 5 HOR i Ok e G &R
BETXMAMBUE, A

5 XA EBEAN T By
BPERE I E LE A
(¢)
Te(e)’
HgneR?, €2 n, Te() M Ty(e) 73502 B TT
A B IR B4 e S B e TR 2L CPU B[R], 0
XA () A B:

=

ng(e) =

(92)

(€=m)(D+1)

g _i B, N Be &
w2 ()% (5)F

€

Horng AR — A% T RZI BN EIrks
nBr 7T CPU WA B FUAE, 1 Ee 1 Ey 53 52
P E PIAR N AR R 2, Be < By

B B he(e) Tl oy (€) 73 B % € B 7 i
B 7 i IR BN 45 e K T e BT XA TR, ]

he(e) = © (61/5) , hy(e) = O (61/’7) , (94)

Horp f = 0(g) —RABIFAEH B cr,cu > 0T g <
f<cug.
W EE (ECA-1) 1 (ECA-2), 715

w=(ig) - wo=n (o)

E¢qﬂ%m%AE%ﬁ< )n<1>%

()
TR 417 m%m%ﬁﬁgWﬁﬁ@%m>
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Ee M B, 21847 € B I7 M n I A B ORS T
nr X WA ITEETHAE CPU I a] Y F (B R n B
JIIEBINS BE By 32T 3 B 75 20 WK I 0y e
U, ELRHAR MRS (1 BE LE S o, DU

FE
Ny—e = log,, —*, (97a)
n— IEE
T, (E¢) _ p(DH1)ng ¢ (97h)
Te(Ee) ny

Herp (97a) 2 " BT R o 5 2 RO ICELT
(97b) & (95) RN, 76 (96) XHHte H Ee,
FLES (97b) R ATT5

+1

— D+1
can=m(m) (2
K (98) SACA (96) KEPFTAEF] (92) K.

I (93) =, AT LA PO B 8 52 77 1 GePUP-
IMEX 1 Martin % [7) 4 H (1 28 80 — B 48 5% 7 ik
MCOGPRYRHRAE L.

2 T HEAS A B R R T Rk B R RE Y
Lo i i 45 e, GePUP-IMEX %} T MCG
()P BE TN EL Sapo. X F AR AT RE L, W e =
10~*, GePUP-IMEX X} F MCG 7E0% il
PR R, TR B 5E ARG B2, W e =
1075, 1078, GePUP-IMEX ¥ BE A 3 J& 41 24 1
T, RS F AR, Sy 1 BR{E T RE S % 2
Y25 R[], fHJ2 Syjale) J2 1/ i) 5 BR B0X —

(98)

2 AFEBIHEK R TIEBNFEFER Lo R €

B R AR IR AR AR Y. LAk, RV EC(ERS B2
NEEEIZ BN ZE, GePUP-IMEX W 2. /748 ]
FOMURE 19 A% SR 3545 5 MCG AR RS B2, TR LA
S BRiE R GePUP-IMEX MKk LA H Ky 350%
.

BTV ox i i B — B 3 50 2
), GePUP-IMEX H1 MCG %} i & 33 7E Lo
TR i EA = A —Bks B, % 3 At THEAR
(]300 42 A T 35 3 [R)RE 1Y) Lo 163 18 TH 33K B e,
GePUP-IMEX #f X} T MCG 9 PE GE i Eb Ss)1.
RPfE FARMK A XS 4G B2, Bl e = 1072, GePUP-
IMEX #HXF T MCG TERCF E AL S 23k 1
.

DL E R A e 0 S R (Intel®
i7-3930, 138 GFlop/s) I # 17 1, # & 2020 4F
11 H A EEeR BRI EAUE H AR Fugaku
(7630848 #%, peak performance 537212 TFlop/s)!*3),
PRI F A R B D) 48 280 R ML B AT AR
W P BE SR THE Ko 4 x 106, i = 3] % 2 Ml
R3IMTZERERTAX 1008, XU T 7
— LR R B 25 e R R EOR, FEEE A
HL I 327 DU By GePUP-IMEX 8.3k Here [ B b
TR RN EZE1T —H MCG Jrik#Rziil

FEBE RV 5 TR A BOR AT A 1) 1 B Aot
B, FEAE 2 SR T I B — B A o S50 )
B, BN AR A K 3 P A EE SR T Y
By GePUP-IMEX 5 5% J5 125 X A B 41l 412 /=7 15 145 4K
GePUP-IMEX #HXJJ- MCGI (g PERENIH LL Sy 1)

Table 2. The speedup Sy of GePUP-IMEX over MCG!™ for achieving the same Lo accuracy e of the velocity®.
Suj2 e=10"4 e=10"6 e=10"8 e=10"10

BATREINL Re = 2 x 104 1.73 5.50 x 10! 1.73 x 103 5.47 x 10*
THER SN, Re = 104 5.03 1.59 x 10? 5.03 x 103 1.59 x 10°
ZHER S, Re = 100 1.26 x 10! 4.00 x 102 1.26 x 10* 3.98 x 10°
=4k &, Re = 104 8.65 x 10! 8.65 x 103 8.65 x 10° 8.65 x 107
ARSI, Re = 100 4.24 x 10! 4.24 x 103 4.24 x 10° 4.24 x 107

# 3 AT TIRBIFEFEEY Lo RN ¢ , GePUP-IMEX A% T MCG BYPEREINELL S5 P

Table 3. The speedup Sz of GePUP-IMEX over MCG! for achieving the same Lo accuracy e of the vorticityl.
S3)1 e=10"2 e=10"3 e=10"4 e=10"°

IR, Re = 2 x 104 1.89 x 10* 1.89 x 106 1.89 x 108 1.89 x 10%°
TR EINR, Re = 104 2.30 x 10° 2.30 x 107 2.30 x 10° 2.30 x 101
SR EMNR, Re = 104 3.66 x 107 1.70 x 10% 7.88 x 102 3.66 x 10
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Abstract

The incompressible Navier-Stokes equations (INSE) are the basic governing equations of fluid dynamics,
and their numerical solutions are of great significance. In this review paper, we first recollect some classical
projection methods and their relatives in the past 50 years and then fully explain the recent fourth-order
projection method called GePUP [Zhang Q 2016 J. Sci. Comput. 67 1134]. Based on a generic projection
operator and the UPPE formulation of the INSE [Liu J G, Liu J, Pego R L 2007 Comm. Pure Appl. Math. 60
1443], we derive the GePUP equations, which retain the advantage of UPPE that the velocity divergence is
governed by a heat equation and is thus well under control. In comparison with UPPE, the GePUP formulation
is advantageous in three aspects: (1) its derivation depends on none of the properties of the Leray-Helmholtz
projection; (2) the evolutionary velocity can be divergent, thus it is directly applicable to numerical calculations
with nonzero velocity divergence; (3) the Leray-Helmholtz projection does appear on the right-hand sides of the
governing equations, thus making it transparent to analyze the accuracy and stability issues raised by
numerically approximating the Leray-Helmholtz projection. As the most appealing feature of GePUP, temporal
integration and spatial discretization are completely decoupled and can be treated as black boxes, so that the
user can choose his favorite methods for the two parts to form his own GePUP method. In particular, high-
order accuracy in time can be easily obtained since no internal details of the ODE solver are needed. The
flexibility in time makes the GePUP method applicable to both low-Reynolds-number flow and high-Reynolds-
number flow. The flexibility in space makes the GePUP method applicable to both rectangular boxes and
irregular domains. The numerical results and elementary analysis show that the fourth-order GePUP method
may be much more accurate and efficient than classical second-order projection methods by many orders of

magnitude.

Keywords: incompressible Navier-Stokes equations, projection methods, fourth-order accuracy both in time

and in space, no-slip boundary conditions, generic projection, pressure Poisson equation
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