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Fig. 1. Simple pendulum model with vertical excitation and

horizontal constraint.
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Fig. 9. Parameter conditions for chaotic motion of the system.

\
Gl aS (a1 454e, WniE 10 fras. 15110 AR i s |5
LHHL XM, OGO EUGERRE RS
IR A Bz SR B 5, s shid e b &
HSBME, FRRGRER L, RSz
g2, 1B 11 XN RGR R AR 0 22, Bl
KR, RGDrz SR R, R
WMz ST R 5518 10 518 11, &
GEAE wy, = 2 IF AT IR 51 52 BOORT Y 1 A e e o
PRIT 8 RIBIARYE.

3
Clockwise
oL
1k
T o
8
se]
11
—2l
_3 L
-2 -1 0 1 2
T
B 10 HEERGWIRIIRTE w, = 2 BFEIR R 5]+

Fig. 10. Chaotic attractor of simple pendulum system when
wy = 2.

240202-7


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y] 32 2 3R Acta Phys. Sin. Vol. 70, No. 24 (2021) 240202

ES IRV 5 S R F A U
Fig. 11. Bifurcation diagram with different [.

5 ZIEE AT L R B AR A
TR E

Xt 3 3 T30 A K SF 200 1 B R 4 (6) Bk
AT B, WERR I, S8R ¢ =
0.618, k3 = 1.3, g; = 0.28, b = 0.48. it ELS3
7 B K Lyapunov I8 8IS HI & 07 %5 R 5k
P, WF5E AR R G0 LR SR T LA L)

51 BEEBMNAEARLERGHT
RS & 5iRE
.11 w, W IR G D AR

B wy, AR BIR R GENIB 3532 Stk Lya-
punov FEEL U] 12(a) FIEl 12(b) Frs. AU, Bl
wy IR, BAR R GE 7 25 B J - 30 J TR
- P ] - o - o 400 T - Dl ) 8- ) - B )
W7 i RN iz g ek, Bl sk kA2
(IR U

wy, ZE A A BRI ] P B2 AN 15T 13 (a)—(f) BIr

R wy = 0.5, 1.02, 1.8 B, &G4 HIAb T B

TR RS EPIRAS; H o w, = 1.8 BURHE AR
(K 14(a)—(c)) B h RGE g h A B WS
WPRILIRAT H, PERE b (3 07 5% 38 il iR 1 s 42
K) Ak, REREE AWML, RE IR
DRI MR 88 & B8 Ak. L] 13(d)—(f) &
B, w, AR T RIS g R, AR RS
ARG 145 (K 13(a)—(c)) tH—EKL

5.1.2 ¢ MEER LY B R

Bt ciq ABA0I0 R GE 505 Al K Lyapunov 4544
WE 15(a) FE 15(b) Fras. AT UL, BEKSF 29 5 H
JERBL ¢ WK, RGEHEA TR HE-DY JR - — R -

TR/ \ ST 300 D 389 — ) 30 - B e 40 1) 2R 9] 52 2%

BB .

1.0

0.5 F

—0.5}

(b)

it K Lyapunovig#
|
.

Kl 12 w, BT (a) 438 (b) K Lyapunov #5844
Fig. 12. (a) Bifurcation and (b) maximum Lyapunov expo-
nent with different w.

ey AR A B AT E) D3 AR AN A 16 (a)—(f) Br
. Hid i 16(a)—(f) W, ¢ = 0.6, 0.63, 1.2 B,
5057 I F ORI L TR R IS R A
ey = 0.6, RGLRMA 22T O AR B0 1 e
TS RUITRTE; ¢, = 0.63, RGT LI H XTFRTE
AR, A PR I AIRIEZS . B o, k82K, R4
R R 5> 7 KB ¢y = 1.2 BRI HE 3l
FEH I 16(d)—(f) B HR, ¢ ZRALEAE T /K251
HAER Gz, HA b e 5 R sh 17 eAT
H (K 16(a)—(c)) FH—2L.

51.3 ¢ MEZZLHHDGHR

Bl g B R G857 Bl B i K Lyapunov 1§
Bk i 17(a) AP 17(b) Bk, Al L, BE g, 3
K, BAR R 55 28 TR - O J 199 — JR 40 Ep S 30 1y
BB AR AS . g WA [R)E 1 A P R0 s i) 7 2 o
Kl 18 firan. HiiP &l 18(a)—(c), BER G I &AM
IR RIS SRS R, X 5] 18(d)—
(£) g ARG R RSB 12247 A —2L

240202-8


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y] 32 2 3R Acta Phys. Sin. Vol. 70, No. 24 (2021) 240202
0.04 0.5 1.0
(a) (b) ()
0.02 0.5
3 3 3
5 0 5 0 5 0
o ] o
—0.02 —0.5
—0.04 —0.5 —1.0
0.65 0.70 0.75 0.80 0.85 0 1.5 —2 —1 0 1 2
0.85 @ Lo (f
1.0
0.80 0.5
0.8
8 0.75 g 0.6 8 0
0.4
0.70 —0.5
0.2
—1.0
0.65 0
100 150 200 100 200 100 200 300 400
B 13 w, BT (a)— (c) HEA (d)— (f) B RRE (a), (d) w, = 0.5; (b), (e) wy, = 1.02; (¢), (f) w, = 1.8

Fig. 13. (a)—(c) Phase diagram and (d)—(f) time history diagram with different wy, :
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Fig. 18. (a)—(c) Phase diagram and (d)-(f) time history diagram with different g¢;: (a), (d) ¢ = 0.27; (b), (e) ¢ = 0.28;
(c), (f) g1 = 0.36.

4 1.0
(a) (b)
9m
Jz
s
2 ERY .
& 2
1 g —0.5
3
2
0 g —1.0F
-1 —-1.5
0.2 04 06 08 1.0 1.2 14 0 0.5 1.0 1.5
k33 k33

B 19 kyy ZBIL T Y (a) 2375 A1 (b) H K Lyapunov 541

Fig. 19. (a) Bifurcation and (b) maximum Lyapunov exponent with different ks .
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Fig. 21. (a) Bifurcation and (b) maximum Lyapunov exponent with different b.
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Fig. 22. (a)—(c) Phase diagram and (d)-(f) time history diagram with different b: (a), (d) b = 0.19; (b), (e) b = 0.28; (¢), (f) b = 0.36.
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Fig. 23. Time history diagram when wy, changes and b = 0.36: (a) wy, = 1.3; (b) wy, = 1.5; (¢) w}, = 1.7.
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Fig. 24. Motion of a simple pendulum nonlinear system in the bi-parameter domain: (a) wy-ci1; (b) ¢11-kss; (¢) ksg-g15 (d) g1-b; (e) b-wy,.
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Fig. 25. Attractor and attraction domain of the system when the parameter b changes: (a) b = 0.11; (b) b = 0.23; (¢) b = 0.32;

(d) b=0.35; (e) b=0.49; (f) b= 0.81.
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BERGEFMW G FREEM K, RETERIN

AL, S8 b AU T R G R R4
RGN T | A, RIS B, RS
SR DA R o3 2038 R Y R GETE SR I 5 | AN
TRIEW S| TR AT, & AW G0 F 2 H R 8¢
REEAE Ik, AW A R R0 Bl A A el AR
FETRIE S | I R e, R |7 B g 5 3y
XTFRAMAR, AR —E PR L I B PR R SR
SR A4 R 3

T % ®

S AR ELN KA R I R R ST, 2 TR
FIER MRS IR, A SCR ST T X T AR
FERYY AR, WFFEAE R SLBR TR i J T
PEVERERY SRR, B0E T IR, i xHZ &
LIRS IR I 2 AR T, A5e T

1) BRI 2R B e 2 B0 =007 W R 4K
A F T8N AR AR G IR IR AE ;3 KK 2 R
JE ZRAT I/ N R G IR X Iy 5 R e Ao
T Yl W (K7 1 K AR SESE IR MR AL L o iR IX
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2) MIZREW RSB RY], EHAE
RN R R . SRR | KPR e R B =k 7
WIJEE RS RO AL, #RKE TR GEI SRR
A8, X GG B JE XS Sd RO RS 18
A, BIRS R, AR T RGP RIRER
oA, AT BB R GG RO 22 BT SR ) O
ANE R v I AL R KIS DA S RS

3) M RGAEA RSB AT B AP A ]
DR 50T, RWITTRE (6) Hhiy g A TORHE T R
SRR A s RIS I, JCieiR Kbtz g4
W R RERIEIL, REMEL SH g 1
o, ARRER R AR, diis RGEIRE).

4) XZ R G WS EII A 5 R W, Gl
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Abstract

In order to improve the working performance and optimize the working parameters of the typical
engineering pendulum of a typical system that it is abstracted as a physical simple pendulum model with
vertical excitation and horizontal constraint. The dynamical equation of the system with vertical excitation and
horizontal constraint is established by using Lagrange equation. The multiple-scale method is used to analyze
the subharmonic response characteristics of the system. The amplitude-frequency response equation and the
phase-frequency response equation are obtained through calculation. The effects of the system parameters on
the amplitude resonance bandwidth and variability are clarified. According to the singularity theory and the
universal unfolding theory, the bifurcation topology structure of the subharmonic resonance of the system is
obtained. The Melnikov function is applied to the study of the critical conditions for the chaotic motion of the
system. The parameter equation of homoclinic orbit motion is obtained through calculation. The threshold
conditions of chaos in the sense of Smale are analyzed by solving the Melnikov function of the homoclinic
motion orbit. The dynamic characteristics of the system, including single-parameter bifurcation, maximum
Lyapunov exponent, bi-parameter bifurcation, and manifold transition in the attraction basin, are analyzed
numerically. The results show that the main path of the system entering into the chaos is an almost period
doubling bifurcation. Complex dynamical behaviors such as periodic motion, period doubling bifurcation and
chaos are found. The bi-parameter matching areas of the subharmonic resonance bifurcation and chaos of the
system are clarified. The results reveal the global characteristics of the system with vertical excitation and
horizontal constraint, such as subharmonic resonance bifurcation, periodic attractor multiplication, and the
coexistence of periodic and chaotic attractors. The results further clarify the mechanism of the influence of
system parameters change on the movement form transformation, energy distribution and evolution law of the
system. The mechanism of the influence of relevant parameters on the performance of the engineering system
with vertical excitation and horizontal constraint is also obtained. The results of this research provide
theoretical bases for adjusting the parameters of working performances of this typical physical system in

engineering domain and the vibration reduction and suppression of the system in actual working conditions.
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