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Fig. 1. Phase transition diagram of order parameters Ra and R; with the coupling strength K . g(w) is bimodal Lorentz distribu-
tion with A =0.10, and wp = 0.08 (a), 0.12(b), 0.30(c), 0.40(d), respectively. The regular triangle A indicates the direction of
the increase of coupling strength K and the inverted triangle Vv indicates the direction of the decrease of coupling strength K . In
(a2)—(d2), phase transition of R; with « = 1.00 (pink, square), 0.90 (cyan, circle), 0.80 (blue, diamond), 0.70 (green, left triangle)

and 0.60 (red, right triangle) from top to bottom, respectively.
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Fig. 2. Evolution of the order parameters Ro and R; with time ¢ at coupling strength K = 1.60. g(w) is bimodal Lorentz distribu-
tion with A =0.10, and wp = 0.30 ((a), (b)), 0.40((c), (d)), respectively. The evolution of R1(t) with a = 1.00 (pink, solid line),
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Fig. 3. g(w) is uniform distribution with v = 1.0 (a), (b) Phase transition diagram of order parameters Ro and R; with the coup-
ling strength K . Phase transition of R; with « = 1.00 (pink, square), 0.90 (cyan, circle), 0.80 (blue, diamond), 0.70 (green, left
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with time ¢ at coupling strength K = 1.90. The curve of R; with a = 1.00 (pink, solid line), 0.90 (cyan, dash line), 0.80 (blue,
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Abstract

The Kuramoto model consisting of large ensembles of coupled phase oscillators serves as an illustrative
paradigm for studying the synchronization transitions and collective behaviors in various self-sustained systems.
In recent years, the research of the high-order coupled phase oscillators has attracted extensive interest for the
high-order coupled structure playing an essential role in modeling the dynamics of code and data storage. By
studying the effects of high-order coupling, we extend the Kuramoto model of high-order structure by considering
the correlations between frequency and coupling, which reflects the intrinsic properties of heterogeneity of
interactions between oscillators. Several novel dynamic phenomena occur in the model, including clustering,
extensive multistability, explosive synchronization and oscillatory state. The universal form of the critical
coupling strength characterizing the transition from disorder to order is obtained via an analysis of the stability
of the incoherent state. Furthermore, we present the self-consistent approach and find the multi-cluster with
their expressions of order parameters. The stability analysis of multi-cluster is performed in the subspace getting
stability condition together with the stable solutions of order parameters. The discussion of all the results
summarizes the mechanism of the transition from hysteresis to oscillatory states. In addition, we emphasize that
the combination of the Kuramoto order parameter capturing the asymmetry of the system and the Daido order
parameter representing the clustering can give a complete description of the macroscopic dynamics of the
system. The research of this paper can improve the understanding of the effects of the heterogeneity among

populations and the explosive synchronization occurring in higher-order coupled phase oscillators.

Keywords: coupled phase oscillators, synchronization, phase transition, multi-cluster
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