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= (S(x,t — 1), I(x,t —7), R(x,t — 7)),

a1l a1 b1 0 0
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A
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az = 075" — K,

asy = (1 — 0)yS* +
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bay = OyI*, by = (1 — O)yI*.
XF TR R I A S i R, B R A A RRE AR
—E*(k €{0,1,2,---}), BiAY (2) PFRFAE TN
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Hop T2 3 < 3 iAERE, H
M, = -Dk? kc0,1,2, ---.
WERFE R (4) JRIF, 3300 Rk
AP+ ma (k)N + ma (BN + mo(k?)
+e N2 (kA2 + ny (DX +no(*)] =0,  (5)
Hrp
ma(k?) = dik? + dok? + dsk* — a1y — azs — ass,
my(k?) = (dik? — aq1)(d2k? — ag)
+ (d1k? — a11)(dsk? — az3)
+ (dok® — ago)(d3k® — az3),
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mo k2) =

k?) = — bi1(dok? + d3k® — ago — a33) — a1zbor,

(
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na(

(

no ]€2) = — bll(dng — agg)(dgk‘z — a33)

— a12b21 (dsk® — as3).

3.1 Turing AEE
AN AR AE T TR T, Bl =0
INF, P B SAY (2) RREHERY 2.
LYW, Bl dy = day = dz = O, BB (2) 72
E* R FE T R N
NP+ B3\ + Bo) + By =0, (6)
Hrp

B3 = — a1 — az —azz — by,
By = ai1a92 + a11a33 + azza33 + az2b11
+ aszzbi1 — a12b21,

By = —ai1a22a33 — az2a33b11 + a12a33bo;.
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i Roth-Hurwitz g FIFE T A1, 4Rk
(Hy): B3 >0,By>0,B; >0,B3By — B; >0
BT, TR (6) BT ARHR A A SeiB. Rk, 4

AU (2) TETA 8 B A2 Sy i i R e 1.
MY RO B, B dy >0 (i = 1,2, 3) ),
B (2) 78 B AW FRFIE T
N Cy(k)N? + Co(KHN+ C1(k*) =0, (7)
Hrp
Cs(k*) = C31k” + Bs,

Co(k?) = Caok™ + Co1k* + Bo,

C1 (k%) = O13k® 4+ Cok* + C11k* + By,  (8)

JEH
031:d1+d2+d3>0,

Cag = d1da + d1ds + dods > 0,
Ca1 = — ag3(dy + da) — aza(di +d3)
— (a11 + b11)(d2 + d3),
Ci3 = didads > 0,
Ci2 = — agzdidy — azedids — (a11 + bi1)dads,
Ci1 = agzazzdy + (ar1a22 + azzbiy)ds
+ (a11a22 + a22b11 — a12bo1)ds.
7E X
g1(x) = Cy32° + Cro2® + Cyx + By.
R ik
(H3) :a22 <0,C11 <0,g1(27) <0,

Hr

—Cio+ +/ 0122 —3C11C13

3C3

B3 1 4By > 0F(Hs) ST, HREgr(x) =
OFMATEMR 2 Fa,(0<a_ <ay), (B Yze
(z_,z B, Hagi(z) <0.

PEBH Mag < OB, AJ1HC12 > 0. HC12 >0,
Ci11 < 0R] J1, gi(z) = 3C132% + 2C102 + C11 fF TE
WA~ 4l a* = —Cha — \/C3, — 3C11C13/3C13 < 0
i = —Cia + \/M/3013 > 0. ilg1(x)
I3 M AE o R0 ot b WO AR ME R KA. 75 A
91(0) =B >0, wlir_{loogl(x) =+400. 24 g1(z%) <0
W, T g1(x) =0F PN IER 2 May (v <zy)

*
I+—

HY 2 e (z_,z )l fgi(z) <0. 5|3 1 FHIE.

%\

G2\ k) = A3+ C3(k*)A? + Co (k)N + O (k?),

S Jim 92(Xsk) = +oo. AT RI%:

(Hy) : FAEIEHEE ko € (T2, \/TH).

FgI B 1A%, %5 By >0, (Hs)Fl (Hy) ST,
N g1(k3) = Cr1(kE) < 0. HIL, FTHE g2o(N\iko) = 0F
DA AN IER.

EH1 B R>1, 7=0, I H (Hi)—(Ha)
AT KRR (2), LU S5 T

1) M d; =0 (i =1,2,3)0f, B (2) iEF %
T VA A5 B S SRy R T AR e 1Y

2) Md; >0 (i =1,2,3)iF, BRI (2) 73 5 1%
A 5 B Ab kA4 Turing ANFRGE.

3.2 HopfH#&
AN EEW RN Y HOE S AL R (2)
55 Hopf 437
M7r=0,d >0 (=123, HE (2) K%
TEFRE N (7) 3 Ao an Bk
(Hs) :
Hi (8) XA, & Bz > 0857, WIAT Cs(k?) > 0; #F
By > 0l (Hs) o7, WA Co(k?) > 0; 45 By > 0l
(Hs) o7, S EEN e >0, #4 g1(z) >0, TH&
Oy (k) > 0.
I
C3(k*) Oy (k*) — C1(k*) =C kS +C5k* +C5 k* 4-CF,
Horp
Cy = C31099 — Cy13 = di(dy + d3) + d3(dy + d3)
+ d3(dy + do) + 2dydods > 0,
C3 = 031091 + Cy2B3 — C1,
C3 = C31 B2+ C91 B — Chy,
C# = B3By — By.
A an T B
(Hg) : C3 >0,C5 > 0.
#i BsBy — By > 0 fll (Hg) W07, WIXHMERE &k € {0,1,
2,3, }, G
C3(k*)Cy (k%) — C1(k?) > 0.
H4 Routh-Hurwitz Faxe i, 27 (Hs), (Hs) Fl(He)

az <0, gi(x7) > 0.
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BIesr, X AR E M ke {0,1,2,3,---}, TFE (7)

(AR A HLAT 67 S, DRRs, JCRPA AL (2) AE%

FERE VAT i B b2 Ry BRI R 1Y
H7>0,d;>0(0=1,2,3)0F, B (2) BYFF

EFTFERN (5) . 2\ =iw (w > 0)FFFEA (5) X,

GBS HE AR R

— My (k) Ny (k2) — My (k%) Ny (k2)

B R 5 I
mszwﬁﬁﬁﬁﬁwW2<m
st

Mi(k?) = —w® + ma (k*)w,
My (K?*) = —ma(k*)w® 4+ mo(k?),
Ni(k?) = (k*)w,
No(k?*) = —na(k*)w? + no (k).
HHE cos? (tw) + sin®(tw) = 1 A[{5
Wb + D3(k*)w* + Da(k?)w? + Dy (k*) =0,  (10)
Hrp
Dy(k?*) = m3(k*) — n3(k*) — 2ma (K?)
= (d1k* — a11)* + (dok? — ags)?
+ (d3k® — as3)® — b,
Dy(k?) = mi(k*) — ni(k?) — 2ma(k*)mo(k?)
+ 2n2(k*)no(k?)
= (d1k? — a11)*(dok? — ago)?
+ (d1k? — a11)?(dsk? — a33)?
+ (dok? — a22)?(dsk® — ass)?
— b (dok? — ag2)® — b3, (dsk® — ass)?
— a2,b2, — 2a19b11b91 (dok? — aso),
Di(K?*) = mg(k?*) — ng(k?)
= (d1k* — a11)*(dak? — ag)?(dsk? — ag3)?

— (d3k? — az3)*[b11(dak® — agz) + ar2ba1]?.

Lz =w? M (10) 2 H
23+ D3(k*)2% + Da(k*)z + Dy (k*) =0,  (11)
é\
g3(2) = 2% + D3(k?)2% + Do(k*)z + D1 (K?). (12)
Mk = 0}, Z LR R oT:

(H7) : D1(0) <0,
WA g3(0)|k=0 = D1(0) <0, H wggloogs(f)\kzo =
+oo, M4 A BRAT L, BUE 5 72 g3(2) k=0 = 0
NEDHEE—DNIER. AR —ME, Bk
93(2)|k=0 = OFFFE = A 1EM 2y, (n = 1,2,3), WIFFE
FRE (5| o FFHE = At o, $Eif1 w0 — o
(n=1,2,3).
Hi (9) T4

1 G1(wn) 2ln
O _ - 1\®n o 1=0.1.92.--
T o arccos(Gz(wn))+ n,l 0,1,2,---,
(13)

G1(w) = [ma(0)w? — mo(0)][—n2(0)w? + no(0)]
+ 11 (0)wlw® — mq (0)w],
Ga(w) = nf(0)w? + [n2(0)w? — n(0)]*.

min {7'2}, Wo = Wpo-

0
T T
" n€{1,2,3}

k=10, 5=k EX
E3(j) = m3(j) — n3(j) — 2ma(j),
Bs(j) = m3(j) = ni(j) — 2ma(5)mo(j)
+ 2n2(j)no (),
Eq(5) = mg(5) — o ().
i
(Hg) : ¥ Tj5>1,HE\®) (i=1,2,3)>0.
A7 (Hs) Wor, A M j > 10F, Ei(j) (i =1,2,3) 42
AR, A
E3(j) > E3(1)
= (d1 — a11)* + (da — a)? + (d3 — az3)* — b3y,
Ey(j) = Ea(1)
= (d1 — a11)*(da — a22)® + (d1 — a11)?(d3 — as3)?
+ (dy — ag)*(ds — az3)? — b3, (dy — agm)?
— b2, (d3 — as3)? — atyb3; — 2a12b11bo1(d2 — as2),
E\(j) = Ei(1)
= (dy — a11)?(da — az2)*(d3 — az3)?
— (d3 — a33)*[b11(da — ag) + a12b21]>.
[LUIRN IS
(Hy) : E3(1) > 0, Ey(1) > 0, E1(1) > 0.
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e . . . - dX pns
At (Ho) L, WA Di(k*) = Ei(j) > Ei(1)>0 (i=1, Zi L (Hyo), I Re (dT> > 0. BT Fikitis,

2,3), TRANFE (11)| k=1 TCIEMR.
YA k= O By 2Bk o5 4, X (5) X34 [m] psf
KT KT, TRA

(ﬁ)*:ﬁQQizafaM_;7 (1)
Hr

K1(A) = A% 4+ ma(0)A% 4+ my (0)A + m(0),

K3(\) = n2(0)A? + n1(0)A + no(0),

K} (\) = 322 4+ 2my(0)\ + m4(0),

K35(N) = 2n2(0)A + n41(0).
B =710 =iwe A (14) 5, 153

@) -amea o

)
iy

Py = (m1(0) — 3w?) cos(Towo) + n1(0)
— 2m2 (0)(«)0 Sin(TowO),
Py = (m1(0) — 3w?) sin(mowg) + 2n2(0)wp

+ 2m2 (0)0.)0 COS(Tow()) 5

Ql = - nl(o)wga

Q2 = — Ny (0)&)3 -+ Tlo(O)wo.
T,

A\ PQi+ P
() -Taa W
o,
-1
sign {Re (i)T_TO} = sign {Re (ji)T_TO} .

M T Bt
(Hio) : PIQ1 + P,Q2 > 0.

BN 2 B

SEF2 (RiXRy>1,d;>0(=123), H
(H1), (Hz), (Hs)—(Huyo) 8oL, XF T RONY HO% 5
PBARRERL (2), AR 45187 :

1) Y7 € [0, 70) I, 18 F LKV 1 E* 2 5B
B i A 1Y

2) Mr>7o M, 8 H LR A B R AAERE Y
HY 7 g o i, 80 (2) 7 E* [tk &4 Hopfr 22,

4 BEGFE

ARTTHESCHR [10] BYFEAE T RERCSEL, i BUE
HE 5 B FRBS I IERYE, RIS
EVAE TR RO R R (5 B AR R e .

PEHURLA (2) SN A =08, v =06, =
0.3,a =05, =02, 0=0.7. HHMEBE (H) K.
W E A Ry = 2.24 > 1L ] i 75 L 4% OF 5 04,
E* = (1.0595, 0.7584, 0.8487).

T eI A (R HON TR AR
T PRI, LB T = 0. BFSE e B0 16 4%
4 S(x,0) = 1.0595 + 0.1cosz, I(x,0) = 0.7584+
0.1cosz, R(x,0)=0.8487+0.1cosz. Hdy =dy =
ds = 0 B, 38 B AT LIS R (Ha) 7. HE
B AT, B (2) P B bR SR R I AR E
B, BT BEEE RN 1 PR, 2Md = 6,ds = 0.01,
dz = 0.01 B, 38 ad B iE B 5 (Hs) F(Ha) PIREAT.
WP EH 1, B (2) 78 B*Ab 2k L HAE 1, &k
Turing AeUE, FUEPT BZ5 R WA 2 Fros. Bl 32
iRl (2) KA Turing AFRER A TuringBEE .

ML AT IE ) FETCY B, Bl B 1 4 4
B, AL M AR S, BRI TRWKE # R X
=2 NHER %5 2 43 0 PR O 84T 1.0595, 0.7584

M1 YH7=0,d =dy=d3z=0 I, KA (2) 7& B* bR R IRETEFRE Y
Fig. 1. Model (2) is locally asymptotically stable at E* when 7 =0,d1 =d2 =d3 =0.
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1.10 1.0 1.0
1.08 0.9 0.9
1.06
0 ~ 0.8 & 0.8
1.04
1.02 0.7 0.7
1.00 0.6 0.6
300 300 300
200 60 200 " 60 200 0 60
, 100 50 0 , 100 %0 , 100 %
00 T el 00 T
K2 Mr=0,d =6, dy=0.01, ds = 0.01 B, HI%I (2) £ E* b2 REaE M
Fig. 2. Model (2) is unstable at E* when 7 =0, di =6, d2 = 0.01, d3 = 0.01.
150 150 150
100 - 100 - 100 -
50 - 50 - 50 -
0 — : : : 0 : : : r— 0 : : — :
0 10 20 30 40 50 60 0 10 20 30 40 50 60 0 10 20 30 40 50 60
xr x x
E 3  Turing AN&E & AR (2) 1Y Turing B
Fig. 3. Turing patterns of model (2) when Turing instability occurs.
1.4 L2 1 1.1 11 1.05
1.3 1.0 1.00
1.2 1.0 1.0 0.95
1.1 0.9 0.9 1.90
Lo~ s 08 &0 0.85
0.8 0.7 0.8 0.80
07 0.6 0.6 0.7 0.75
0.6 Ny P : = 8 0.70
85 ) - 1000 6, 1000
Ky 500 S,
DQ 2 DQ 2
Ce z 00 H0e t Oe@ 00 e t
B4 Yr=26<7=2.63320H8 (2) HIEA

Fig. 4. Waveform plots of model (2) with 7 = 2.6 < 19 = 2.6332.

1 0.8487, X LA 5 15 AMF P A Fral i A7 78
. NE 2 TR, LAY BG5S L1
73 (] L PR ARG S X EWE S TR
[E) P R RIS b e A 5 O 4 HP P e A4 Tk

HYKR, B0 i B 5 & 1) Hopf 4075 & dy =
dy = dz = 0.1, I3 W) 15 4514 0 S(x,0) = 1.25,
I(x,0) = 0.85, R(z,0) = 0.74. 8 Al HIH A wo =
0.5513, 7o = 2.6332, MMIF Yo UE ] ISFEE L (Hs)—
(Hyo) YT, AR ERR 2, 247 = 2.6 < 79 = 2.6332
B, A (2) 76 B AL R R e 1, 17 FLAG
WK 4 FF7R; 247 = 2.655 > 19 = 2.6332 i}, i (2)
TE E* RBSTARTROE, ( HAS R NE 5 R,

MIEL 4 FHE 5 AT Y, M0 7 /NTF 5320
(B o i, = RIIRZS AN R B T 1 e, iIX R W
WG AR P A 2 I8 BR324
i T KT8 BE 1o I, = RIRAS 1 0 R %
PR ARG, BORAE % S TEAT S 28 R LL A A
HLJRIAE A4, FE34 038 5 T 3 FE 1 (R B ot
KT AR, K 6(a) &7 = 2.6 AR (2) ZE4
B = 4RERAEIE, 1 6(b) NPT = 2.655 B (2)
TERLE o« = AR RARIA.

), DI T o SRR (2) BaE R s
M. SRS, B dy = dy = ds = 0, HAWSECR
A5 BEBUREI o N3G 1 PTLIE H, B TFREEL
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1'2 15+ 1.2 1.2 v 1.1
1. 1.1
1.2 1.0 10 1.0 |- 1.0
: 0.9 0.9
1} 1.0 ~ 0.8 & 0.8
0.8 0.5 + 0.7 0.8
0.6 8? 0.6 ) 0.7
0-4 0 ~ Mo 015 - Mos
] 1000 6 < ~ 1000
S S, 500
s, 2 s, 2
Ceq, 00 T\“‘e t Ce@ 00 T"“‘e t

Bl 5 M1 =2655> 1 = 2.63320HK1 5 (2) f JF
Fig. 5. Waveform plots of model (2) with 7 = 2.655 > 79 = 2.6332.

1.1
1.0
0.9
0.8
0.7

0.8 1.0
7 0.5 S

B 6 AL (2) FENLE o= 4 B

(b)

(a) 7=2.6; (b) T =2.655

Fig. 6. Phase diagram of model (2) at z = 4: (a) 7 = 2.6; (b) 7 = 2.655.

AU T o G OR, O RETER SSCR B0 4 1 AR
R, AR S CE TRYE AR, 355 R A
# S MWK H R 5 W), I Hak 5 7EAE 52
P 285 Hh S RS PR ) 53 22 L o 980/ 0.

1 Al o XRHPE RS2 EE

Table 1. Equilibrium  point and  bifurcation
threshold for different .

A F o A (S*, T+, R*) Sy BIE o
0.1 (1.1615, 0.6479, 0.8572) 2.8331
0.3 (1.1074, 0.7040, 0.8552) 2.7589
0.5 (1.0596, 0.7584, 0.8487) 2.7048
0.7 (1.0182, 0.8094, 0.8390) 2.6436
0.9 (0.9833, 0.8560, 0.8274) 2.5143
1.00
0.95
0.90
0.85
0.80

~ 0.75
0.70
0.65 ff\ s
A —a=09 =03
0.60  a=07 a0l
0.55 —a=20.5
0.50 L L L L L L L
0 50 100 150 200 250 300 350 400

t/s
B 7 A o BUER TE3EIE E

Fig. 7. Waveform of I with different values of a.

K7 JE T = 2408 S C#E THREETE o A
[ BUES LT B A . AR, o M IORIL 2
it S e RN AL, 1623 (9 5 ™ A 3
T RE A ], I HAT R SR AL R (.

5 & @

ASOKe e W B | 25 )47 8 LA S A R 12 PR
Bl ABIMESE SIR i H AL R 9T T i
TEAH 28 W 28 AL 1 B 28 S A A R PE . B9, 7
ForE B O s 1 5 A R A b g | A9 B0, 45 HA AR
kA= Turing AERE I, IERA T Turing A&
JETESE M HOE S0 . U, e BUR T i A
DESEL, Y AR = A Hopf 4328 W 4510 S oy 22
B {E 70 Y RIR . Y7 < o, SAY RO A F
PRERIRERE DY 27 > o, BRI L fRE vk
& A Hopf 707 fcJa, FEEE D B4y BuE 1
HiSCH S, FE AL T TR E i A
a X FIE SRR, o KRR THB™ &
MBI, R RCR B HI, 4320 BE 7098/,
TEARIE(EIE . IR BEE5 10 M 1 5 TR AR FRER AL T
B B . R, WA TR B R
P REIRAE B AT B RCPE, IR R AR RE
IR, SR R A S R B N AE. Y
HIF, A S I LA 5T B S B )3 I 5 28 ()9 B 28
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Abstract

Rumors in social networks are often referred to as infectious diseases of the Internet, because rumors
spreading in networks feature strong concealment, fast transmission speed and wide spread. With the
development of mobile devices, online rumors nowadays are far more harmful than before. Rumors in social
networks show completely different spatiotemporal dynamics from traditional rumor spreading dynamics. A
social network rumor spreading model with considering both reaction diffusion and fermentation time delay is
proposed in this paper. The effects of spatial diffusion and time delay on rumor spreading in online social
networks are studied. Firstly, the existence of equilibrium point of the reaction-diffusion rumor spreading model
is analyzed, and the basic regeneration number Ry is calculated. When Ry < 1, the rumor stops spreading and
disappears in social networks; when Ry > 1, the rumor persists in social networks. Secondly, the local stability
of the rumor spreading equilibrium is investigated by using the Roth-Hurwitz stability criterion, and the
influence of diffusion on the system stability is discussed. When the diffusion is introduced into a stable rumor
spreading model without time delay, the model becomes unstable, indicating that the Turing instability is
caused by diffusion. Thirdly, the Hopf bifurcation condition of the rumor spreading model is established by
selecting the time delay 7 as the bifurcation parameter, and the expression of bifurcation threshold 7o is given.
When 7 < 79, the rumor propagation model with diffusion term is stable; when 7 > 19, the model loses the
stability and the Hopf bifurcation occurs. The numerical simulation results show that both diffusion and time
delay play an important role in the dynamic evolution of rumor spreading. At the same time, the influence of
the crowding degree of spreaders on rumor propagation is also simulated. As the crowding gets worse and worse,
the rumor refuting effect weakens, the bifurcation threshold 7o decreases, and the propagation peak increases.
Therefore, it is important to build an excellent social network environment to supervise the rumors that are still
in the fermentation stage, improve the timeliness of the release of rumor refuting information, and strengthen
the refuting of rumors among key groups. This paper breaks through the limitation considering only the time
evolution, explores the spatiotemporal spreading law of rumor in real society, and provides a new perspective

and idea for governing the rumor spreading.
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