) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

T FRMRFERRERENA

LY - _;_. LY
ETEMRULDIEEBEMERMLEL
= 4277 7>u - 1 BE *
KRS eI 2 4 o) 3
RS
(TWRFHEES5EbE, T 315211)
(2022 4£ 12 H 14 AYLH; 2023 45 1 A 5 AU EIEHR)
AR, WG B4 4% (PINNs) B ASGE i /0 5 5038 gk 8 D s AR A5 w5 bG8 00 550808 3R 3l fie 1 52 2]
SRR O SR, R RBRIAERR S AR e R R P A RIS IR (A B IR RA — AR BT, e m

AN 1) 1 15 6 B R T 3 BORSE TR N 03 ) B2 (LR 2R 955, X 7 5 3 BOTTIRG B AU . 2R Tk, AR S
T A B R GRS R I A [ 45 2 bR P A () T () AR LA SR T — R L A A B AR B 2

2% (GOPINNS), % W 4% 2544 %5 B 3 3 sl B B i bk SR )5 LA Camassa-Holm (CH) 7 #2 . SEARLR MEBE 15
Jr A, F A GOPINNs #4881 T CH 5 B8 19 peakon fif Al AR 48 1 i 22 v 7 1 0 9 3L I8 o . R0k A UM
5K, GOPINNSs 7] LU B - 1 115 o P2 i i 2k sRBCA AR, IR 3RA8 T LU Ih PINNs K B 0 5 (0 i, A
2, ARSCH T AE AL i 25 I 45 1 2% ) M R AR AL T 07 0% DL A, e SR M 2 4% 19 CH Jr FE M R ECIE 4 ik i e 1%
FrFERT BT D A T R =42 — R, S B BOORS B 4R TR 10 %

G W B4, BRI, Camassa-Holm 78, SHCIFERIEREE 7, peakon i,

PACS: 02.30.1k, 02.60.-x, 05.45.-a

1 5 =

BACHIBF | A TR LR TR P R 2
BREASE ] (i el T ReokAtiad, IRZ A A 2R R
K R EEAR T RS R Bl T AR, BT AT LB,
S R 7 REAAIA | R T A5 o 1 SR 5
ARG, InARZe Pk A, 2 fee WL ) — > LA il o0
DR AR A RO R [ R, B I T T
T TS5 A e SR

FH T L 2K ] i 3 L ELHESRAS KW ie, Fir LA
R BUETTEARSRATIE AU I N B2 R EE YR
ET R ITIE RS D TR 2 1 5GTE. SR
KRBT TR L, A Rk AR

DOI: 10.7498/aps.72.20222381

TCIE A BRARRE 04 25 (B, Bk 8o
2R TN [R] 2 AR S BOR A I AU A IR Y.
M HUEA SR 5 S, T2, it
LSRRG A &, O I LEAE R AN |— ELAERT
FER RIS B RIS A 55 DR A e 4
K, HLaS 7~ R 73 B B T i A AN [ B )2
SRR A T A TR R AE R, AR R | A
B2 R0 BE R 20 2 -8 55 R, FE 40 BT S 24 19 4
LAY S TR R GRS R D, KR A AT
(EE N N B Sk AT [y d X N Y S G Ry og
R RSBk 7R XA/ N X0, 48 R 28K
ROCHERILAR = T BOR (UNTREE /&R /i A 22 M)
250) 10100 i = R, JCESRIMEMTIGEURIIE. B,
YN — TR IE 25 > S0 DL LA g A I 2 dha

* K A RRHERAS (S 12175111, 12235007) HIT IR T S8 AR 5L 4 e B AT,

t BIEYEH . E-mail: libiao@nbu.edu.cn
©2023 HEHEFS Chinese Physical Society

http://wulixb.iphy.ac.cn

100202-1


mailto:libiao@nbu.edu.cn
mailto:libiao@nbu.edu.cn

) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

g, BlE T DAERR U E L R A 55, X2
AL . R T A R, TRV 2 S W B R
W R G I B, AR R e 3 A
T, SRR H AT AR T IS 2% ) S,

Bl TR Rl E I PR R R, TR 25 2 TV 2240
S T B, AR ENLE (CV) . ASRIE
FALEE (NLP)  HEFE R GE 25 T4 A o 4 (11141,
XEE RN Y JE AT — TR BRI 4o 20 o 25 A T
2R R RAE T 2. T LAESR, ARtk ik
51772 (NPDE) BYE A i — B2 807 1 B 40 S 1Y)
— AT L YRS B M 4% (PINNs) # 2
R, HAH SRR — 5 9k i H TR fi# 4 Ff NPDE,
N A7 1) B BSCHE JIT 109) AR 3R 3 & B 06171, i
PRHER N, —e2 B U T KA B L
TAE, R ML 10X —Retk, D24l TiF2
s IR 3 7 ok sk Al NPDEN-20 Horf Raissi 1
Karniadakis!'? #2 H} i) PINNs #% %1 75 5K it NPDE
b, DS FOORS B AN R A B9z AR RE i 2 . %
BRI SEB T T 450K pRA, Ik AN W bl N K bR
Bl Z ¥ T 0, i H Az 2137 NPDE Flil 5 5%
PRI, SR 58 S R ol R, Bt
— 8 NPDE ##i i (%) 9 #e B, 1E hy B 2421 1 24
WA B, BT 23T PINNSs (et iR
JE2E I HESR, DA i B e DA SO T oA S5l )
ZALBE ST, W0 Raissi % PO 45 T —F T He/ME
R RTT 1] J 1) [REATL P 425 R 4% A 781 A SR firpohi 45 118 T 1)
BEALI ST R Jagtap &5 PU 4R H T A7 & & Fh<r1E
FE AR SEE Y ELE B A2 M 4 (cPINNS), figde T
ZASTFI WA, AR T I A L
2Pk Revanth 1 Susantal?? B4 H T w5 &
() PINNS, ‘& R DAAT R i i e K ek ke 22 RS ] R
Chen FIft A P BA (2328 Xof — 2 22 i () K2 ) 3y
AT TAFSE, U0 Sine-Gordon 7 72 | AEZkPEp% &
T RN AR LR M e v T R, ARAR T XS
{14 50 4 IR 0 1) P TR - fige 5% 0 A R Gl T
It H.7E PINNs 8 g 3L hl b $2 H T —Fh BB B
PINNs X — 28R LRt Py B 7 R AT T ALH, 3k
137 3K BT FR Y Jey 3% . Ling 45 B0 £ FH e sk ()
PINNSs 5 B 6 A 35 2 1 1 2 15 7 B ifE AT 45401
FERAT T B SR Sl 1) 18] H 9K T . He 1 Wangl®!
fii FH PINNs AU R M i e v 0y B AE S sh v i
%4 T 1Y) Peregrine IR+ f# 47 T 4L, Wang
Yan %5 8235 fifi FH gk ok () PINNs BRI 1 4 56

D5 R 0 E 5 3K B file A S 40 R, I HL3d 3 e
PINNs #& B %f Camassa-Holm (CH), Degasperis—
Procesi (DP) Fll Novikov %552 peakon fEFIEY]
fifEAT 1 P 9. Bai 45 BT (TG PINNs BA
KA T Huxley J5FE. Wu 25 B8 i 1 ek i PINNs
PRI T XU S 64 rh O & IR 19 31 ) 22t
PRI ZHL. Li 45 Bl i PINNs BRI T4
HITXPT % Scarf-IT 4 NLS J5#% J1-7F PINNs
PR FERl 48 TR0 B UL AL AT B e 2 I 4%
FEEARD MO FIR G U 2R 305 B A 28 P 2 AR A0 () 5
PR RASE R P AS FOL it G B i — 2D 4R . Dai 55 14249
i i — PG %) PINNs BRIV T A5 I L ki
FEV5 R Korteweg—de Vries (KdV) JFEH1 modi-
fied Korteweg—de Vries (KdV) 77 F&7E N 1 9K+
fi#%. Yuan %5 413 537 PINNs R8 figt gl 7 JE 22 P 1
Y TR IE I A, Zeng 45 149 38 1 — i 3
o7 i 2 X 8 R FRUASEALL T v 24 (O i ) A

FET R B I 0 Ak 1160 0 AR AR SCHR Y —Fh
B LR AL P BRAE BN 22 M 2% (GOPINNs). HL{k
e, WXL PINNs SO TR EESGETT, 7
YN 25 30 1) YA 43 2 R ST AN () 30 22 ) F) A AR
FH, oAb 786 EE T BB R O, IR o
VAR T 2 R S5 . X T E G A P
A FEGHL: 1) FERRIYI LRI R, A S A 36 B
FEGETH T 7 iR R sR B R AL, LASE A R
PRI 2 8] B AH ELAE T 2) i AR R VR T A A
ZAEHIT OV RINLP BFFRRZEmE T L] 1,
FEAR G S s T P28 )2 (transfor-
mer) PASEBTBRORCZ , I 5 2 AR 406 Sk /A5 4
BRZE. SN, FRATAT LISV i 25 N 4% )22 1 B
BEGTTT, LAHHT 0 28 I 4% 2 4 B A B p Fa e vk
FNFIMAE B . A SCPL CH B peakon fif A5 %X
P A Vo AR T AT L A PR U A Ry 191 G L R
PINNs #5#8 F1 GOPINNs 2 5 it 5 (i 45 5%, 5 3F
TR B T PERE.

552 W4 T PINNs BIAY I3 1 0 B AT,
BT PINNs BRI 2, JF HAR T T GOPINNs
FEHY DA RS2 EE AT A TR BE R R AT T 44
% 3Ll CH HREH peakon ft . SEARL MY &
Ve 7 R A B i A R S M v T R RE
Wefig Ry, 8 3k LA PSR (] AR T Lo 1R 22, PEA
T PINNs Fl GOPINNs P i BB (4 P B 5 5,
%A TR,

100202-2



¥ 1B ¥ Acta Phys. Sin.

Vol. 72, No. 10 (2023)

100202

2 REEI %
2.1 PINNs 7%

T, B — T PINNs B 02— Mg
FE2E I HESE BAESAG — P A NPDER T FE
fiff (o, t) B9 38 38 PINNs 58 0 5K i 14 3 e M e 1
SRR

q: + Nlg] =0, (z,t) € 2 x T,
q(z,0) = I(z), x € {2, (1)
q(z,t) = B(z,t), (x,t) €02xT,

XHL, TR Q5 HRERZ T BRI A2 5, 002
RFEFRES My LR XK. N[gEXT
q(z, t) AR R F M E TS, Tz, t)H
B, t) 535l & 7 B WIE & S A 4. b,
R TR R R, A f = q + Nlg], IR
Wil At f kAR 2 AR G2, t).

TEIE A P 22 R 25 %) R A TAREAEL, DA TR
HH G T R A RN A% (0, t) . FH PINNs SR SR fifk
WA R UG SR B 5 AR e PR I T o3 T R
A — PR REMSE | Jf HE i BE LS BT %
% (SGD) RACFRII K R &L, X T 12k sRi% MSE:

Np N;
MSE = > AMSB + » _ \;MSI+MSf,  (2)
i=1 j=1
Horb MSB i FL AP R pR KR, MSTER W 40 2%
PR, MST )7 Bk 22, N LN i AT SR A A
R E I R AL, TP B 2% R AU HA B iRk
BB —RAYJ2, 76 PINNs BB X\, FIN, 01
¥4 1.
TIAh, AR sRBU R o N

Np
MSB = — > [q(zh. th) — B,
B =
N
MSI= - [a(ai, tf) — 1'%, (3)
D=
Nr
MSf = o > [f(ak th) — R, (4)

o a, f, Ni Rl o, th, N 2052 J5 BAHE KRS A
WA AARARLE; ok, tr, Ne RTTREFRZE RS, X
b aanibi e B APRT ke RN R A RN UG TS
PREUS ] REHEIE 0.

2.2 GOPINNs FiE

JUEA — S 45 4, {3 PINNs £ 8U7E 18
ETETERE G, ) BHMIFEAE — S AR B A IRIXE. A7
S R R A R IR, KA, 2
A TCEAA K. T, QfefE 24 1Y PINNs #%
RUR A A TkcRE, (AR BB A T ALl RS
TR AR, B — AN B AFSE O ). 3 A
TADEFE RS, AT Glorot F1 Bengiol! 4
Al TR RS T 28K, X TAERE Gt rp
I ASE A () B A R 2 v b 28 I 28 S 00 I ) A
FEAR BN B, FRATHE AR BEA AL S i = 2 A
38 3 A R A S AE LA B SR AR AR A B2 SR AN e
PRVEE X TN Ao ks 28] e AR, AT 3 et 3
B ok E— 2D AL A 2 BB ADLK i R
BE. TR R, FRA TR IRER S0 K BRI MSE
PRI E BRI ) 2 R FBE o 25 O 8% 1 R ek J2 T )
WIE PR L MST A B | 391 5 45 1 ek Bl MSB 1 4 2
N5 REFE2E MST R JE .

A R AR BRI h B A AT
FEPuAL. B4, 404 ih SR rRECRII(E 0 2K pRi
B REN N, — DA o F1 6, h T TR 4L
HATHR B AR B — 2 2 FKorate . 8 o X B —
Uk AR 4 2% bR £ MST, MSB Al MST 3 47 3K £
FERRAE, 20 B0 MSE 6 BE 1 B KA, 104 gr, Tl 2
251 g = max gradier ; BUMSIHIMSB 6 B 1) F- 24,
1CAE g1 F gs , 73 501l /& 45 AF 91 = meangrad; il gs =
meangradg . 18 DA AN R

{/\i = 9/ 98,

)
/\j :gr/gla ( )

Ai = A X (1 — rate) + rate X A,
(6)

Aj = Aj x (1 —rate) + rate x A,

XiF 51 2% R MSTRT MSB 119 22 500\ L\ 2R 47 58357
LRSI IR H Y.

A, EA— RS, ARG Y PINNS #5540
J& 08 2 Matlab SK 45 19 J5 & fi# , I8 B8 R A7
F| mat XA, ARG i Python 2H . mat SCH4:,
A TG T ML SR A, Xt e
Ao AN A IR 22, XTI R 2 Al e
Mel B Z REH EE . Ry 1 Rk A I O, FRATTHRE LA
WE#H T Python ", EFAFUNA#EE S Python
SRAT, IXFEA RN 7L R 2E

100202-3



) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

TS 48 GOPINNS (143 12 M 45 30k, 2%
GEM AR 2% S h i — A BT B AR, FER
fift NPDE 38 fofe = Hy R 0 28 190 285 1) — Jt
IEE S, PR AR I A R 25 2 R e P i R 6%
RIE MR RHMEWTE & 241 NPDE 2 3RATH 2 ¢
VR . 23] OV F1 NLP 32 A i 25 ™)
LTI RIS K, FATXE AR I 43 3 N 45 28
HEAT T RIS, JEER R T — T i I 4 S A
JEm BB A R (55 3 7)), Bt AR R 45
(OHEFIPE RO TR 4G PINNs J7 . S 1 B 146 3
PRIEI G772k, AT BAL G r 2 2 N
% BIAPIANEIEZ U AV RSF-3 NPDE (9 %
T, A Ak R BT 1 B SR AG R, SRS AR T R A 1 AU
DUt FH 32 i Sfe v 18 SR BB B2 . anI&T 1 o
L Input F1 Output ft 32 4 A JZ Fl i i1 )2 UM
V2 U8y P A48 5 2 Hiddenl, Hidden2, - -,
HiddenN /s Fe)z:, WU IF U] pR %L tanh A A R
JE RS KK (2, t) NRME AT, B(x,t) il 5t
FAF, e B ESEL, maxiter R R i
KRR, DLW S0 K YA R Ak 2 1Y) 4%
fF. MST 275k 2%, MSBJZI A FH 2k, MSI
SEVNERR; 7350 ge, g8, g1 53 DT FRER 22 | 30 40
IR FRIE A I B BE N TN 23 Sl 20 A 468 2K A
AR R B, e i AR Wk AR R, 15 3 5
ZHM i G, t). FEXH, Gz, t) K H T H 2
Output 1 ¢ fIEFCIRAL.

3 HEXE
3.1 Camassa-Holm 72

Z~5 Pk Camassa-Holm J7 £ J 45 3 4740 58
5, %8 PINNs Fll GOPINNs £ fE. Camassa-
Holm Jy & J&—Z& 13 21 SRR 1) A0 2R v /K
i FE, 1993 4 Camassa A1 HolmP0Rf HAE Ak kK
PR AR AR ST

qQt — Qzzt + 3qqgc - QQqum — QQrzx = Oa

(x,t) € 2 x T,
(7)
q(z,0) = I(z), x € {2,
q(z,t) = B(z,t), (x,t) €02 xT,

HoTel0,1], X € [-1,1], gz, t) &AL E o M
t I RRER, o RN ¢ A i) A 2 ) AR g R R AR . 7RI
Pl CH J5 219 peakon fif ce~1*=<tB2 Jy fii] | peakon
fife A =

q(z,t) = ce 1*=¢ (z.t) e 2 x T,

q(z,0) = ce™ 17l T € §2,

q(—1,t) = ce~ 11+t
q(1,t) = ce ¢t (z,t) € 82 x T.
AT A WS peakon fE 43 AR, Bl 2 44 H T i
i) =4k K.
5l PINNs BRI HAT 6 4 [0i)= Fl e
A ERUEZ 50 PR TT TR EE A2 I 45 b X7
1 peakon fFHEATRIUL, {5 AU IEY) (tanh ) /£

/

~

‘\
‘\ i
19) A%

.—’ tanh —% tanh

Hiddenl Hidden2 HidcrenN

v
tanh tanh = -

i tanh tanh = -
.—' tanh tanh

tanh tanh = ...
-~

If loss < ¢

tanh
or

iteration = maxiter

tanh \
® m

tanh /

B

o — VS
*
o
o \
® o

MST [

MSB /

&

#l 1  GOPINNs %
Fig. 1. GOPINNs model.

100202-4



) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

q(z,t)

0.50
0.45
0.40
0.35
0.30
0.25
0.20
0.15

Bl 2 c=0.50, CH TN peakon fif ((8) &) 1) =4t K
Fig. 2. Three-dimensional diagram of peakon solution (Eq. (8))
of the CH equation when ¢ = 0.5.

a

Exact q(z,t) (b) Predicted g(z,t)

0.50
0.45
0.40
0.35
0.30 *
0.25
0.20
0.15

-0.5 —1.0

LM s iRk T Adam HE 4L 2% HE4T 40000
ARG, BE TN 25 5 | daxt iR 25 | g — )2 R
JEBBRE S A AR BB T & 3—I&] 5 7R,

M 3(c) AT LA i, fifi 1 PINNSs 5% 2 #5241
B iR ZB R, FXT LR 220 5.48 x 1072, K] 4
856 BE A 43 30l e AN BR 2 I 00 46 g1, SR
P2k g MITREFR 2 g0 (X IUASBE FE IR SS 2 5 8
), BATENIEER SR, I8 g, X ]
RESE A0 B R A7 1) S IR AR TSR0, X0 B U AR K
B, VR B 22 I 40 AR 25 5 1R 15330 2 NPDE Hy4F:
ﬁjﬁi PRI, AR SCUI 2 A ABE 70 7 122 7™ A 3R [ 3% 2 )%

AEFZIEZ () NPDE fif, 75 MR %5 5 3R 114 1%
E"Jﬂi?ﬂlﬂ.

(c) Absolute error

0.05
0.04
0.03
0.02
0.01

0
—1.00 —0.50 0 0.50 1.00

Bl 3 (a) CH J7 21 peakon fif ((8) 3); (b) B A PINNSs #5 BUAS L 14 7 f# ; (c) PINNs 585U [y 46 X% 2%
Fig. 3. (a) Peakon solution of CH equation (Eq. (8)); (b) prediction solution simulated by PINNs model; (c) absolute error of PINNs

model.
Layerl Layer2 Layer3
1021 102 1021
> > >
& 10'r & 10'r Z 10'f
o) jo) oo}
A s A
100 100 100
0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 1
—1.00 —0.50 0 0.50 1.00 —1.00 —-0.50 0 0.50 1.00 —1.00 —0.50 0 0.50 1.00
Layer4 Layer5 Layer6
102 [ 102 102 [
> > >
Z 10'r g 10'r Z 10'
j j )
A A =)
100 100 1001
0 1 1 1 1 1 1 O 1 1 1 1 1 1 0 1 1 1 1 1 1 1
—1.00 —0.50 0 0.50 1.00 —1.00 —-0.50 0 0.50 1.00 —1.00 —0.50 0 0.50 1.00
x T T
P4 W) PINNs LRI, & — A~ BOBUZ BORE BE A, Hopag | 5 0 B @l & 50 BE g, g1 7l gg

Fi

—

g. 4.

4. When PINNs model is applied, the gradient distribution of each hidden layer is g, gr, and gg by color (green, blue, yellow).

100202-5



) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

—_ L,
— ['u
10—t
2 1072
Q
=
10-3
10-4

0 500 1000 1500 2000 2500 3000 3500 4000
Iterations

B 5 )T PINNs BRI, B A 72 5 2% pRi 4% MSE
e, o £, 3878 NPDE #95% 22 (1972 {H, L.58~ NPDE
TERI IR (B R A b R 22 1 P 344

Fig. 5. When the PINNs model is applied, the value of the
function MSE is lost throughout the iteration, where L
represents the average value of the residual error of NPDE,
and L, represents the average value of the error of NPDE
at the initial value and the boundary.

42 PR EU MSE AN [ AR fL an &l 5 iR,
Horp £, 7% NPDE 1958 22 09V ¥1{E, LoRmw
NPDE 7ERI iR E 0 5L 1 i iR 22 (0 -390, AR
ATLAE R, Lo Lo FEAEEA BT B R A
Fae, ot I T A R T R L AR PR IR K
T i 25 B PINNs B0 TR BE 4 25 i T —
ek, X EAMKIRBEE T HA 6 B2 A Bk
JZ 50 N4 T0 BT A R 4% S A XU 1E )
VBN R 2 M 0E R 4. B Adam 4k 25 38 3
SGD #47 40000 W A5, e i ) GOPINNs
RECHRY (R R TR 5 55 A R 4 R 2= AN R 6 R, AR
AR, BT R BT B U 2505 48 nT LATE >4 P-4 46
F 22 (R AE ELAVE O T50 00 A7 P AR Lo 152
ZAFHL 7.43 x 1073, 5 PINNs AL, JLTRIE—4
BmgL. peab, 51— R E S, e
SR

(a)  Exact g(z,t)

1.0 0
0.50 :
0.8 0.45 S
0.40
0.6 0.35 61
= 0.30 |
0.4 0.25 44
0.20
0.2 0.15 .
0

(b) Predicted g(z,t) (c)

-0.5 —-1.0

[PINNs(Lqerror) — GOPINNs(Lgerror)]
PINNs( Loerror) '

JIr LA, $H GOPINNs #Af L2 H 86.4%.

W5 6 51E 3 il s PINNs BRUAH L AT L
IR, TEBRE I TR AR 43 ) 260 %08 158 25 A 380
Wl /T R A I A 3 R 2 I 2% 4
F4, B (GOPINNS) B il 4% & Hb PINNs J7
T TR 2

fdi 1] GOPINNSs # BISK fi# 75 72 (5) #Y peakon
fift A HLA BB 25 SR AN 7 AR 8 R, iR 4 5
7 AT Ll & B, GOPINNS R RE T/ i A7 T i
FUE, B6EE WA B2 SR AR, AR
ZBEN, BEEEEHAS/NT . IR A N 55— 5 THI UG
HH T8 B A0 A A TR o i e R L B AR
JE, AT TN AR BOE BE SR . DA, AR 8 RHER
B, GOPINNSs FBIZk A i Pt 2k s B MSE Hr Y
Lo Ly BEAEREA BRGSO e, ARk
AR, WAL T E AR A £ R RE.

9)

3.2 SHILKMETEHE

T W UE BT A A A T 4T, ] GOPINNS
IR X A Lot i 5 7 RR RS IR A iAE 1T 85U
SCEG. NPDE 280K IE TY R b2 Al
AU, JE Lt R A G P BCARL HA R
B HLE . NPDE 0] RL4y Sk o] #1437 # AR
AR RERIZS, o T AU NPDE BY R HARF
it () AR T B R AR G R 24T 5% 7 ] A A ] R
SR AR ERE E S (DNLS) J5 8 5258 J2 4% A F
) NPDE Z—, & HIRMAR %52 K iy Alfven
WA BCAAER . IRl AT LR A PR £F
()3 B Rl 3 CARDIK o i, AMINRESA T () Bkt

Absolute error

0.50
0.45
0.40
0.35
0.30 *
0.25
0.20
0.15

0
—1.00 —0.50 0 0.50 1.00

B 6 (a) CHJ7FEHY peakon fi# ((8) 2X); (b) B H GOPINNs K A LI IR) A T % ; () GOPINNS A5 T it 265 i 158 2
Fig. 6. (a) Peakon solution of CH equation (Eq. (8)); (b) predicted solution when using GOPINNs model; (c) absolute error of

GOPINNs model.

100202-6



¥ 1B ¥ Acta Phys. Sin.

Vol. 72, No. 10 (2023)

100202

Layerl Layer2
1021 102
> =)
= =
Z 10! Z 10!
) )
[s] A
100 100
O 1 1 1 1 1 1 1 O 1 1
—1.00 —0.50 0 0.50 1.00 —1.00 —0.50
Layer4 Layerb
102 1021
> >
b 2
Z 10! Z 10!
3 o)
A A
1001 100 [
0 . . . . . . 0 . . .
—1.00 —0.50 0 0.50 1.00 —1.00 —0.50

x

Layer3
1021
>
het
Z 10!
j
a
100
1 1 1 0 1 1 1 1 1
0.50 1.00 —1.00 —0.50 0 0.50 1.00
Layer6
102
>
=
g 10!
J5)
@)
1001
. . . 0 . . . . . . .
0.50 1.00 —1.00 —0.50 0 0.50 1.00

xT

K7 ) GOPINNs BERLN, 45— RUEUZ B be BE oA, Horb g L B @t 2200000 g, g1, 9B
Fig. 7. When GOPINNSs model is applied, the gradient distribution of each hidden layer is gf, g1, gs by color (green, blue, yellow).

I o B R A B Y 55 AR S PR FE G U . SR A DNLS
T IR i 1) 7 vk R 3 Bl ORI AR 4 1k
(IST). Darboux &4t (DT) LA M Hirota XL Z& 14
Ak, b Xu 45 B33 i Darboux A8 #1345
T DNLS J7 R i A B A, 2RO R
((S/ZN I

igr — Qoo +i(¢%¢*), =0, (2,1) € 2xT,

q(z,t9) = I(x), x € {2, (10)

q(z,t) = B(z,t), (x,t) € 02 x T,

Hrr g =0.5.

q(z,t) = 4B1exp[2iB7 (—z + 257t)

q(x, —4) = 4prexp2i57 (—x — 857)]

q(—4,t) = 4B1exp[2if3 (4 + 2631))

q(4,t) = 4B1exp[2iB5 (—4 + 2571)]

HAT e [-4,4], X € [~4,4]; o ¢ 5325 (] 242
g RN 8] A2 4R g, ) 2 A SR w(a, ¢) A R
v(z, ) A A PREL, AE1E a2, t) = u(z,t) +iv(z, t).
J38h, RE S q(a, t) i 2 L HE R AL, 1CAF q(,t) =
u(z,t) —iv(x, t).
321 FHEAFKME T AL R M
Fe UL 2 15 07 R B BRI B D i), H
fRIEX T

] [4i82(482t — ) —1]°
[16,811(46%5 —2)% 4+ 1] ’
[4i63(-168} — z) — 1]

[16611(—165% —2)?+ 1] *

[4ig3(4p3t + 4) —1)°
[16ﬁf(4ﬂft +4)% 4 1] v

[4iB3(483t — 4) —1)°
[16ﬁf(45%t —a)’ 4 1] v

100202-7



) 32 2 3R Acta Phys. Sin. Vol. 72, No. 10 (2023) 100202

10-1 F —_L H 1 PIRED SRR LR E 1y R A R
L Wit ((11) 2X) WBEHZS R
Table 1.  Numerical prediction results of rational
o b
10 wave solution of derivative nonlinear Schrodinger
g equation (Eq. (11)) by two models.
[
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104 F
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0 500 1000 1500 2000 2500 3000 3500 4000

Iterations
Exact q(x,t)
B8 il GOPINNs A5 R, 4~ 1% R 5k A2 rp 451 2% o 4K .
MSE [ 1, H i £, /% NPDE 5% 2% 9 F ¥ i, £, %R 1.8
NPDE A9 (130 9 1352 - ”
Fig. 8. When the GOPINNs model is applied, the value of 1:2
the function MSE is lost during the whole iteration, where 1.0
L; represents the average value of residual error of NPDE, 0.8
and L, represents the average value of the error of NPDE 0.6
at the initial value and the boundary. 0.4
T DR R B 52 B — Bt A PINNsHI
GOPINNs B RIFE BA 6 /1> Ba il J2 R A~ B2
50 Pl 2 TC IR FE P2 M 2% B 5 #2 (6) B9A
PR AT R (RN, BT (e, ) 2 18
AT, ) PO (e, ) Y545 B, 7 LIS Lo
AL B S IO 2% 2 [g (s, 8], 6 A2 2R A g (e, t)] = 12
SN § 1.0
V1) 4+ (o(a, )% 5341, 9 T HERLL T AR, 0.8
FEHUK BRMSE T RS, R £ (0, 1) 5 o4

H fula, )Ffo (2, t), 530052 07 FE 5% 22 1Y 8 2508 3
IRy, WA [ (2, 1) = fula, t) = ifu(2,t).
# FH Adam AL EHEAT T 40000 VLS, P ;
AR A K0 TN &% SR A R sk ] i RE A 3 1 Fn 41

19 25 T GOPINNS 525U i) T il 455 5 1 248 %) 15
7= AR BRI AT UG IR, #fE2 J5, GOPINNSs
IR B G B B A 2 ELA T PINNs RSB 5, ifii HL
GOPINNS #58 BUAR 5 2 T 75 15 (3] 15 PINN's A% 7
HHLE, F52 Tl =z —ta). #2449 GOPINNs
TR A B R0 It FE S ) 6 1T RO F R
REAY AR X

3.2.2  FRAR&MERIF AL IR

0.05
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0.02
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x
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Fig. 9. (a) Rational wave solution of the derivative nonlin-

AT DL R ek i R 1 5 R A R A B2
), PR ER I B ) 2 FBE B v B BT
DR h T AR E PR n] B0 1, WF SRt
FORE R BB . SRARL R E 1 T R —
R g e N

ear Schrodinger equation (Eq. (11)); (b) predicted solution
simulated by the GOPINNs model; (c) absolute error of the
GOPINNSs model.
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T1T2T3
qrogue(xat): aTs (.T,t),
r1T2T3
qrogue(xa _4) = (.’E, _4)5
T4Ts5
T1T2T (12)
17273
qrogue(_4vt) = m(_zlvt)a
17273
4,t) = 2234t
q(4,t) e (4,1),

r = 2e[2i(af+6f)(2taf+z—2tﬂf)]’

ro = B1 (168703 (4taf + z)* + 1681 (467 — x)?
+ 8iBf (z + 4taf — 8t57)? + 1],

ry = 2[1657af (4taf + x)? + 1661 (457 — z)?
— 8o B (x + 4taf — 8tB7)? + 1]
X [— a1 + 1681 (8] — al)t — 461 (B + o)
+ 161 ST (67 + o)t — 1B ]
— [1687a3(4taf + x)* + 1687 (48] — x)?
+8iB7 (z + 4taf — 8tB7)% + 1]
x (a1 +1681(8f — af)t — 461 (B + of)x
+ 161 BT (67 + ad)t +if1],

rqy =1 + 1681 (81 — ai)t — 461(67 + of)x
+ 1611 87 (57 + o)t +if4,

rs = [ — 1667 ai(4taf + 2)* — 165] (4157 — 2)*

+ 8iB% (x + 4ta? — 8t5?)? — 1]2, (13)
Hr, ay =05, B =0.5.
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() — B PR A AT AL, At Adam P Ak HEAT
40000 YEACIE, PHFRAL TR (450 100 25 51 LA 2 it
()T AEUN S 2 FT51), GOPINNs F5 7 (%) 0 25 S
# R ZE WAL 10.

4 Hw5E4E

H A 1R S5 25 R A HE & B, /48 PINNs
BRI A E— o i F R IR T ), (B v LA
Mg 5 4% NPDE Mfi#. ASCUE F1534T T PINNs
R vk 25 X2 5 B2 B B0 B, & IR A A B
BB IR 23 & A B g2 rh A 2 A ] Rt

£ 2 PIREERIXT S ECEEL R S 1S TR I — B
PEHEAR (12 X)) MEE TN LS
Table 2.

order odd wave solution of derivative nonlinear

Numerical prediction results of the first

Schrodinger equation (Eq. (12)) by two models.
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Fig. 10. (a) First order strange wave solution of derivative
nonlinear Schrédinger equation (Eq. (12)); (b) predicted
solution simulated by GOPINNs model; (c) absolute error
of GOPINNs model.
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Abstract

In recent years, physics-informed neural networks (PINNs) have attracted more and more attention for
their ability to quickly obtain high-precision data-driven solutions with only a small amount of data. However,
although this model has good results in some nonlinear problems, it still has some shortcomings. For example,
the unbalanced back-propagation gradient calculation results in the intense oscillation of the gradient value
during the model training, which is easy to lead to the instability of the prediction accuracy. Based on this, we
propose a gradient-optimized physics-informed neural networks (GOPINNSs) model in this paper, which proposes
a new neural network structure and balances the interaction between different terms in the loss function during
model training through gradient statistics, so as to make the new proposed network structure more robust to
gradient fluctuations. In this paper, taking Camassa-Holm (CH) equation and DNLS equation as examples,
GOPINNS is used to simulate the peakon solution of CH equation, the rational wave solution of DNLS equation
and the rogue wave solution of DNLS equation. The numerical results show that the GOPINNs can effectively
smooth the gradient of the loss function in the calculation process, and obtain a higher precision solution than
the original PINNs. In conclusion, our work provides new insights for optimizing the learning performance of
neural networks, and saves more than one third of the time in simulating the complex CH equation and the

DNLS equation, and improves the prediction accuracy by nearly ten times.
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