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Fig. 1. Fractal lattice: (a) A single spin; (b) 12 spins are
joined together to form a cluster; (c) each site in the cluster
shown in panel (b) is replaced with the entire cluster in
panel (b), yielding the new cluster. The orange dots indicate
spins and the lines between them indicate the Ising interac-
tion between them.
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Fig. 2. Graphical representations of HOTRG renormaliza-
tion steps: (a) Determination of tensor Af(") by contract-
ing two T(7) tensors. Here, indexes x1, x2 are combined
into index z and x, x/, are combined into =’ (z = 21 @ x2,
' =) ®afy, x1, x2); (b) performing a singular value de-
composition of matrix ML (M(”)L)Jr to obtain matrices
U' and rl; (c) dividing the index z of U’® into x1 and
x2 to obtain tensor U®; (d) determination of tensor Tl(n)
by contracting two T(7) and two U? tensors; (e) determi-
nation of tensor A (") by contracting two T(7) tensors.
Here, indexes x1, x2 are combined into index x and z’l, 1’2

are combined into &' (z =1 ® z2, 2’ =2} ® ), z1, z2).
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Fig. 4. Average free energy calculated by HOTRG method at the critical point (a) as a function of coarse graining times (trunca-

tion lengths are chosen as D = 24) and (b) as a function of truncation lengths D (coarse graining times are chosen as 20).
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Fig. 5. Capacity as a function of temperature. The numeric-
al results calculated by HOTRG methods are depicted as
blue circles (the truncation length is chosen as D = 16). The
yellow solid line (red dashed line) is a fitting curve for
Eq.(24) when T < T (T > T¢). The vertical purple dashed
line shows the location of the critical temperature T, =
1.317188.
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ordinate and the vertical coordinate are logarithmic here.
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Fig. 8. The fitting results (blue) and errors 1 — R? (red)
for the critical exponent o (Eq. (24)) at different induced temp-
erature intervals [ty,/120,ty]. The horizontal coordinate
and the right vertical coordinate 1 — R? are logarithmic
here. The error bars represent the confidence intervals with

a confidence level of 95% for the fitted parameter.
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Fig. 9. Magnetic moment as a function of the external mag-
netic field h at the critical temperature. The blue dots show
the numerical results obtained by HOTRG method, and the
red solid line is a fitting curve for Eq. (27). Both the hori-
zontal coordinate and the vertical coordinate are logar-

ithmic here.
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Fig. 10. Magnetic susceptibility as a function of the reduced
temperature ¢t when T' > T¢. The blue stars show the numeri-
cal results obtained by HOTRG method, and the red dashed
line is a fitting curve for Eq. (29). Both the horizontal co-
ordinate and the vertical coordinate are logarithmic here.
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Fig. 11. Spontaneous magnetic moment as a function of the
reduced temperature ¢t when T < T;. The blue stars show
the numerical results obtained by the HOTRG method and
the red dashed line is a fitting curve for Eq.(30). Both the
horizontal coordinate and the vertical coordinate are logari-

thmic.
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Fig. 12. The spin-spin correlation funcitons as a function of
the distance r when T > T.. The dots show the numerical
results obtained by HOTRG method. The solid lines are fit-
ting curves for Eq.(31). The vertical dashed lines show the
locations of the correlation lengths. Different colors mean
different deduced temperatures. The horizontal coordinate

is logarithmic here.
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circles) and the exponent d +n — 2 (red stars) at different
reduced temperatures t. The red dashed line is a fitting
curve for Eq.(32). The horizontal coordinate ¢ and the right
vertical coordinate ¢ are logarithmic here. The error bars
represent the confidence intervals with a confidence level of
95% for the fitted parameter.
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Table 1.  Critical exponents fitted at position P(1).
Il S5 HL a &) 8 o 7 v
PIEZER —0.8200 0.0138 2.816 205.0 0.2325 1.5986

2 ARERAAKRE

Table 2. Examination of the hyperscaling relations.

FREECRA (33) (34)=% (35)=L  (36)5X

LHS 2.0146 204.0 2.8290 2.8160
RHS 2.0000 204.06 2.8655 2.8255
¢ 0.0073 2.84x10™%  0.0127 0.0095
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Fig. 14. Ffitting results for the critical exponents (a) «, (b) 3,
(¢) 6 and (d) 7 at different positions P(n) as functions of
n. The error bars represent the confidence intervals with a

confidence level of 95% for the fitted parameter.
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Abstract

Fractal lattices are a special kind of lattice: they have non-integer Hausdorff dimensions and break the
translation invariance. Studying these lattices can help us understand the influence of non-integer dimensions
and lacking of translational symmetry on critical behaviors. We study the Ising model in a fractal lattice with a
non-integer dimension of log,(12) ~ 1.7925by using the higher order tensor network renormalization group
(HOTRG) algorithm. The partition function is represented in terms by a tensor network, and is finally
calculated by a coarse graining process based on higher order singular value decomposition. When the
truncation length and the time of coarse graining increase, the results are found convergent. Magnetic moment,
internal energy and correlation properties are calculated by inserting impurity tensors into the tensor network
at different temperatures and in different external magnetic fields. The magnetic susceptibility is obtained by
differentiating the magnetic moment with respect to the magnetic field, and the capacity is calculated by
differentiating the internal energy with respect to the temperature. Our numerical results show that there is a
continuous order-disorder phase transition in this system, and the critical temperature is found to be
T./J = 1.317188. Physical quantities show singular behaviours around the critical point, and the correlation
length is found to be divergent at the critical point, which is consistent with the result of the renormalization
group theory. The corresponding critical exponent is obtained by fitting the numerical data around the critical
point. We also calculate the critical exponents at different positions by inserting impurity tensors into different
places of the lattice. Owing to the lack of translational symmetry, it is found that the critical exponents «, 3, §
fitted at different positions vary, but the critical exponent 7 remains almost the same. From the scaling
hypothesis, it can be deduced that the critical exponents satisfy the hyperscaling relations which contain the
dimension of the lattice. Our numerical results show that all of the hyperscaling relations are satisfied when the
fractional dimension and the critical exponents we have obtained are substituted into them on some sites of the

fractal lattice, but only two of the four hyperscaling relations are satisfied on other sites.
Keywords: fractal lattice, Ising model, tensor network, critical phenomena
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