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By = f|Afm/¢£l\m‘”; A@“H, (58)
BRI LR P R (42) Bff. 1 B AE B A~
Gl @, M AR E LR (47) K pge =, B
TEXTIX 371 o) it LA 24 3R
D =TC*
DI K (56a) =X, AT UL
W, = A e (A 2Ry +AT D
“1yn

% e%((TA*T71)2—2I2(m+1)+(TA*T71)72)tTc*

= (TA*T

i A2 *—2
_ TA*fneé(A —2l(m41)+A )tc*

=AD" .

FMIE—45R, fTRLHE (58) s £, 05 0
= ‘A_m(p’ru A_m+2¢’n7 e >A7n¢n;
AT ATMTETEY o ATTTOF | (59)

H (56a) 2\ AmT = TA*™, TRMIE—HH
fn = ‘Aiméru Aim+2@nv : ,Aman;

TA*lmdjtn,TA*m_Qé*_n, A* rné*n‘
= (—5|A*|72)m“\THT*A*’”@m
T* A" 2, ... T*A"D,;

A*m 2@*

—ny

XN i TR T, JFEHAA T

(56b) . E—, ¥ LR (m + 1)51251 8 =
A (m + 1) 51, 153
fo = (@A) T A" Dy,
AP, AT,
TA @ TA " @) ... TA"®:|"

A (56a) XFRIK AT =TA*—™, W3
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fn — ((5|A*‘_2)"L+1|T||Am¢,n,

A" P, ATTD

ATTEE AT - AT |

m, m+ D) EHRB (m+1, m, -, 2, 1)IAYHL
B FREXT S m + LEIBAEGS 7 B 4, il 1S
fo = (O|A*|2)" T A" D, , AT D,

A"D_ .  ATHY ATTATSY - AT |*

= (6]A*|2)™ T f2,,.
b AT W, £EALFEXL Casoratian ) 3F JR 3 24
e, S A ERAEA Y LA FZ AR, 28
UEAE T IS 3
hy = 6™ [A*[72m DT g"

HUILA R, /Q*, =6, INIMiAH 2R/ NLS
I (38) Wi (55) =X

FEFE R (57) (I, RTHOEN:

B _ (Km+l (0)m+1> 7

*
0m+1 Km+1

0)m I,
T = |?| (0)in41 Al
_6Im+1 (0)m+1

H Ky € Clmpyx(many N H B FE. BAKRY
@, WIEA] LINE Ko IOBRERLZG . A, 26
RLFA) 249 A Ak AT A5 380 300 Hsf [i) AR 335 i 2 ) 2 5
NLS 77 (39) F5FE (40) Hfie. EARARTT AT LIS
2 3CHk [6, 18].

5 Fokas-Lenells 7 2

5.1 Mikhailov 578
Fokas-Lenells (FL) J5 &

iUy — Vg + Ylge + o|ul?(u + ivu,) = 0,

oc==1, y,veR. (60)
1 Fokas* 7£ 1995 4F-HIH NLS JrAEH Hamilton
ZERFE TS TIAS; 2009 4 Fokas 1 Lenells®Y 45 Hix
— AR AT (Lax Xt), @7 TS Kaup-
Newell(KN) 3 ] 8 2 [H] () BK 58 5[] 4F, Lenellst
25 ZOT AR 5, IRl — RVl ok
K

Ugs +u — 2i6|ul?u, =0, § = +1, (61)

IF HA45 1 Lax XF. 1% Lax ¥F R 72 (61) i KN
T e R S — T R BIE . ey FL 7R ED
HITRR (61). REAT LLNAR S BRS¢

Ugt + U — 2iuvuy = 0, (62a)
Vgt + v+ 2iuvv, = 0, (62Db)

SibuRAIie
v =du* (63)

23], FiRHA RGN Mikhailov 7572 B0,
Mikhailov 7£ 20 {42 70 458 A i Thirring
IRV AR 2], ¢ T FL J7#2 . Mikhailov )5 72 . A 5
1Y Thirring 8 FT KN 3% ] 5502 18] 1 8% 2 AT LA
22 SCHk [16] AR 1 ARG By Scik. fn SR
FHAE R 24k
v(x,t) = du(—=x, —t), (64)
MHEE RS (62) PIAFER#RY FL J5 e
Uyt + v — 2i0uu(—z, —t)u, =0, § ==+1.  (65)
IR A7, 1 1 SesR 29 A iR
HBARS (62), RIFHET AR R (61) FTRE
(65) . 8L Ar 4

u= %, v= g (66)

Mikhailov J7# (62) 7] LML AP A 10
DyDig-f+gf=0, (67a)
D.D;h-s+hs=0, (67b)
DDy f-s+iDy g-h =0, 67c)
Dy f-s+igh =0, (67d)

Hrh Dl Hirota WM T, & LN (4) 2. 78
BT AR B Wronskian B3 [v] 12
¢ =(¢1, 02, dnym)'s = (1,0,
FRUEIE X Wronskian 7] PAZE/R N
W (i) = 10,1, ,N —1;0,1,--+ , M — 1]
=|N—1;M—1].
KRR (67), 7 2 T AW Wronskian:
IN; M — 1| =11,2,--- ,N;0,1,--- , M — 1],

JUNem)

IN;M 1) =0,1,-- ,N;1,2,--- , M —1],

IN: M| =12,3,---,N;0,1,--- , M|,

IN; M| =1,2,--- ,N;1,2,---, M|.
WEMIE K (67) BA T IEA R Wronskian fi#.
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FEHLT  WEMEITREA (67) A A 1O
F=INM =1, g=|N;M -1,
h=—3 NI, s =|N; M, (63)
Hp gl ¢ Fil o L

b= S A%, b= 1006 (6%)

_ _l 2 _ _1 -1

RBUERF A 72 Covgnnyx(veany THEERERE. ¢ HI
o wEXAT LIS

o= exp(%AQx + %A‘%) C, (70a)

= exp(—%AQx - %A—Qt)B, (70b)

Horr, BAN C 25 (2, ) TR (N + M)Br il [ .
TEAEH (66) N2, REOEM: A AT A EIE
s | H )RR w Ao

5.2 FRRAWL

5.2.1 #E FL 74 (61)

MAMEHTHHES R4 (62) B3] FL 72 (61)
M fif, T M =N, B=SC*, Jf H %K 5 B
A F S(HEBIE T Conxan ) T2

A? =§88* §=+1. (71)
FAUTHE 3755 NLS JARAYIE O, AHELGIIE:
Y =8¢

PLK
fr= )N s, gt = (20NN TS| h,
M AEAE R (66) 22T oL v(z, t) = ou(x,t), B
AR Z (63) 2. ILHA
NN T
IN;N —1|
Hr, ¢ XN (70a) X, ¢ = S¢*. HARGNTI AT LU
3K [16].

u(z,t)

(72)

5.2.2  #L23E &= FL 7 4% (65)
SFTEERS FL 52 (65), M =N, B=SC,
I HZRAE A F1 S 1 2
A? =688, §=+1. (73)
i)

Y(z,t) = So(—z, 1)
DL K
f(=a, =) = (=20 V| S| s(a, 1),
g(—z,—t) = (=2)N 6N 1S Az, 1),
MITAL v(z, t) = du(—x, —t), BIZLIER (64) K.
PLES 75/ (65) ff L mT LLos ol (72) XiIE L,
Hrr, ¢ & 0 (70a) X, HIEY(z,t) = So(—z, ).
ELARYH AT L2 SRR [16].
5.2.3 JEMETAZ (T1) Fe A 42 (73) 89 /%
KT (1) WA, TR
S = AT, (74)
H T € Conyon . BUBT, SRAFTHE (71) 0] LLER4L
AT —TA* =0, TT* =6L,y. (75)
RIS TRE (26) (0 = —1 FFEHHs N —0), Hf@n]
LIZHE 1.
XTI (73) B, dnT IR AR (74) X,
FEAL J oK A
AT —-TA =0, T? =61,y. (76)
Hfgrlix A M T BASP9ERIES (31) 2, IFH
Ty =-T,=VoIy, Ty =T = (0)y,
K, =Ky €Cpyyn, Kis=Hy € Cyyn.  (77)
Br T 5l AZs 4 (74) CLISN, HEBE 7 RE (71) F1
TR (73) MRE LR M. 51 ASEF =i Toeplitz
%E% [22,37,38]:

al,l 0 0 e 0

a2 a1 0 -0

a a a 0
Tlay;]=| @3 1,2 1,1

aj,N a1 N-1 Qa1,N-2 1,1/ Ny N

ai; € R.
(78)

[Fi] i S 2 R 4 R o e v B P P T S e B
KRR (71) AN RE (73) AR

A= Diag(TNl [G‘Nl,j]a TN2 [aNQ,j:I7 e ?TNk [aNk,j])v
(79a)

S = \/gDiag(Eﬂ'N1 [aNl,j]’
€27, [CLNQJ], ek Ty, [aNkJ])’ (79b)
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TFHCNLS Jr Rt A LA fige 0. XA ige ] LS|
TR AR figg (1417,

6 FEFFEH NLS 7 &

T 5T A9 NLS 5 #E (1) £E7E R} ]R3 1]
7 1) P P~ e PR A 55, X Sl ] L3 e W
LA TR 5.

% R AL AT IR A T R 4L (2), HI (g0, m0) JE:

TR (2) BY— A Gl AR
q=q0+%r=ro+;, (80)
HRAITARAL (2) T LR O P 2
D:f - f = —2gh—2qhf — 2rogf, (81a)

(D? —iD;y —2qor0)g - f + qoD2f - f =0,  (81b)

(D? +iDy — 2qoro)h - f +71oD%f - f =0, (8lc)
Hidr DA Hirota WZMERE T, & X0 (4) K. &
B, Mqo=ro =00, FRWZMEHBRARMLEE
*%h@ﬂ& (19) 2. % ¢ Fl o S 2(m + 1) 4E51 [ FE
5] AU Wronskian:

f=10, A0, A%, - | A™¢; p, (A, (—A)%,
(A = [ D, (822)
g="2|¢, A, A%¢, - A" ¢; ¥, (—A), (—A)*,
(AT = |G P, (82b)
h=—2|¢, Ap, A%¢,--- , A" ¢

¢7(—A)¢ ( ) ¥, 7( )m+11/}| |¢m71;{b\m+1|a
(82c¢)
Hrr Ae Co(m+1)x2(m+1)- PILAIEH, LN T 7
2H (81) AT UNT fif.
SEH 8P XM Ir A (81) ATEAN (82) R

(i, b o B o W R TT R

<¢) M (¢) ’ M:< A (Zofzm+2) ’
v/, () rolomi2  —A

(53)
(), -~

2A% — qorolam+2
N= (

2Aq0 + o,z Lom+2 )
2447‘0 - T0,1I2m+2

—2A? + qorolam+2
(84)

X (qo, mo) HHEG RGE (2) W —2HAE. AN, FEFE

A FVE AT AR RUE P22 4 (80) N2 Tl
E RS (2) HIE R
ARG (2) B LRI Wronskian fif 7] LA
b B 2 AR /R A NLS J5 R A0 . AT LAGERH
(ZWL3CHk [21]).
SEF9 WA M T RComniox
1) £ NLS 7 (1) A f#:
9
7
F=1omi TN, 9="2lbmi1;Tdp_1],  (85b)
Hrb (qo,ro) WERITFEA (2) H rf = dqo, Al ¢
it B R 7 A

(2m-+2) TRHERE.

q=qo+ (85a)

¢r = AP+ qTo", (86a)
iy = (2A% = 0q0q5 Lom+2) 0+ (2Aq0 + QOx12m+2)(T¢*),
86b

SEFE AR T W e S5
AT +TA* =0, TT* = 6l242, 6 =+1. (87)
2) Wizs Al Al SR EE NLS 7 (3) A fi:

QZQO-F? (88a)
f=(-1) ””wm,w ()],
g=2(-1)" \Td%, i (~x)|,  (88b)

Hrf (qo,mo) WA (2) H r(x,t) = 0qo(—a,t).
]2t o Vi A Iy A
¢z(z) = Ad(2) + qo(2)T" (), (89a)
igi(x) = (2A4° — 80 (2)q5 (— ) Lom+2) ()
+ (2Aq0 + qo,2 (%) I2my2) TP (—
FEFE A R T LA
AT —TA* =0, TT" = —019,12, 6 ==%1. (90)
FRFESRE (87) AR (90) BV IKAE R 1 44
WL ek, a2 Al T R F T A ) R 5 e s
) NLS J7 2R R A (S 00 3CHk [21]). 76 3CHR [21]
S T4 qo Flro - T AR I, 22 NLS J5 8
FAEJRHE NLS BRI, 40750 LIS S0k [21].

7T % ®

ARICLEIR T WML TR X — TR
fifp HLLe ] R R LA R R AL T RS & R 58,
FHRLER A 7 13 25 H A Wronskian f#, B UL 291k

x), (89Db)
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15, I Wronskian FREENZER), 1558 His 5
FREAPRE B, R0 NLS 7 (1) SR (R
LMk, T B 2
g *
q= ?7 (f =f ),

TSR SR f = [+ T2 Tr
Perf ) XSS A AR AR ZE R R AN (26) UG
FERE AR, 0T L A BARE R AT DLSE B B AR
D7 FEAG R A 10 o 25 SO, BN (26) AR (76) =X
) B 7 2 AR A 4k T i Y AR A G R
(WLSCHR [1, 16, 20] 55), FIH T A PIPIFR LA R
RUXE I R, B K A A AT Jordan R R X iz
B pREL o IR, T A FTES i 20 R g e
W REL o MO R R AR, e - A WY
AT AR E T L (9% pREL o MO ] LAGE o B3R
FRIEAE SLAL A1 2. EPUEFER S5 1 (31) X
ZF, KoMKy R R T AN T XN AR
BRI SR LA I EEAURT LA T 2 dn]
BOTRRAR AR, tn] LI TR AR R EB i nl L R
g5, X EESCHR [39, 40, 41], W] WAL I A
PR (S 3CHk [1, 20]). BBk, X —J5 Bl mT L
o AR 7 B AR i (SCHR [9, 15]) AT 25|
A AR RG0SR (SCHR [10, 19]). thZEk
A F PR AN A 4 AN 24k 7 vk 1 A SR 5
FAECTS, X5 T BT ARG 0 i 14 80 D1 245 M 10 oA, 7l
IS AHRL IS S, WnsCik [1, 14, 16, 17, 19] 45,
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Abstract

The paper is a review of the bilinearization-reduction method which provides an approach to obtain
solutions to integrable systems. Many integrable coupled systems can be bilinearized and their solutions are
presented in terms of double Wronskians (or double Casoratians in discrete case). The bilinearization-reduction
method is based on bilinear equations and solutions in double Wronskian/Casoratian form. For those integrable
equations that are reduced from coupled systems, one can first solve the unreduced coupled system, obtaining
their solutions in double Wronskian/Casoratian form, then, implement suitable reduction techniques, so that
solutions of the reduced equation can be obtained as reductions of those of the unreduced coupled system. The
method proves effective in solving not only classical integrable equations but also the nonlocal ones. The so-
called nonlocal integrable equations were introduced by Ablowitz and Musslimani via reductions with reverse-
space (or reverse-time, or reverse-space-time). Note that this method particularly provides a convenient bilinear
approach to solve nonlocal integrable systems. In this review, the nonlinear Schrodinger hierarchy and the
differential-difference nonlinear Schrédinger equation are employed as demonstrative examples to elaborate this
method. These two examples will be pedagogically helpful in understanding the reduction technique. The
reduction is implemented by imposing suitable constraints on the basic column vectors of the double
Wronskian/Casoratian. Realizations of the constraints are converted to solve a set of matrix equations which
varies with the constraints. Special solutions of the matrix equations are provided, which are also helpful in
understanding the eigenvalue structure of the involved spectral problems corresponding to the considered
equations. Other examples include the Fokas-Lenells equation and the nonlinear Schrédinger equation with
nontrivial background. Since many nonlinear equations with physical significance are integrable as reductions of
integrable coupled systems, the paper provides a review as well as an introduction about the bilinearization-

reduction method that can be used to solve these nonlinear integrable models.
Keywords: bilinearization-reduction approach, double Wronskian, integrable system, exact solution
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