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Fig. 1. Two types of RW structure: (a) A2 is constant; (b) A\

is constant.
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Fig. 2. Two types of DSW structure and their corresponding dispersive shock waves.
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Fig. 3. Evolution of the Eq. (1) under special initial value problems Eq. (83) and Eq. (84): (a) po = 1/4, vo = 1; (b) po = 9/4,

vg = —1.
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(a) p=9/16, v=—-0.5,d=—-05;(b) p=1/4, v=—-1, d=0;

(¢c) p=1/16, v = —1.5, d = 0.5; (d) p = 0.0001, v = —1.98, d = 0.98
Fig. 4. Evolution of the Eq. (1) under special initial value problems Eq. (83) and Eq. (84): (a) p = 9/16, v = —0.5, d = —0.5; (b) p =
1/4, v=—1,d=0;(c) p=1/16, v=—1.5, d = 0.5; (d) p = 0.0001, v = —1.98, d = 0.98 .
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value problems Eq. (7).
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Fig. 6. (a) Distribution of Riemann invariants, (b) the waveform structure of density function p, (c) the waveform structure of velo-

city function v and (d) the evolution process of density function p for Case A. The parameters are t =5, )\12“ =0, >‘lf =1,

M =-2 M=-1.
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Fig. 7. Behavior of the solution in the (v, p) plane for Case A—Case E.
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Fig. 8. (a) Distribution of Riemann invariants, (b) the waveform structure of density function p, (c) the waveform structure of velo-
city function v and (d) the evolution process of density function p for Case B. The parameters are t=5, A5 = —1,
AL=1, 2 =-2 M=0.
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Fig. 9. (a) Distribution of Riemann invariants, (b) the waveform structure of density function p, (c) the waveform structure of velo-
city function v and (d) the evolution process of density function p for Case C. The parameters are t=8, A= —1,
AL =0, 2B =—-2 A} =2.
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SPECIAL TOPIC—Nonlinear system theory and its frontier applications

Whitham modulation theory of defocusing nonlinear
Schrodinger equation and the classification and evolutions
of solutions with initial discontinuity”

Gong Rui-Zhi  Wang Deng-Shan f

(Laboratory of Mathematics and Complex Systems, Ministry of Education, School of
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Abstract

Since the Whitham modulation theory was first proposed in 1965, it has been widely concerned because of
its superiority in studying dispersive fluid dynamics and dealing with discontinuous initial value problems. In
this paper, the Whitham modulation theory of the defocusing nonlinear Schrodinger equation is developed, and
the classification and evolution of the solutions of discontinuous initial value problem are studied. Moreover, the
dispersive shock wave region, the rarefaction wave region, the unmodulated wave region and the plateau region
are distinguished. Particularly, the correctness of the results is verified by direct numerical simulation.
Specifically, the solutions of O0-phase and 1-phase and their corresponding Whitham equations are derived by the
finite gap integration method. Also the Whitham equation of genus N corresponding to the N-phase periodic
wave solution is derived. The basic structures of rarefaction wave and dispersive shock wave are given, in which
the boundaries of the regions are calculated in detail. The Riemann invariants and density distributions of
dispersive fluids in each case are discussed. When the initial value is fixed as a special one, the vacuum point is
considered and analyzed in detail. In addition, the oscillating front and the soliton front in the dispersive shock
wave are considered. In fact, the Whitham modulation theory has many wonderful applications in real physics
and engineering. The dam problem is investigated as a special Riemann problem, the piston problem of

dispersive fluid is analyzed, and the novel undular bores are found.
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wave

PACS: 05.45.Yv, 42.65.Tg, 02.30.1k DOI: 10.7498/aps.72.20230172

* Project supported by the National Natural Science Foundation of China (Grant No. 11971067).

1 Corresponding author. E-mail: dswang@bnu.edu.cn

100503-19


mailto:dswang@bnu.edu.cn
mailto:dswang@bnu.edu.cn

Chinese Physical Society

%ﬂ *ﬁActa Physica Sinica

Institute of Physics, CAS

R R R LR kR 75 07 R AW thamiff i 322 % L ) Wi B4 il REAR F) 20 JEAIRAL
NEE EST

Whitham modulation theory of defocusing nonlinear Schrdinger equation and the classification and evolutions of
solutions with initial discontinuity

Gong Rui-Zhi ~ Wang Deng-Shan

5] Fi{i5 &, Citation: Acta Physica Sinica, 72, 100503 (2023) DOI: 10.7498/aps.72.20230172
TELR T2 View online: https://doi.org/10.7498/aps.72.20230172
A ZE View table of contents: http://wulixb.iphy.ac.cn

AT ARG HAh SCEE

Articles you may be interested in

Uy (20 I 2 P o 2 1 7 R ) B I TS 2 AT B R A ALl
Study on the generation mechanism of bright and dark solitary waves and rogue wave for a fourth—order dispersive nonlinear

Schrdinger equation

YIBR2A4R. 2020, 69(1): 010502  https://doi.org/10.7498/aps.69.20191384

FRLRPERE 1 7 TR 0 B SR G TR 3l Ak

Numerical study of nonlinear Schrdinger equation with high—order split—step corrected smoothed particle hydrodynamics method

WIFEAEAR. 2019, 68(9): 090203  https://doi.org/10.7498/aps.68.20190169

e, TR BE R AR b iV K AR 5 bt
Quenched solitons and shock waves in Bose—Einstein condensates

WIFEAEAR. 2021, 70(18): 180303 https://doi.org/10.7498/aps.70.20210564

H T % A BR A AR A i — AEAR L ) A A AL

Simulation of two—dimensional nonlinear problem with solitary wave based on split—step finite pointset method

WAL 2019, 68(14): 140203 https://doi.org/10.7498/aps.68.20190340

st 7 S P AR S 040 F 3 0725
Molecular dynamics analysis of shock wave—induced nanobubble collapse in water

YIBR2FA. 2021, 70(13): 134702 hitps://doi.org/10.7498/aps.70.20210058

Boussinesq i B2 Lax X . BeklundZ8 4 . X FREE AR Al Riccati R A2 M

The Boussinesq equation: Lax pair, Beklund transformation, symmetry group transformation and consistent Riccati expansion

solvability
YIBR2A 4. 2020, 69(1): 010203 https://doi.org/10.7498/aps.69.20191316


https://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.72.20230172
http://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.69.20191384
https://doi.org/10.7498/aps.68.20190169
https://doi.org/10.7498/aps.70.20210564
https://doi.org/10.7498/aps.68.20190340
https://doi.org/10.7498/aps.70.20210058
https://doi.org/10.7498/aps.69.20191316

	1 引　言
	2 散焦型非线性薛定谔方程的调制解及其相应的Whitham方程
	2.1 零-相解及相应的零亏格Whitham方程
	2.2 1-相解及相应的1亏格Whitham方程
	2.3 N亏格Whitham方程

	3 基本波结构及其动力学分析
	3.1 稀疏波结构
	3.2 色散冲击波结构

	4 特殊间断初值问题解的演化
	5 一般间断初值问题解的完全分类
	6 活塞问题
	7 结　论
	参考文献

