#) 32 2 3R Acta Phys. Sin. Vol. 72, No. 20 (2023) 200601

T £HITERFERKREWIBEFRIES 00 BE

HEE KA IR B B F Fisher 15 858815t

Y

T i #?

oA 1

1) (g IME I A, ISP T 450 5 5 TR 2R AR i, T 510006)
2) (MR R=AIRERE, SRS ER E R S, At 210093)

(2023 4E 5 H 26 HU#; 2023 4£ 7 A 7 HikEIENR)

it F Fisher {5 B A M S AT SR W, AR FERFPTAREENNH. EEE, £RFRSE T
SEPR AR K B0 ) FEE 5 SCIRWF O &2 B V2 SRR L AR SO SE S T AR JEOK I 0 AR S I S5 T, 4
W HH B ES TSN T BT Fisher 5 8 X Hi F Cramér-Rao F 5, IME 500k H 5 . A M 25-#E
HLAY Su-Schrieffer-Heeger £ 5Y | 4B JE K & F Ising $% . ¥ FMFRAE R R BRI A — Be S R G b sh i M A7 S BUAb
THAY T Fisher /5 5. 25 R W X LA HEJE R ) X F S 80h11, 8 F Fisher {7 B 76 8B B M & X 3k
FG) 1w BT 204 O, DT B2 8 S 500G T RS BE AR BR X F S 8], 7 F Fisher /5 BH R 91751 X 7
FE B P15 R0 S o5 B ST [ A T 000 8 O I DX L P R DXl 1 2 RV Ao B2 TR R, HL PR RSO 2 R S A i

RERIIN A

KR fT Fisher (58, 2R, BIKRLE, wifhd

PACS: 06.20.—f, 06.20.Dk, 03.65.Yz, 03.65.Vf

1 3

1969 4F, Helstrom!! # it F R G RS
GOy R N et A e S
BHFSHAMT R T EAW IS, e TS
BRI T, MG E A PR ICR A S50 i
/NREZE R Fisher {5 B8, BAEN R RO 2
firiE & ¥ Cramér-Rao I (quantum Cramér-
Rao bound, QCRB) 25, K, WA+ Fisher
T NI 2 AR S B RS B B
A () — A E B )L WP R P, AT LAGE I T
Fisher {7 B -5 &8 F LA N TER R, FRolE %) 2
T (] P S R B Y e A O 1) R AR A
A0 i 00300 RN P-4 S 02101 R o R G
AW ETF g, H— P18 A A R
WARARGWSHER, Wl itme FENE T

i

DOI: 10.7498/aps.72.20230862

Fisher {5 & 10— ZE AT G bR BT 3 R 4, 4
REAEIT IR A BT, SN E S R UE
AR BT A R S R, PR I AT DU R 3 Al A i
RO B B S EOEAG A BE (1024, Ak, S AR R
HH 8 B 38 W 25 DA B AU AN ] 25 0% 0 £ 15 25 AT
DABR = AU T R B 22281,

Ji—Ji T, EAERTE LS R RGP SR
JE KA R 3 it 1 1) 55 3 H R 3% 8 A e 12428 5]
FMFFEN GO LK P B S LN R )32 240k, PR
WA Rk RE A Z ELEMY)
PR BT 200 ol an, AR JE K RGR A B Ah A
(exceptional point, EP) [fiir, AfE A fiE &t A& A= 52
B R B AR, WA R G S E AT 18 Z ) e
N, PR AT LR EP s 52 31 kg BE A2 Jak 1331,
T8, TN S AL B o JEK R S
JTEIEHEE K R G B4 R R YA R e oK
Fhpr 3 KN G IEJEK Bloch figaly BY 5k

*ER ARRIERES (S 12174126) A1 7R A8 S 5 0 HIFERIB 9T B4 (HEMES: 2021A1515010315) BB IR,

t BfE1E#E. E-mail: danweizhang@m.scnu.edu.cn
©2023 HEHEFS Chinese Physical Society

http://wulixb.iphy.ac.cn

200601-1


http://doi.org/10.7498/aps.72.20230862
mailto:danweizhang@m.scnu.edu.cn
mailto:danweizhang@m.scnu.edu.cn
http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 72, No. 20 (2023) 200601

JEKF BRSOV B9 AR JE A 4 422 P8 AR SRy sl A 10—+
S, DAL AR KR4 M G n] LS B e BE 1Y
AR RS, BT R T Fisher 7R, BF5Y
E[S[e SR A U G VeSS R WSS REE DR SR
AINTEIBC R, J2 2 AT 3R I S R TR Yy AR
SUBIFSE U ) — A H PR
ARSCEFEAR SRR e B i A 2 ) o T S8
fhvt. EYGUEWITEES ST, 58T Fisher {55
A DL S HAG TS £ 11 1) QCRB
X TR E R M B ORIy ke & — 4
% Su-Schrieffer-Heeger (SSH) %1 | HAT 14 25 -#€
B SSH AR, DK —4EE e K i1 Ising BEMTHY
BAZRAETE, 23X 3 AR JE R BB
Fisher {5 BB sl i sl NG SER L. 45213
Wi HE 1 Fisher {5 EAERERR I G s F1 EP G R IT 2
AW, Ho gl it a3 (A R B 2 4Ok, T2 =
SRR L. SRR e 3R e R InF MR 2%
REHVA —RER RGP P SR T, e T
Fisher {5 QR 97751 20 8 Ho gl i 25 ) U 7E g
Bt P45 A 0 R BRI ] S, Hd D X R A
PR RE R T IR DX 4545 DU Ll 3 SRR 2
IRREL, E—2D 25 IS TR 22 T T 5L

2 EIFE*/%%*E%%?SQ@E‘% Fisher

[=IRANN

BT () RIS H 0, 8% R
T BRI B TSR . A R
TSR AL EE e (L)Y 1L =
ﬂm%iﬁ%ﬁ%@ﬁﬁu%%%W%i¥§E
—Z5 2 )7 1] LRGPy (x) = Tr(pu L) , H
R BERE IR pyy = [by) (] - REFEAN TR B T RE B AT
W S BRI FTTAGRG B, PR RISEBR
6] 95 2% Ap 0, T 5 2500 F i A )L
fal P B 5, BP QCRBE: (Ap)? > 1/F, , Hrh
F = Tr(L2p.) /& VAL w0 (1 F Fisher 5, L, =
2(10utbp) (V| + [0 ) (Optb]) S X Bk X Kl T BB A
SRR RGP IRTA, F, k20100 2
Fpy = 4000l 0utp) — (Outbul i) (| 0utn)). (1)
AN, WA — SRR IE LT S80R A U
AR RIS P i TS I “HE S 0 B AT A TS
(9 T 43 B DRI I AT LA MK TLART (e B

Fisher {5 B & X — P& H0oT d5(|¢u>v Wu-ﬁ-du)) =
Hmmmmﬁ¢wwm=wwmwm%mm
FLRE Ty 2 52 i P TS B BT RERL L, T
F, = 4|| Dy, )2 % F BTG 4465 Hitk, F,
ZABARPIA T2 [6) 5 W) Z IV AT 435
B, BB H 7, 267 W T 25 2 WA 43
B, FEORFNT BRI 0 R R

7S s A I Sl JE K O B A A A
B F Fisher {5 B LS HAG . X FAEE KIS
WL fr o2 frt, AR 1190y = B, 0™y
Hoh B, B n AMARIEZS |0 R, AEEZ
(3 5 P TESEHE, B (0 |05")) # G - TERETS
LT W 0 — L2 (w7 [pl) = 1, ATEB
BT Fisher {3 BB R 7R (1). I, A
SCLATF A WS ASHE SR, A5 10 T K W 25 f A
FEZS 9 ). X F A SEAF 4, KRS8 p
(g W0 it 7 2 AR 22 4558 A A F, B (Ap)? =
BN e TR SR — v, HRH
0, (A), 17 - B =V
/—\HEE jﬁ] (AB)Z = (BTBM - <BT>M<B>H = u/4- *E
AR TR IR E PR 19 (AA)2(AB)? >
|<ATB>M - <AT>P«<B>M|2 ) CIEGS

(AA?(AB)?

> (AB)(BYA),, + ()3 (BN, (B),
- <BTA>M<A>H<B>H - <AB>H<A>M<BT>H (2)
E X |f) = AW}M) - <A>u|¢u> , lg) = BW’M) -
(B)ultby) , FIFH (B), = —(BY),, , A7
[(flg) = (gl )I?
= —(BYA)2 — (AB)2 + 2(AB),.(B'A),
+4(A)2(B"),(B),,
- 4<BTA>H<A>H<B>H - 4<AB>M<A>M<BT>M (3)
Fedz (2) 30 (3) X, AT
4(AA)}(AB)?
>[(flg) — (gl/) P+ (BT A) .+ (AB) .7
> [(B'A), + (AB),|*. (4)
H |<BTA>/A + <AB>/A|2 = |au<121>u|2 Gl Fu = 4(AB)2 s
A5 B HE LR IS B B A ERS [¢,,) B EE T Fisher
5 F, WA QCRB R AR AL (Ap)? >

200601-2


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 72, No. 20 (2023) 200601

% = HhF,m Q) RGaE. FE
A(AA2(AB)2  E,0 7 L
X L HA AR EK R G PR AE S S BT,
RN 8 Z AL Z A AR IE 38 L K AE L E 8 )
AR . (EASHE AR, DL R X R
JE K B 285 i £ DA R AR A 285 19 HAROE A 2K
ST R AE 5 TR H L) = EX |9k fH—Ak e A
fiE 2% L), BT Fisher {5 8 %53 H QCRB %
RAPFEALE, HFH (1) AP [v,) B [0h)
LI

PA_EZEen i RI 2 2 H0FEM BN, IS5
{u, v} F), PEAEIR2E A 2 x 2 W9 T 22000 2,.,
AH L B VAR BE R BR B 2 x 2 A9 1 F Fisher {7 B
iR ., Za0 . N A FR B BORAT Ly, Y Fe
AP = (Lyuwyp + pLyuy) /2 8 S, AIIERR R JE K
WA R — AU ARNE RN, Fu B TR KRR
N (HE SR A)

Fuy = 4Re((0,910,9) = (0u|9)(¢10,4)), ()

5IEKAE L — B 3% BURS SCH R P2 5O R
o) TR T ThR p, v FETIRATHEAE T, dEE

ok F G A GE A 10 PES B T QCRB Y 3,
2% nv
1
B0, B %R, Wk A — B E R A R
det(Fpu) > 4022, , NTTTTT L4 H A JE K 3R B2 0 75

> o B B - R AEERER, B

det(X,,,) > det (I > ek, R . AL L
nv

SRAHRTE LRGN T R, R TR T

e

3 ETFHEKRENET SR

AN WEFT LA S B AR JE R AR R R TR
- Fisher ff R S HAGTE. 3.1 i —4Edk
JERBER PR ST, 3.2 e 4R ek
B e 2 A

3.1 BSHfhI

B H s AR T 5y SSH AR AL 04647 1 Ji
JEL P AR B BRERSREE g ¢ 46, D[R] Bk BR 5 B2 Sy
¢ TR T AT IR 4 Bl 2 (] e 4 i

By 7

0 t—o04te ik
Hsuo1 (k) = t+o4t'er 0 - (6)

At =1 NBER AL, PHREH N
Ey(k) =4v1+12— 62 + 2tcosk — 2id sin k,

Hh gt ke 0,2n], WEERI T & XL R AE =
miny, |E, (k) — E_(k)|. W& 1(a) Bz, A8 EE
B A (AE =0) %F R AEHF B0 EP & DL
FINF AR 147,

H RS RE R B N — AR [v_) = [)
(TC A 51 U B B BRIA R A ARAE 2K [0R) ), B SEXT S
B op = kAT IEAL, & T Fisher {5 B8 F), =
A((Ok|Ok) — (Ot [) (] Okab)) . BEHL & = 0.2 17 24
AAt>0, AfLIEI Yt =08, 120}, 7F k = nib
B EP s, XA e R A AR 7R
4 EP ST, B, B2AEEOE KB, mE 1(Db)
i LB TR, HRAE F, FEREA s a2 R R,
& XU M), = /dkF % T = kB, M,
B ¢ (AR AL AN & 1(b) F I SE LR s, FTLLE
i, M 7€t = 0.8, 1.2 40 H B (E, 1L I 7E BE Bt 1A
B S BT S H K AT A Rk . 5 BRI A,
S =25, ¥ Fisher 5 8 L HF53 53514 Fy
N Ms. B 1(c)TLkA it =0t = 0.2 Ms b2
oA k. Mt =0}, 76 > 0B HA —
AREBRIA G i, XTI M 75 6 = 1R 3R, Y4
t=020F, 76 6 = 0.8, 1.2 AL REBRIA1 &, | M5 HBH
PSR, Z EPPAE S8 p = ¢ I, 18 1(d) Py sz
LB M BESE 1Bk X, 4 o=0F0
§=0.20F, M, /3fEt =181t =0.8,1.2 BERH
A R R E(E, R T Fisher {5 B 7EIEE
KAEK (6 = 0) RGEH I BERR A & i BHE #2548
Bk, dEJEk REHA SR EP A5, JCR T
F Fisher {5 B SHRHE K, M $2HER S0 1) 42
S B THRE FE RYSR . e 1(b)—(d) h, #E—
B EE AR T X T IH— b EARIER (), Hm T
Fisher {5 B HE R PEA RS B HAT 54 AMER [yR)
FHIRI A ARFAE. JER7E T 245830 AR PR & ok EP 13
B, TTieX TEARMER BB AR, R0 TR
SSER AR B A, B 185, dEE
KRG P ARMESTE EP £ 0 AR BRI A i B ) 2
F Fisher {5 B 2 E R, M T DUE & AR HT S 44
A 1A B

200601-3


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 72, No. 20 (2023) 200601

= 10 o [¢h)
0 0.5+
0 L
0 0.5 1.0 1.5 2.0
t/t
3
(d)
1.0+ 2l
< 0.5 .
= S 1p
0 0
0F
— [¥®) (t=0) 0F — [¢¥R) (§=0)
o [yt) (t=0) o [yt) (6=0)
—0.5} [¥5) (t=0.2) — %) (6=0.2)
° |y (t=0.2) . —1f ° [vb) (6=0.2) .
0 0.5 1.0 1.5 2.0 0 0.5 1.0 1.5 2.0
6/t, t/t/

B 1 T AEE Y SSH AR B4 80 5 Ffik

(a) REBR AEBE ¢ M 6 19454k (b) 6 = 0.2 B Rl AT AR AE & |9R) ¥E4h &9 i T

Fisher {5 B Fy, B kR ¢ 09784k (1) RISy My, b6 ¢ 172816 (FEISELR); () R [0R) WAl 6 B M b 6 7R (S54%); (d) FI
F Ry PEAR ¢ B My 6 ¢ AR AL (SEER). B (b)—(d) T AR SRR R 22 AR S [b) PEAR K, ¢ 3R 6 B AR I AR fELSE R .
t' =1, Fj fl M, f§xt#oab p

Fig. 1. Single-parameter estimation based on the non-reciprocal SSH model: (a) Energy gap AE as functions of ¢ and §; (b) Fj by
the right eigenstate |4R) as functions of k and # for estimating k (top) and the integration My by [¥R) as a function of t (solid
line in the bottom)with & = 0.2; (c) the integration Mz by using |¢)R) (solid line) as a function of § for estimating &; (d) the in-
tegration My by using |¢®) (solid line) as a function of t for estimating ¢. The data points in panels (b)—(d) denote the corres-

ponding numerical results for estimating k, ¢ or § by using the left eigenstate |L). ¢ =1 isset and Fy and M, are logarithmically

plotted in the picture.

Ak H 5 SSH BUAITETF 1 FEAE L R 55 T
HARIR] W RETE RRAE B9 B e itk — 4 % B HF i 3t
REP S EATE. s NS REREHER S
SSH A5 [ iy 285 1t Ay

N
HSSH—I = Z[(t — (5)0,;[()] + (t + (5)1);(1]]

j=1

N-1
+ ) #(al, b+ He)+D(alby +blyar),  (7)
=1
o al, bl (ay, by) MM AR A, B A
7= A (K AT, IR —A Al G — 4
SZ PGS, ST =0 Rk Tt i
FEN. At =1,6 =2/3FIN = 20, Xtk Hssy i
AR TF 3 56 T AERE B B 1 5538 5 i Bl
t ALk, Z35IINEE 2(a), (b) . MK 2(a) ATEH,
B ] A BE AR BLAE t = £V12 + 02 &~ £1.20,
TR B TE X P AL R B G PR R ZE R F A B9 A

[

I 2(b) AT LA 1, BEISTE ¢ ~ £0.66 I % A= 525 5
A5, M IR EP s, 20 502 BE A P ] BEZS |Ymia)
FIIERS |Yground) HHITEAESHL ¢ BEHY BT Fisher {5
R, 8558 2(c) iR, BEEE |mia) HEATTEAR,
Mt~ 120 A IERE AR MR 5 HALREG Z 7]
MIRERBRIA &, Hert F BRI, AN, FifEt =0
BTt 2 FR A R, IXRH P EP S I — 0
G IFTF AL 28, i 2(g) . BEFE [Yeround)
PEATPRAL, W) ¢ ~ +0.66 9 H: EP £, Mt /538
K. BE 2, TP RHER S SSH A7 AN
SRt I FMEAS RO RE BRI s A SE B AR
[ EP A5, 4% 7 rp e REZS AR A ] REAS (An3E
&) K81 Fisher {5 BB EB K, TR SHOEA
FGHE. 76 I = 0 TR A MF T, BEBRIA & SR EP
FIDL BT N, R R g5ie SR IEEOE
b — 25 % 8 TR A S8 DX R At 1
Fisher {5 B, F, (Y520, Y B I = 0.1,0.6, AH M 4
AERETE 19 S23B 4 S & 2(d) FIE 2(e) Frs. AT LA

200601-4


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 2 3R Acta Phys. Sin. Vol. 72, No. 20 (2023) 200601

051 ) [© i‘*’ri%
r=o0 r=o0 Poh EP
2r i /l!i\ IlI
= D - GP AN GP
= £ o 5 1 s, f N e
) ] 20 N Al WS
o~ — Ry JOPa g EEON
// , N
Or »7 - [%mia) S
—0.5F psle N
z = = |¥ground) S
. 1 . .
-2 2 -2 0 2

1gF}

(8) !'
[---r=5x10"2{ & |
—=I=5x10"4y %

B2 R N =20 fARE Y SSH EBITE AL SR & H 8 DT MBS EUGIT (a) B (b) 2 BIRIFL GO T = 0 WAk fE
1Y 9 HR S AR 2 B AL () AT AT A PRI BEAS |mia) FIRERS [Ygrouna) WAK S84 ¢ 19 & F Fisher {5 8 Fy B8
LA, &R EP KRR FI5h L, GP KR BEBM 5 5 (d) F (e) 225102 I = 0.1, 0.6 BE AR BE 1 SEHRBE ¢ 1942 4k () A (2) AT
WFRGHEBTT F B a2k Wt =1, 6 =2/3, Fy flod Susb 2

Fig. 2. Single-parameter estimation based on the non-reciprocal SSH model with different boundary coupling coefficients I" and the

unit cell of N = 20: (a) The real part and (b) the imaginary part of the eigen-spectrum as functions of ¢ under open boundary con-

dition with I' =0 (c) F: as a function of ¢ by the mid-spectrum eigenstate [{mia) and the ground state |¢ground) for estimating ¢

with I"=0. Here EP and GP denote exceptional point and gapless point, respectively; (d) and (e) the real part of energy as a
function of ¢ with I" = 0.1,0.6 , respectively; (f) and (g) F; as a function of ¢ different values of I'. In the figure, ¢/ =1, § =2/3,

and Fi is logarithmically plotted.
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Fig. 3. Single-parameter estimation based on the gain-and-loss SSH model ((a), (b)) and the non-Hermtian quantum Ising chain
((c), (d)): (a) Energy gap AE as functions of ¢ and 7, and the gapped (gapless) region contains real (complex) eigen-spectrum
(with exceptional points); (b) Fy as a function of k for estimating k with v = 0.5 and t = {0.3,1,1.7}; (c) energy gap AE as
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Fig. 4. Two-parameter estimation based on the non-Hermtian Chern-insulator model: (a) Topological phase diagram with gapped

topological (C' =1), trivial (C =0), and gapless regions; (b) determinant of quantum Fisher information matrix detF,k, as
functions of k; and ky for estimating {ksz,ky} with § =0.2 and t={1.4,2,2.6} (from top to bottom); (c) the integration
My, k, for estimating {kaz,ky} and Mys for estimating {¢,d} as a function of ¢ with 6 =0.2. My, in panel (c) and detFy,p,

in the middle of panels (b) are logarithmically plotted.
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Abstract

Quantum Fisher information bounds the ultimate precision limit in the parameter estimation and has
important applications in quantum metrology. In recent years, the theoretical and experimental studies of non-
Hermitian Hamiltonians realized in quantum systems have attracted wide attention. Here, the parameter
estimation based on eigenstates of non-Hermitian Hamiltonians is investigated, and the corresponding quantum
Fisher information and quantum Cramér-Rao bound for the single-parameter and two-parameter estimations
are given. In particular, the quantum Fisher information about estimating intrinsic momentum and external
parameters in the non-reciprocal and gain-and-loss Su-Schrieffer-Heeger models, and non-Hermitian versions of
the quantum Ising chain, Chern-insulator model and two-level system are calculated and analyzed. For these
non-Hermitian models, the results show that in the case of single-parameter estimation in these non-Hermitian
models, the quantum Fisher information increases significantly in the gapless regime and near the exceptional
points, which can improve the accuracy limit of parameter estimation. For the two-parameter estimation, the
determinant of the quantum Fisher information matrix also increases obviously near the gapless and exceptional
points. In addition, a higher overall accuracy can be achieved in the topological regime than in the trivial

regime, and the topological bound in two-parameter estimation can be determined by the Chern number.
Keywords: quantum Fisher information, parameter estimation, non-Hermitian systems, topological states
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