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Fig. 1. (a) A sketch of the Bia—;SbzTes dual-gate Hall-bar device and the measurement configuration; (b) schematic diagram of

spin-polarized impurity backscattering and backscattering locking; (¢) PHE and longitudinal magnetoresistance variation with angle

at magnetic field; (d) dependence of PHE amplitude (left axis) and effective total carrier density (right axis) about gate voltage un-

der magnetic field. Image cited from Ref.[30].
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Fig. 2. (a) and (b) exhibit the Dirac cone containing the
momentum squared term tilted under a planar magnetic
field; in (¢) and (d) the unlocking of the backscattering
caused by the addition of an in-plane magnetic field is
shown, resulting in an anisotropic longitudinal magnetoresi-

stivity. Image cited from Ref.[41].
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Fig. 3. (a) Planar Hall resistivity (PHR) and (b) anisotropic magnetoresistivity (AMR) oscillate with the angle 0 of the magnetic

and electric fields; (¢) amplitudes of PHR and AMR versus impurity potential U at different chemical potentials; (d) amplitudes of
PHR and AMR versus chemical potential 4 where U = 50. Image cited from Ref.[41].
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Fig. 4. Evolution of the double-peak structure in planar Hall resistivity (PHR) amplitude Apzy, with (a) Effect of different U val-

ues on double-peaks, and (b) effect of different magnetic field strength on double-peaks. The inset of (b) shows the Apzy as a func-

tion of the magnetic field strength B. Image cited from Ref.[41].
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Fig. 5. (a) Schematic diagram of the ferromagnetic insulator/topological insulator bilayer heterostructure device and the chosen co-

ordinate system, where g is the angle between the external magnetic field and the a-axis. We assume that the ferromagnet is fully

magnetized, which leads to S//B . (b) Schematic of the magnon scattering for isotropic Fermi surface. Image cited from Ref.[16].
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Fig. 6. (a) Energy spectra of left-handed and right-handed

fermions in the presence of a magnetic field B; (b) energy
spectra of left-handed and right-handed fermions in the
presence of an electric field E additionally parallel to the

magnetic field B. Image cited from Ref.[65].
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Fig. 7. (a) Schematic diagram of the planar Hall effect measurement device; (b) amplitude of planar Hall conductivity as a function

of magnetic field (the inset is the longitudinal conductivity); (c), (d) variation of longitudinal magnetoconductivity and planar Hall

conductivity with angle 6 for B =5 T. Image cited from Ref.[31].
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Fig. 8. Weyl cone and fermion filling in the absence [(a),
(c)] and presence [(b), (d)] of the Seeman field with E =0
and E # 0 in the first and second rows, respectively. We
note that the chiral chemical potential between the two
Weyl cones can be generated by (c) the chiral anomaly, or
(d) the tilt effect, respectively. Image cited from Ref.[70].
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Fig. 9. Schematic illustration of the simultaneous measure-
ments of nonlinear planar Hall effect and nonlinear mag-
netoresistance. Image cited from Ref.[15].
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Fig. 10. (a) When an electric field E is applied to three di-
mensional (3D) topological insulators, a transverse nonlin-
ear spin current @y at the second order of E is generated;
(b) when an external magnetic field B//E , the transverse
nonlinear spin current is partially converted into a charge
current Jy(E?), giving rise to the nonlinear Hall effect.
Image cited from Ref.[15].
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Fig. 11. (a) Schematic illustration of Dirac cones of top and bottom surfaces in topological insulator thin films with shift effect in-

duced by the in-plane magnetic field B; (b) schematic pictures of spin valve structure with shift effect; (c¢) the dependence of net

spin polarization |S| on the field strength B. Image cited from Ref.[79].
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Fig. 12. (a) Angular dependence of second harmonic transverse (Hall) voltage V;“’ and second harmonic longitudinal voltage V2*

in zy plane for the CBST/BST/InP sample; (b) illustration of the origin of VyZ“’ under J//M configuration. Image cited from

Ref.[83].
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Abstract

The planar Hall effect (PHE) is one of the hot topics in the field of condensed matter physics. In recent
years, the PHE has received great attention especially in topological materials such as topological insulators and
topological semimetals, and great progress has been made. Unlike the scenario in ordinary Hall effect, the
transverse current, magnetic field, and electric field in the PHE can appear in the same plane and cannot be
explained by the Lorentz force, which largely depends on the anisotropy of the magnetoresistivity. With the
development of nonlinear effect in topological material, the PHE has been extended to a nonlinear regime,
which has also been extensively studied experimentally. To explain the linear and nonlinear PHEs observed
experimentally, various microscopic mechanisms have been proposed theoretically. In this paper, the research
progress of the linear and nonlinear PHEs of topological materials is introduced theoretically and
experimentally, and various extrinsic and intrinsic mechanisms leading to the linear and nonlinear PHEs are
analyzed in depth. The physical mechanisms of the linear PHE mainly include the tilt of Dirac cone, magnon
scattering, chiral anomaly (or chiral-anomaly-like), shift effect, and Berry curvature, whereas ones of the
nonlinear PHE mainly include the nonlinear Drude term, shift effect, Berry curvature dipole, magnon
scattering, chiral anomaly, and Berry-connection polarizability. In addition, the relevant problems to be solved

and the future development directions are also proposed.
Keywords: planar Hall effect, nonlinear effect, topological materials
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