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Fig. 1. (a) Example of the classical Ising spin model on a
two-dimensional (2D) square lattice, where all discrete spins
can be in one of two states (+1 or —1) corresponding to
the upper and lower directions; (b) temperature depend-
ence of the order parameter (magnetization) with Tt de-
noting the critical temperature of the second-order phase
transition. From Fig. (b), we can see that the magnetiza-
tion direction observed in experiments can only take one of
the upper and lower directions below Tt . Just like tossing
a coin, although the probability of heads and tails are the
same, we just get one of the results each time. If an extern-
al magnetic field h is applied to the system, the direction
of the magnetization is then completely determined.
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Fig. 2. (a) The Landau free energy has only one minimum
point above the critical temperature, occurring where the
order parameter is zero; (b) the Landau free energy shows a
double-well configuration below the critical temperature,
where the symmetry is spontaneously broken and the order

parameter chooses one of the two minima positions.
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Fig. 3. (a) Two domain walls are created by flipping the
spin in the one-dimensional (1D) classical Ising model; (b) a
possible local domain wall configuration in the two-dimen-
sional Ising model. The domain walls should close into loops
under periodic boundary conditions; (¢) a domain wall
cross-section of size L in the d-dimensional continuous spin
model with slowly varying angles between neighboring spins

when vortex-like excitations are not taken into consideration.
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Fig. 4. Possible topological excitations in different systems: (a) Excitations of domain walls in the 2D Ising model; (b) excitations of

vortices in the 2D XY model; (c) excitations of Néel-type skyrmions in 2D magnetic materials can be projected onto a 3D hairy

sphere, with the south and north poles corresponding to the center and edge, respectively.
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Fig. 5. (a) Schematic representation of the classical 2D XY
model on a square lattice, where each XY spin is denoted as
a planar rotor of unit length; (b) a rough plot of a vortex-
antivortex pair embedded in a quasi-long-range ordered sys-
tem, where the nearby spins were originally pointing up-
wards. The vortices are point-like singularities around
which spin directions rotate through an angle @ on a cir-
cumnavigation. The red and blue circles denote the vortex

and antivortex respectively.
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Fig. 6. (a) The renormalization group (RG) flow diagrams of the 2D XY model, where the flow is indicated as [ is increased to in-

finity; (b) flows from the linearized RG equations in the vicinity of the critical point.
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Fig. 7. (a) The Boltzmann weights of the partition function are represented as a tensor network product of the interaction matrices

M; (b) the tensor network representation of the partition function after the continuous degrees of freedom are integrated out

through a duality transformation; (c¢) the decompositions of the interaction matrix, the integration over continuous variables, and

the construction of a uniform local tensor; (d) the 2D uniform tensor network representation composed of local O tensors, where the

row-to-row transfer matrix 7" (3) is circled by dashed lines.
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Fig. 9. (a) The key point of the VUMPS algorithm is to approximate the maximum eigenvector of the transfer matrix by a uniform
MPS; (b) the reduced density matrix is obtained by tracing out the right half of the MPS, where Ap, Ar, and C are the left ca-
nonical, right canonical, and center tensors, respectively; (¢) the calculation of the expectation value of a local observable is re-

duced to the contraction of a single impurity tensor M sandwiched by the leading eigenvectors of the channel operators. The

dashed line circles the channel operator, with Fr and FRr as its left and right fixed points; (d) the two-point correlation function is

represented as a contraction of a train of channel operators.
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Fig. 10. (a) The internal energy as a function of temperature; (b) the specific heat as a function of temperature.
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Fig. 11. (a) The entanglement entropy of the 1D quantum correspondence as a function of temperature under different MPS bond
dimensions where the singularities indicate the occurrence of the BKT transition; (b) the spin stiffness as a function of temperature
for a set of different MPS bond dimensions. The straight line 27"/ is known to intersect the curve for the critical temperature and

the dashed line is a fit to the behavior of the spin stiffness near the BKT transition.
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Fig. 12. (a) The spin-spin correlation function displays power-law behavior at T = 0.8 below Tt corresponding to the quasi-long-
range ordered phase; (b) the spin-spin correlation function decays exponentially at 7= 1.0 above Tt corresponding to the dis-

ordered phase. The y-axes of the insets are plotted in logarithmic scales.
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Fig. 13. (a) The extrapolation procedure of the correlation
length at T = 0.955, where the data points correspond to
the MPS bond dimensions D = 30, 50, 70, 90, 120, 150; (b) the
extrapolated correlation length as a function of temperature

yields a value for the critical temperature Tkt ~ 0.8930
when fitted to the BKT form (blue line).

K 13(a) /R T T = 0.955 Ab%F e HISMERSER,
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th, RIHX BKT #8242

b
10g£+(T) = 7m +C+d\/T*TBKT (37)
TFE TR, X B Takr ~ 0.8930, S ULHTAIIESE
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Ve Oy
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Fig. 14. Center charge ¢ = 1.0004 extracted from the lin-
ear relationship between the correlation length and the en-
tanglement entropy at 7" = 0.865 under MPS bond dimen-
sions D = 30, 50, 70, 90, 120, 150.
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Abstract

The fundamental concepts of phases of matter and thermal phase transitions constitute the cornerstone of

our understanding of the physical universe. The historical development of the phase transition theory from

Landau’s spontaneous symmetry breaking paradigm to modern topological phase transition theories represents a

major milestone in the evolution of numerous scientific disciplines. From the perspective of emergent

philosophy, the interplay of topological excitations leads to enriched physical phenomena. One prominent

prototype is the Berezinskii-Kosterlitz-Thouless (BKT) phase transition, where unbinding of integer vortices

occurs in the absence of spontaneous breaking of continuous U(1) symmetry. Using the state-of-the-art tensor

network methods, we express the partition function of the two-dimensional XY-related system in terms of a

product of one-dimensional transfer operators. From the singularities of the entanglement entropy of the one-

dimensional transfer operator, we accurately determine the complete phase diagram of the partition function.

This method provides new insights into the emergent phenomenon driven by topological excitations, and sheds

new light on future studies of 2D systems with continuous symmetries.

Keywords: topological excitations, thermodynamic phase transitions, tensor network method
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