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Table 1.  Comparison between dipole- and disorder-induced nonlinear Hall effect.
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Fig. 1. Experimental observation of the nonlinear Hall effect in various kinds of non-moiré materials. Figures are reproduced from

Refs. [19, 71-85].
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Fig. 2. Characteristics of two dimensional moiré superlattices: (a) Calculated patterns of local strain for twisted MoS, at twist angle
2.6°P4; (b) the average (local) strain in the system as a function of twist anglel’; (c) the Berry curvature of the top moiré valence
band of twisted WSe, without strain. The white hexagon indicates the moiré Brillouin zonel”; (d) the Berry curvature distribution
after introducing a strain strength of 0.6% along zigzag direction’®” the unbalanced distribution results in finite Berry curvature di-
pole; (e) the band energy E of magic angle twisted bilayer graphene calculated using an ab initio tight-binding method, the bands
shown in blue are ultra-flat??; (f) comparison between the bandwidth W (thick blue line) and the on-site Coulomb interaction en-
ergy U (thin coloured lines for different values of x) for different twist angles 81°%); (g) a summary of tunable electronic properties in
twisted transition metal dichalcogenides verified by different temperature dependences, blue showed Fermi liquid (T?) behaviour,

red showed strange metal (T-linear) behaviour, grey showed insulating behaviour.
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Fig. 3. Theoretical studies of the nonlinear Hall effect in graphene superlattices: (a) Band structure of twisted bilayer graphene with
a twist angle 6 = 1.05° and uniaxial strain of 0.3% (red and black lines), the band structure for the unstrained twisted bilayer
graphene is shown as green dotted lines®!; (b) Berry curvature of the bottom moiré conduction band®); (c), (d) distribution of the
z (¢) and y (d) component of the Berry curvature dipole, insets in each panel are the enlarged regions where the corresponding
Berry curvature and dipole are concentrated®; (e) twist angle and doping dependence of the Berry curvature dipole, a giant Berry
curvature dipole of order ~200 A appears near all the band edges for a twist angle near the first magic angle?; (f) evolution of the
Berry curvature dipole with respect to both the Fermi energy Ep and the strain €?2; (g) the change of the Berry curvature distribu-
tion near the band edges during the topological phase transition, Berry curvature dipole undergoes a sign reversal across the phase

transition®7.
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Fig. 4. Experimental observations of the nonlinear Hall effect in graphene superlattices: (a) Dependence of normalized nonlinear Hall
voltage (left axis) and square of longitudinal conductivity (right axis) on displacement field in twisted double bilayer graphene, the
valley Chern numbers of the bands change across the two regimes (regime I with the light-green background and regime II with the
light-blue background)?; (b) extracted Berry curvature dipole shows opposite sign for the two regimes?’; (c) the nonlinear con-
ductivity scales linearly with the cube of mobility in graphene/BN superlattices, indicating disorder-induced nonlinear Hall effect?!);
(d) temperature dependence of the distribution of the contributions to the nonlinear Hall signal from impurity, mixed, and phonon
skew scatteringsl; (e) phase diagram of the nonlinear Hall effect, the dashed line represents the position where the Berry curvature
dipole and the scattering contribute equally to the nonlinear Hall signal, the red (blue) area represents the dipole (scattering) dom-
inated areal; (f) the second harmonic Hall voltage in twisted bilayer graphene change signs when tuning the filling and displace-
ment field?0.
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Fig. 5. Studies of the nonlinear Hall effect in transition metal dichalcogenides superlattices: (a) Second harmonic Hall voltage versus
filling in twisted WSe,, a sharp peak is observed near the half-filling®”; (b) theoretical calculated dipole in non-interacting picture
(bottom panel) can be used to understand the experimental data away from half-filling (top panel)?; (c) theoretical fitting using
the effective mass divergence formula (red line) can be used to understand the observed giant signal at half filling (black dots)?%;
(d) V., (out of plane displacement field) and n, (number of holes per unit cell) dependence of D, (2 component Berry dipole), D, is
strongly enhanced near the phase transition pointP!l; (e) the band structure of twisted bilayer WTe, (8 = 29.4°); (f) the tempera-
ture dependence of Berry curvature dipole for twisted bilayer WTe, (8 = 29.4°) and prefect bilayer WTe,??; (g) filling-factor-de-
pendent nonlinear Hall signal for with (P < 0) and without (P > 0) moiré potential, respectively. Nonlinear anomalous Hall resets
are observed at the correlated insulating states only for P < B3I,
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Table 2.
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Nonlinear Hall effect observed in different systems. V2" is the observed highest second harmonic signal, Vv

and I“ are the input voltage and current at this time, respectively. The strength of the nonlinear Hall effect can be determ-
ined by V¥ /(V®)2 or V2w /(Iv)2.
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Fig. 6. Potential research area and application of the nonlinear Hall effect: (a) Fabrication of moiré superlattice arrays with large

stress structures by chemical vapor deposition!"”; (b) probing the phase transiton of moiré superlattice using nonlinear Hall effect!!%];

(c) high-sensitivity strain detection using two-dimensional superlattice devices!"™; (d) terahertz detection based on nonlinear Hall

effect in moiré superlatticel?).
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Abstract

The Hall effect refers to the generation of a voltage in a direction perpendicular to the applied current.

Since its discovery in 1879, the Hall effect family has become a huge group, and its in-depth study is an

important topic in the field of condensed matter physics. The newly discovered nonlinear Hall effect is a new

member of Hall effects. Unlike most of previous Hall effects, the nonlinear Hall effect does not need to break the

time-reversal symmetry of the system but requires the spatial inversion asymmetry. Since 2015, the nonlinear
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Hall effect has been predicted and observed in several kinds of materials with a nonuniform distribution of the
Berry curvature of energy bands. Experimentally, when a longitudinal alternating current (AC) electric field is
applied, a transverse Hall voltage will be generated, with its amplitude proportional to the square of the driving
current. Such a nonlinear Hall signal contains two components: one is an AC transverse voltage oscillating at
twice the frequency of the driving current, and the other is a direct current (DC) signal converted from the
injected current. Although the history of the nonlinear Hall effect is only a few years, its broad application
prospects in fields of wireless communication, energy harvesting, and infrared detectors have been widely
recognized. The main reason is that the frequency doubling and rectification of electrical signals via some
nonlinear Hall effects are achieved by an inherent quantum property of the material - the Berry curvature
dipole moment, and therefore do not have the thermal voltage thresholds and/or the transition time
characteristic of semiconductor junctions/diodes. Unfortunately, the existence of the Berry curvature dipole
moment has more stringent requirements for the lattice symmetry breaking of the system apart from the spatial
inversion breaking, and the materials available are largely limited. This greatly reduces the chance to optimize
the signal of the nonlinear Hall effect and limits the application and development of the nonlinear Hall effect.
The rapid development of van der Waals stacking technology in recent years provides a brand new way to
design, tailor and control the symmetry of lattice, and to prepare artificial moiré crystals with certain physical
properties. Recently, both theoretical results and experimental studies on graphene superlattices and transition
metal dichalcogenide superlattices have shown that artificial moiré superlattice materials can have larger Berry
curvature dipole moments than those in natural non-moiré crystals, which has obvious advantages in generating
and manipulating the nonlinear Hall effect. On the other hand, abundant strong correlation effects have been
observed in two-dimensional superlattices. The study of the nonlinear Hall effect in two-dimensional moiré
superlattices can not only give people a new understanding of the momentum space distribution of Berry
curvatures, contributing to the realization of more stable topological transport, correlation insulating states and
superfluidity states, but also expand the functional space of moiré superlattice materials which are promising for
the design of new electronic and optoelectronic devices. This review paper firstly introduces the birth and
development of the nonlinear Hall effect and discusses two mechanisms of the nonlinear Hall effect: the Berry
curvature dipole moment and the disorder. Subsequently, this paper summaries some properties of two-
dimensional moiré superlattices which are essential in realizing the nonlinear Hall effect: considerable Berry
curvatures, symmetry breaking effects, strong correlation effects and tunable band structures. Next, this paper
reviews theoretical and experimental progress of nonlinear Hall effects in graphene and transition metal
dichalcogenides superlattices. Finally, the future research directions and potential applications of the nonlinear

Hall effect based on moiré superlattice materials are prospected.
Keywords: nonlinear Hall effect, moiré superlattice, two-dimensional materials, Berry curvature dipole
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