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Fig. 1. Structure diagram of 3 x 3 surface code.
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Fig. 2. Structure of surface code based on boundary encod-

ing three logical qubits.
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Table 1. Logical operation of the surface code
shown in Fig. 2.
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Fig. 3. Quantum encoding circuit for the surface code

shown in Fig. 2.
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Output states after the measurements of ancilla qubit M in the Z basis.
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[0 gew = @ 1) pers +5"10) new,
D) new = @10) new + (=1 B 1) new,
1) new = @ 1) new + (=1)M B10) ew

1

10 new = ﬁ(\(w) +(=1)M 1)),
1

Dnew = ﬁ(\m) + (=DM [10)).

AR, Bl LUR IR 3 A L
B Qu, Qo 1 Qo ¥ N2 AT W 1) 3 T A 2 21 S 7E
—iEH, I (11) sRIBRIARGE TR, BB
2% X 3 K AR RS

9T RETAMHT, ARSI 4 e
FHATAI:
SK' = 8X 28X @ 5F © S

= X1X2X3X4XaXchXd - XLl ® XLQ. (12)

K5 RmHEHIBER S

Fig. 5. Rough fusion of surface codes.

XTI Qs , Qo M QuAE Z 5 Pt TN,
AL LLSE ML RS 73 e . 7EXT Qs AT 2 5,
5 Qs tHXM) X BIFUEF S5 = X3X. X g, Xo, KM
HIMIHR; 5 Qs I PIAS Z BIFEE b VU iy %
=, ISR 0 I, =mtssE 1 H s
YMEELRN 1R, FEE X BRI A =
vike T2 . RIERTEXT Q2 F1 Q1 AT & 2 ),
FE T S5 = XoXp X, Xo, FIRUEF ST = X1 X,
X, ZH R w g k. X B AR B T AR AL
SX" i 6 Frs.

K6 3w A RS 7 5

Fig. 6. Rough segmentation of surface codes.

i b RS Rl A A, SERR E X AN S
ﬁﬁ?ﬁ%%i@iﬁ?ﬂu% MXLlXL2 . éﬁ%ﬁ%% Hﬁ%%l‘ﬁj
CNOT [JHSZ B (& 4) n] 50, o~ T S P2 5
RIS CNOT [, HFRZHA & A iE
FRVEFR T LA, PR RELRE Rl A A0 B i A vT LA fE
XA 6 Frzs i) a) 20 B G e e T B S, iX
FERLAEAS A1k CNOT AU 2. $rfa e 1
LRI M, fad Pl S E FARR N

(a]0) + B (1)) (& |0) + B"[1))

+ (=DM (a|1) + B10)) (o [1) + ' |0))

= (ao’ + (=1)MBp’) (|00) + (=1)™ |11))

+ (B + (-1)MBa’) (j01) + (=1)M[10)) . (13)
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3.2.2  RiFaksAieimoF

SRS (WA 7) SHEERLG EIEARRL, B
BRI ¥ Q1 Q2 B Qs &BFILG AL [+) , W
I FAL =i X ARVESE AR T Bl 2 i g
Ui X AR F; ARG XT A RIS Z M B ZF
E T Slz =21242¢q, , SZZ = 220 2p 20, 4@, , SZ =
Z3Z: 20, %qy » ST = ZaZaZq, HEATIN i, 8 1L
FE I e R e TRl AR Z AR E T
SR, IR 2 RIC S 0, RIEh 1, # 4 4
Z RIFRSE R 45 R0 My, My, My, My,
HSE®SZ®SE @ SE =211 @ Ziy, ILAM = M@
My&® Mz & My FRnBREBE 201 Z, W12

D 2w 2
[ ] . @

B 7 REEKSLHERS
Fig. 7. Smooth fusion of surface codes.
R, Rl BRGNS 4 MR 2R
57" =87 @ 87 @ SZ @ 57
2y D05 70T T Dy = Ty @ Tio. (14)

X R Qs Qo M Qy 7E X T TN A,
A LASE G o BIHAE . 78 XA X Qs, Q2 Al
Qi T R Z 5, BRE F S =232.29,2q, ,
SZ = 737y Zg, Zg, M ST = 21 Z,Z¢, 2= T R P &
MR, =i X R e 17T LLUGE o 2] IE 44k
WA, X e A AN SR T AR R g ST RARE T
R, WA 8 Pk,

GRS AR E], SEBR BRSPS E A
HATER G BRI My, 7, . I Z A
TTECA MR REWS T 2 CNOT [T BLRI TR K, Ik
S R A A B R ] DATR AR A XS ] 8 TR ) v
) S o Re o F IR . AR E IR A 45
Rl ok M, FE il s g A8

(al0) + B[1))(/]0) + B'[1))
+ (=1)M(al0) — BI1))(a’|0) — B'|1))

= (1+ (=1)M)(aa’|00) + p5[11))

+ (1= (=1)M)(ap'|01) + Ba’(10)). (15)

K8 w7 &

Fig. 8. Smooth segmentation of surface codes.

3.3 BEFEEFLILHFRMEE CNOT ]
SETHEAL

Ze3d RS, IRATEES X 3L T s A & 50
F 2 CNOT [T ki iif: el %
PR, GRS xR L R B A Z [A)
A ZRE T T, T AT A R ) S A
WM TG 5 Zi1 Zi Wi 145 51 MRS pl G 5
Bz RNl B A7 22 )3 72 AR 1 X R R 17l o
EATNEZ SRR RS M TG EH X0 X, W&
PYZE R, SRl G 5 o E R R 45 R S AR P 2
Ll A i 2 AR R R I — TR
PR TR, X SHT N B AS e + FT RE A IE L AT g
. L, BT iS50 HnEiE CNOT 158
BT ZE 0T DR AL N B X2 AR AR Y U AR E T
HEATI R, PR B LR R TR R Z 0, SRR
Inaf IE#AE. DS 2, gt i85 LR
%) TR R Ay 91 36 T 5 LRI

K9, |CQ)ARERFERIAL, & 44 AE I3 I
Xo X5 Ml Z1 Zy 5 |TQ) IRERZIENL, HARAES 5 R
X1oX15 Ml Z11 Z1o 5 [INT) BIAG ALy |+) VE R i Bl
&, BHBAE SR Xo X0 B Zs Z7 . 55 125, AT
WA ZWaE, 16 Z 5L X4 i Fb 4 A B b 45 10
Z BRI HAE 1, 2, 6, 7 HEATECAI

9 [INT) 2lCQ) 5

S

4

ITQ)

B9 R R R T R TS 28 CNOT [y S5 8L
Fig. 9. Implementation of logic CNOT gate for the single

logical qubit surface code.
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e [ [0)]0)0) B3 [0)[1)0)
1;1_1224 12.68 e 12.40 Hse 1200 1210
e 10
i 8f
E ol
s
2l
0 000 001 010 011 100 101 110 111
e B 1)[0)/1) O3 (D))
1;1:12,22 100 200 1256 1250 550 | o 1250
e 10 |
i 8f
£ ol
4 b
2|
0

000 001 010 011 100 101 110 111

(b) 16 B (0)[0)[1) 3 [0)[1)[1)
1;1-12'80 iy 12.32 1254 ey 12.04 12:34
2 10
% st
£ |
Al
51
0 000 001 010 011 100 101 110 111
@ 2 B 11)[0)[0) T3 1) 11)]0)
12-12-10 ﬂS 12.66 ﬂ 13.28 11—92 13.18 ﬂ
e 10
% st
£ |
n
.|
0

000 001 010 011 100 101 110 111

B0 AREARS TROTEEL () [CQ) =10), [TQ)=10); (b) [CQ) =10), [TQ) =1} ; (c) |CQ) =1}, [TQ) =0} ; () |CQ) =

1), ITQ) =11)

Fig. 10. Simulation output under different input states: (a) |CQ)=10), |TQ)=10); (b)|CQ)=10), |TQ)=]1); (c)|CQ)=]1),

ITQ) =10) ; (d) [CQ) =11) , [TQ) =11).

R0 My 0 220, FATERG XD, FE X 3
X B FAE A AR FOAR X B R R A E
Ff 7,10, 12, 15 SEATHRA I &, 455900 My 5
30, T8 Z H N XT [INT) #4722 B0 &, 25580
M 55 4 25, SFATRCIESRAE, ARYETT 3 2510 & 2%
B, X |CQ) IR I B HEAE Z2M2 ) 2 Myl 1 B
N Z1Zo 5 TEZFEAL | TQ) TN I8 i A XMt Ms |
MM+ My =108, X2 X15; MM +Ms=1H
My = LIS, B RAHO UEA T B X S
4300, AR AR 64 101, JE 3 MBS T HM
ZE 5. & 10 0 5% T X R—Fpdi AE1T 5000 YD
L5 15 B AL 25 R MRS G T LA R A % A
SEAE R TO A4 O R AR AR R 3 R 1) 4
B My Mo M .

FEE 10 BRI 45 R HE R ER ) 25 T
12.5% , ULEA PR NEE A8 4R I i R B S 7E Z 3 F
(R I A BEH LB AR 1. X |CQ) ik, iy A Fk
PRFE—30 X |TQ) 2K, 24 |CQ) Fi AN 0 B, |TQ)
AR 4 |CQ) i AH 1, |TQ) HUR, A CNOT
FTEIZE . Xt |INT) SRt A M &% [INT) 32 45
S EEER, 2 Ms = O, [INT) B9l 45 58
0), 24 Mz = 1HF, [INT) FMIEE5 R0 (1), e
SERh L SES A —E 24 My Mo M 45 R

S 011 Al 110 (My + My =1 H M, = 1), %5
HR s B — AR B AR, B, PRI 24 S B R
PR, AT R A I BRAE H s — A A A A B
RIAEAC LU B RRREAS S L2 CNOT #AE.

4 RFEHANEMEHNEN S Z
ek E CNOT T8

AR SCHR H Y 44 B 22 1 12 B A1 R A R 1T A
(PEL 2) MR AT LA T % A 0 2t R 22 00 S 0%
 CNOT [']. |CQ)fURffFRmeY, [TQ)IUFR%
PRI, |INT) AR — 2 AR [+) , 1EN
LS. Tegnfh— A2 R RS, oA —
RLLEAE, AN EA R DG 2 B E R X B C R, (2
TEGihS = (2 B R BRI b, EHEAE B R
AR IEAT XN FEE] 2 v, i T RS AR
2 AR, BB IR AL A A2 RS
FbR e s j A2 5 R Z W #) CNOT, ji %
Rl RS @ A2 Z R4S B R A% Y
W ZEARRNL, 7 BB E TR, FF HARaR
W55 5 LA X RAES B URR 25 X el
SRR, X RURSE T 11 R T |CQ) 5
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— (2 R A [INT) 28 — 72 58 LA 5 | TQ)
S — 2 L CNOT Wit 2, Z1 2o Ml Zi3Z1
3 Xk I 4 ) 4 T AL R B SR TR 2 — 6 2 B L
Fel) Z BBERAE, X1sXas Fl Xos Xor 73 51X B 1Y
JE i B 2 T A R H AR 2K T A 5 — 6032 4 U AR Y
X @R

F11 BTG I AL AR I e Y 2 B R T LR R T
532 % CNOT TRy 5L
Fig. 11. Implementation of logic CNOT gate for multiple

logical qubits surface code based on joint measuremnt and

logical measurement.

#H CNOT L3R 55 1 4, TG
ZE, 7E ZIETFRE 1, 2, 13, 14 FeARgE 7B 4
i, BRICHN My 5 20, TG XU, TE
XHETXT 13, 15, 25, 27 HRREATHCA M &, 25
ICH M 55 3 45, 78 Z 3L R X INT) (55— Hekk it
1724 Z 0, WS Ms; 56 4 25, - TRGE
A, ARYERT 3 AR L5 R, X |CQ) B2 iE
fEZM2 Y My ol 1B SIERAER 2,2, FEZAE
£ |TQ) VS hI & R #Af XMHMs X4 My + My =1
I, AN Xos Xor; MMy + Ms =1 H My =1
B, EEARARALE T B

TESEHLZHE CNOT Ry b, b LeAs [INT)
WG A 5 |+, Iz B INT) AR E S
|CQ) 1 |TQ) 4R FMASFAHTR], 7 LR UERR & I 2 4od

it v Ae) RG2S 1 B LU R SR BB 8 TG 2 X
KRMEHET, nTLCK: INT) #E1 7 fRi k.

il 12 Frzs, |INT) SRR 2 i AR i
FA A, 33K A e A it i P 0 A o RS0 el 20
PRZ, T CNOT [M1SEEpyRs, JF HA
W HLEE U X M R AT B T IBM
Qiskit SZHFRY i LA E A PR, DR AE i B
FH Matlab 25 T & HiAS %) BLAR , L4640 | BCA
PR, X iR CNOT My Bk T T
hE, 45 R0 3—3% 6.

12 T I G 0 d R D R Y 22 38 B O LR R T
324 CNOT "1l
Fig. 12. Optimization of logic CNOT gate for multiple

logical qubits surface code based on joint measuremnt and

logical measurement.

Xf|CQ) A Uk, A F PR 1 — 2, A A
CNOT I'TH45 R Xt [TQ) ki, 4 |CQ) K [ABO),
(A, B €(0,1))if, |TQ)AZE; ¥ |CQ) N [AB1),
(A, B € (0,1)) i}, |TQ) Zi—NrHs, BEMIPISZRm
T EE 1 A2 s thRe Z ] SC 80 T CNOT #:4F, H
e S B i A P A R e B ) LR A AR R Y
HA B LR, £55 CNOT [THYZEKR. XT [INT) >k
Ui, PR Mg X |INT) #4725 Z & r45 8, 4
M3z =0}, [INT)¥346 K [0), 24 M3 = 1/}, |INT)

# 3 |CQ) =]|ABO0), |TQ) =|CDO0), (A,B,C,D € (0,1)) By

Table 3.  Output when the input is |CQ) =|ABO0), |TQ) =|CD0), (A,B,C,D € (0,1)).
ML ( My Mo Ms) 000 001 010 011
|CQ) ® |INT) ® |TQ) |ABO0) |0) |C' DO) |ABO0) |1) |C' DO) |ABO0) |0) |C DO) |ABO0) |1) |CDO)
LSS ( My Mo Ms) 100 101 110 111

ICQ) ® [INT) ® |TQ) |AB0) |0) |CDO)

|ABO) [1) |CDO)

|ABO) |0) |CDO) |ABO) 1) |CDO)
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%4 |CQ)=|AB1), [TQ)=|CD1), (A,B,C,D € (0,1)) Wk
Table 4.  Output when the input is |CQ) =|AB1), |TQ)=|CD1), (A,B,C,D € (0,1)).

MELER( My Mo Ms) 000

001 010 011

ICQ) ® [INT) ® |TQ) |AB1) |0) |CDO)

|AB1) [1) |CDO)

|AB1) |0) |CDO) |AB1) (1) |CDO)

M EZEF( My Ma Ms) 100

101 110 111

ICQ) @ |INT) ® |TQ) |AB1) |0) [CDO)

|AB1) 1) |CDO)

|AB1) |0) |C'DO) |AB1) |1) |C'DO)

*5 |CQ)=|AB1), |TQ) =|CD0), (A, B,C,D € (0,1)) Btk
Table 5. Output when the input is |CQ) =|AB1), |TQ)=|CDO0), (A,B,C,D € (0,1)).

MRS ( My Mo Ms) 000

001 010 011

ICQ) ® [INT) ® |TQ) |AB1) |0) |CD1)

|AB1) [1) |CD1)

|ABL1) |0) |CD1) |AB1)[1) |CD1)

SR (M Mo Ms) 100

101 110 111

ICQ) ® [INT) ® |TQ) |AB1) |0) |CD1)

|AB1) |1) |CD1)

|AB1)|0) |CD1) |AB1)|1) |CD1)

%6 |CQ)=|ABO), |TQ)=|CD1), (A, B,C,D € (0,1)) if iy it
Table 6. Output when the input is |CQ) =|ABO0), |TQ)=|CD1), (A,B,C,D € (0,1)).

MELER( My M2 Ms) 000

001 010 011

|CQ) ® |INT) ® |TQ) |ABO) |0) |CD1)

|ABO) [1) |CD1)

|ABO) |0) |CD1) |ABO) 1) |CD1)

M EZEFR( My Mo Ms) 100

101 110 111

ICQ) ® [INT) ® |TQ) |AB0) |0) |CD1)

|ABO) (1) |CD1)

|ABO) |0) |CD1) |ABO) |1) |CD1)

B4R 1), SHES A — B Zad Bk, S
T I A2 AR S T 22 Loy R T A 2 (1]
M2 CNOT [].

TERE 2 FMAS T, 2 Ry 2 FB R 12
oI, L # # CNOT iy S Bt 2 8l 24 CNOT
A ORI H B FU AR R 2 58 URE 3 1, X
[INT) FE 1732 5 ORI A0 S 2 14 22 R )
i, AR IRER B LR RO R B —— X

19 ITQ) 22

P13 Pl LR E AR HURHRR a2 4 A 3 1, 224 CNOT
TR

Fig. 13. Optimization of logic CNOT gate when both con-
trol qubit and target qubit are the 3rd logical qubits.

I [INT) Z 2B AR R I AT E D 4, 598 0]
VAR 1 f5c /N (8 2 A5 A S v e] 2, AR 8T 13 .
253 7 HYGAIE, RERS S CNOT AR, JL T
PEB B, AT RISt 4 i R A A 4T a2 A L
I bR 2 T A9 A 22 B LU R Z T Y CNOT ],
SLHUE R TURF] 25 CNOT #4F.

5 itibAugEin

A F QLS 5 —, BT AT
FAT LG 3 25 LR AR IR, 13 10 A5
12 B LR gty 3 B MR HO s o, X T
ArAR Rl S I AR T2 8 CNOT 15885k
PEAT T, R T — R T A I
R SL 4 CNOT 9Bk, FHER I Z
R LU RIS AT T 0 FLRIE.

i 22 AR RO RIS R LR S —,
SRARSCHR B SR IS Z5A4 55 3 S22 B S AH (7] 2
T B2 A LU SR RS BT TR ) B LR — e 22, (]
JEAEAR SCHE T 12 T A 45 F AT — A R 2 4
Bef, SN TR AREERE ). 5 T, X T4
AN U ORI, B4 LRI B,
AR Z 18] A9 ) B U AN RE TS 0 . AR SCEY) 4
11 22 3% B LR B9 2 TR A LE T 20 5 B2 58 LU AR Y
R, YL RESIE U 6, 25 b R
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P T S B R v e e o b R R — A
PIBRF IR, 55 =, BRA XA ERKE R
2 RIS, AR ASRE 1A Sl sE e 1, Ak IR
R T AR RE RS BT LA K A
YRR RTETAS . 3 FLR PR R 7 FLA BRI, PR 54
FER 2 BRI

LT BRA DN RN 2 A I () R TS CNOT 7]
SEPR Oy e AR T, BERS T A PR UR. X L LASE B
Bl 5 FiaiBiEy 4 (RIS Z ) CNOT #4E N
AT R R T SR AT, BT Rl A 00 B0 04 T 15 B
BRIMIGLEA 58 5 o AL i—3, i T HeE I
et R RN S 1) 7 R A B A A AR EEK, X L
VEPRAT 2 A5 RE ) RS IR R 3 IR A N BL .
PAFP T TR BRI AN 7 T o, ] D)k B3k T E
A ) 2 A ) T R R A T T AR Al
S0 EIR T k. B CNOT [ Ik 5 AL 5 5
—, RV B A R S, T LR RS B E A
NI TR S S, R L B8 9 i A %) i B RN 5080
BT R E AR RN, 25—, E AT
H. fERE T g a G 5505 kb, @ ml G
Gy EIERAE, KA RERSIE A 287, 7R THCG
N AR R e ) e e BRI R A S AR T X
AL, BRCAIN B S5 RS TR S o B B 4
B BRI T 3, b TRTFIIEE.
8= R TR G S EI T, TEEZIR
X A AR A TN, RO EAS [ 4
IS R T T T IE A, BT EEE AT B LR DU

HORHBRASE T MLk, AT E
T BRI A B AR, AT RN 24 TE U
AR RS IR RO SR T IR S
AARBLCRFHATVE T, 75 KR BE 2 1 i Py S 3 1

R T PIRMEE CNOT 'S8y B R BT IRTHFENS HE
Table 7. Comparison of the resource consumption

of the two logic CNOT gate implementation methods.

TR ST WmisRE
WM SRITTE

B R 3 4
A T B
HoA A 13 2
BTIH
(R B A TE ) 19 40
W L 3 15
FRMIEREL 2 15

ARSCBET I 222 48 LR R i i e e 1 FR ey
RIS ARER G T8 T8 Bk, BERE TS0 A
Py P TPk, BB T RS R AR AR
FEIN T ARERE Sy B TS D A AR AR T X
B PR AR, T AR5 A S B R8N TR
THIRAT R, RO S B 1 2 iR T R 2 T
f) CNOT [']. ZRSCAGHIFTE R X 38 HI A 11
SIS AN S IR AT H B RS

M3k A

P 3 Fr7s ik i i) 8 R i i 7 ULk A1

F AL B3 PRI RISER ) 8 i s
Table Al. Eight output codewords for the encoding circuit shown in Fig. 3.
000 001 010 011 100 101 110 111

|000000000000) |010000110011) [000000000101) |010000110110) |000000010010) |010000100001) |000000010111) |010000100100

|000000001011) |010000111000) |000000001110) [010000111101) |000000011001) [010000101010) |[000000011100) [010000101111

|000010100100) |010010010111}) |000010100001) |010010010010) |000010110110) |010010000101) |000010110011) |010010000000

|000010101111)|010010011100) |000010101010) [010010011001) |000010111101) [010010001110) |000010111000) |010010001011

|000101100011) 010101010000} |000101100110) [010101010101) |000101110001) |[010101000010) |[000101110100) |010101000111
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Eight output codewords for the encoding circuit shown in Fig. 3
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Abstract

As its parallel processing ability, quantum computing has an exponential acceleration over classical
computing. However, quantum systems are fragile and susceptible to noise. Quantum error correction code is an
effective means to overcome quantum noise. Quantum surface codes are topologically stable subcodes that have
great potential for large-scale fault-tolerant quantum computing because of their structural nearest neighbor
characteristics and high fault-tolerance thresholds. The existing boundary-based surface codes can encode one
logical qubit. This paper mainly studies how to implement multi-logical-qubits encoding based on the boundary,
including designing the structure of the surface code, finding out the corresponding stabilizers and logical
operations according to the structure, and further designing the coding circuit based on the stabilizers. After
research on the single qubit CNOT implementation principle based on measurement and correcting and the
logic CNOT implementation based on fusion and segmentation, we further optimized implementation scheme of
the logic CNOT implementation based on fusion and segmentation. The scheme is extended to the designed
multi-logical-qubits surface code to realize the CNOT operation between the multi-logical-qubits surface codes,
and the correctness of the quantum circuit is verified by simulation. The multi-logical-qubits surface code
designed in this paper overcomes the disadvantage that the single-logical-qubit surface code can not be densely
embedded in the quantum chip, improves the length of some logical operations, and increases the fault tolerance
ability. The idea of joint measurement reduces the requirement for ancilla qubits and reduces the demand for

quantum resources in the implementation process.

Keywords: quantum surface code, multi-logical-qubits encoding, logic CNOT gate, fusion operation,

segmentation operation
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