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Fig. 1. Real and imaginary part inversion results of Vpr(x): (a) Comparison of the real part of Vpr(x) with the inversion results of

INTA and mPINNs; (b) comparison of the imaginary part of Vpr(z) with the inversion results of INTA and mPINNs; (c) absolute

error of the real and imaginary parts of INTA inversion results.
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Fig. 2. (a) Error after each iteration of INTA; (b) error between mPINNs and the exact solution u(z, z) .

%1 INTA 5 mPINNs Xkt

Table 1.  Comparison between INTA and mPINNs.
Ak SR 2 FEHRIR 2 BT /s
INTA 6.1768 x 10713 7.6891 x 1012 61.3
mPINNs 0.0416 0.01549 113.8
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mPINNsTH 5.3 x 1073 8.8 x 1073 8.6 x 1073 4.8 x 1073 1.5x 1073 85x 1073 1.4x1072 1.6 x 1072 1.1 x 102
INTAREHB 1.4 x 10712 1.6 x 10712 1.3 x 10712 7.5 x 10713 5.2 x 10713 4.7 x 10713 6.8 x 10713 9.5 x 10~13 5.5 x 10~13
mPINNsHEH# 1.4 x 1072 1.7 x 1073 4.0 x 1073 2.3 x 1073 4.0 x 1073 5.3 x 1073 6.1 x 1073 5.7 x 1072 4.3 x 1073
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Fig. 3. Real and imaginary part inversion results of Vpr(z) (U* with noise): (a) Comparison of the real part of Vpr(z) with the

inversion results of INTA and mPINNSs; (b) Comparison of the imaginary part of Vpr(z) with the inversion results of INTA and

mPINNS; (c) absolute error of the real and imaginary parts of INTA inversion results.
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TR 0.01549), W INTA EAT B i A0k
JE. B Ah, INTA iz 1702 61.3 s, AKX T
mPINNs /1§ 113.8 s, i INTA 7EIHHERCR B
WHARH. 25 FATR, INTA 70K B RRCE P )7 T
¥IF mPINNs.

4.3 HREHENBERHHORE

2Tk, FAVRR LI E e 22 DA R R B 4
e, ARG O A T e R R AR et T R (9)
IF R PT XTFR3A R B BB S5 R WE 3 i,
X2 BLVE B R T ORI sl K T R
REFIORE

WG 3SR R, BB BEIEIIAT
1% BB )5, SR FH AR K B A 32 100 390 0 6 oK i
PT Xf FREA R ELE PN 8 T i 3 (DU, SR
B A W5 25 2 2.84 % 102, T J B8 1Y) 0 K 4 wof
BRZE R 4.6 x 1072, FEJ i PT XIHR S pR g my i F2
HR ST R S A 15 2 46 o A 3 A U s B
K. BAERASBRILHET T 14 ER, REMT

FF BB R B T — R 3, (HREE
YR BE I, IR 2ZE BN, SRS FRAIRE 1/1000
B, SR e R A XTI 25 R 2 5.2 x 1073, BRI
R A RRIZEE 2 3.8 x 1073, FEA MBI 2
12 K. X 3R], PLshs/)s, RO R R iy, HiR2E
1 TCTF AL A AT R AT i ), (R Ak 34
S B AU R /).

M 3BT LAE H, INTA kA Seilings
(0.0043) F1RE#BIR 2 (0.0126) FH4k T mPINNs
Tk (FEFR 22 0.0098, HE iR 22 0.0452),
INTA 7EIHRRE R AW A S Ak, INTA 1
BATHIER 715 s, B3R T mPINNs 9 112.3 s,
UL INTA FEIHRER0R DR ms. % 4 s
FY IR, KT, INTA 7oK AR )7
05T mPINNs, &—F L8 k.

# 3 INTA 5 mPINNs XFH (U* £ &)

Table 3.  Comparison between INTA and mPINNs (U*

with noise).

B SeiingE HERRIRZE  ABATINE] /s
INTA 0.0043 0.0126 715
mPINNs 0.0098 0.0452 1123

M 4 FR AT R L, B2 RS AUCE ) S i i
B/, WIIRTRZEHIT 0.6, 285 5 kAU, =

134203-6


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 2 3R Acta Phys. Sin. Vol. 74, No. 13 (2025) 134203
R4 HXTRE (U WL EMFE)
Table 4. Absolute error (U* with noise).
x 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
INTASEHS  1.9x107% 2.3x1073 4.23x1073 4.43x1073 2.83x1073 2.8x1073 3.13x1073 5.23x1073 3.23x1073

mPINNsSH 8.93x1073 1.1x1072 1.2x1072 1.1x1072
INTAHEH  3.53x1073 2.33x1073 2.63x1073 8.7x107%
mPINNsEH 2.43x1073 6.23x1073 1.0x1072 1.6x10~2

8.53x 1073 5.93x1073 3.53x10~3 1.93x103 1.33x103
2.3x10~% 1.83x1073 2.43x10~3 3.83x1073 1.83x10~3
1.6x1072 1.6x1072 1.5x1072 1.23x1072 7.13x10°3

0.7
(a) -o- Error
0.6
0.5 N

04F \
0.3 \

0.2+ \

0.1F \

0 L L L L =0

AWV d

0.096
0.084
0.072
0.060
0.048
0.036
0.024
0.012

Bl 4 R (U*BTMES)  (a) INTA RIRZERE iR 2 error; (b) mPINNs 585 00f% u(x, 2) Z 1Y%
Fig. 4. Errors (U* with noise): (a) Error after each iteration of INTA; (b) error between mPINNs and the exact solution w(z, 2) .
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ARLAN kR 155 R A o SRS P SR A 25 ] AT
S RECBE R Sty R i i RS B 2
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Abstract

The inverse problem of reconstructing the PT-symmetric potential in a class of (141)-dimensional

nonlinear Schrodinger equation is investigated in this work. The governing equation is given as follows:

i (@, t) 4 g (2, 1) + o |u(z, t)|? u(z, t) + B lulz, t)|* u(z, t) + Ver(z)u(z,t) = 0,
where u(z, t) denotes the wave function in dimensionless coordinates, and the PT-symmetric potential Vpr(z) =
V(z)+iW(z) consists of a real part V(z) and an imaginary part iW(z), satisfying the symmetry conditions
V(z) = V(-z) and W(z) = —-W(x).

In this inverse problem, partial boundary values of the wave function are known, while the potential Vpr(x)
is the unknown to be reconstructed. To address this challenge, we construct a three-level finite difference
scheme for the corresponding forward problem, discretizing both the wave function and the potential. This
approach leads to a nonlinear system of equations that links the known wave data to the unknown potential
values. To simplify the computation, we separate the real and imaginary parts of this system and reformulate it
as a real-valued nonlinear system of equations.

For the numerical solution, we employ an inexact Newton method to iteratively solve the resulting
nonlinear system. In each iteration, the Jacobian matrix is approximated numerically. To ensure that the
reconstructed potential strictly satisfies the PT-symmetry, a parity correction mechanism is introduced at the
end of the iteration process.

We conduct numerical experiments under both noise-free (exact data) and noisy (inexact data) conditions.
The results indicate that in both cases, the proposed method converges within a limited number of iterations
and keeps the reconstruction error within the order of 103 These findings verify the effectiveness and
robustness of this method in solving inverse problems of PT-symmetric potentials, and provide a new idea and

powerful method for related numerical applications.
Keywords: PT-symmetry, Schrodinger equation, potential function, inverse problem
PACS: 42.65.—k, 02.60.—x, 02.30.Zz DOI: 10.7498/aps.74.20250129
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