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Fig. 1. Process of calculating the resistance distance of a simple matrix.
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Fig. 2. Correlation between the degree of nodes and the resistance distance in ER random networks, respectively, with the

M(Ly-1).
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Hp o R X F List(feature,) iz &, & Fn
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FEIERYSRT.
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UNIDEEL(EA
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A AR, 5 B0 ) H AR REAE [ R SK .
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— TR MRS, X Rk A% I T
A BRI R AR AR ) S AT AT
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h T R B AE 2% R A E B A, AT
HENT SAZARAT A IR R AR | R DT . B
FSCHR (1) SRR T e 22 4, gL s
S 7 ST I i/ N AL 1 K/ N1 A 4 o)
A . HRE ol A5 B P o S/ VR B R
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SR, R EE hae Pk A Bk L K-Shell {H DA
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B NLEETERR, id MapReduce 43Rk BYU A1 5
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HET S ALA BT R IR, AT 4RI R B
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SRR S AR e/ INERAE AR, TR 1 8 i Bk
TR, o RS 2% ] 15 ] .

T B SE A G SO Y R A S T S 41
P ST A EBRTE G B S AES, T R
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FATLAGT AW 55 1 DR 1 s N S hr s hir
TR 4 ) e INAE R AR AL, SRR A R T A
HRTAR AT s B 2 R AT T A O SEA, il
T B A 2 A OO 0 Tk T R e ) 4R
RIS s HE TORAZ IR Sk, SR )5 5%
ST E kT S A Y R AL T AL
Laplacian il 5 45 P 5 /NFREAEAE, 2585 0 0E B K
AR AT S, DAL, HE R £
MFG &k

AR PR RN REEYE, ’R%E D
YR d CFEIM U HES P SEYINEUE d,, | R
RAE Ly PRI RS C.

A 2 FIFAIR 1AM B S5 H (5 8, R
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(LR H BELEE 25 R DA 2388, X PEAR 43 B T H
—fk, IR (15) TN RHER I — AR

EZ ST 2 = NI S IR = D2 ETIN  EIN3'
Hut P L K-Shell (EATHLFHFE . F456 4 FERY 1
—ABACE, #3405 (16) XA RS FEFR.

B 4 B A U m TR, O
T AR S Rl R bR R BYET p AT AR,
PRI IF-HE LS8 BE 5 i e 45 1, ik
R IR p AT A, PSR AL S,

R 5 MRIEBEHREAS T T s 4L S i A 1k
PR BT A, R A A T RIS BT AR
T, FRCR R 295 5541 7 J5 B9 Laplacian
FEFEM B/ NRAIEIE Ay (L), SEHUH AR5/ NRFTE
H A R T3 19 45 v,

IR 6: BEEL o 1) B AR EETY A AR N (v, T
FATETRE T s 20 1 ORI s T By
R WEREER s, Mgkt 47 T —2. X N(v*)
T AT BRI CPIR 3 BRI TR
AT R FLRHBE Y ), e L LR B s/ N R
TN 25 " M2 o A/ INRIE(E Ay (DN —7— )
U2 o™ TN 2S o S/ IMREIEAEL A\ (D v —1—o ) -
# M(LN_7—u) > M (Dn_r—y-), WIZEHC ™ A
T, RZWER o AT .

BT AT R (K (s<k, k=
0(mods) )), Z= iRl AL 5 B— 1> AR B 106 B 915 A
e€Sne¢ T, B THEE N1 g R
T e VB S g R IINE Laplacian 50 R A9 /)N

SFARME A\ (D) ISk, 728, W AERe ek 5
AR/, WU B

AR 8 PEIA A IR 5— 0% 7, BRI
()32 450 s LI R K, 45 s T Ha i, 153
H bR 1S4 .

MFG 5k e B W E 3 s . MFG Bk
AT WA FEATEL (online).

3.3 MFG &EB )\ (Ly_) iTEEMNES
S

5 MATLAB JE 1 eig pREH L, 1 F S
AT DA RO TR . B2 ok, FRATPEEX PR
BRFIEAE 7 R0 T LA eig PRECR B2 QR
L. Y bR e/ VREE B, e T
AR, XFEMTHETHT , R a e s/ g dEE
FROE(E. B EFRA TR T QR Jrik it g 4.

| o mememt |

v

| e O |

v

| P A |

v

| we st |

v

| wws: i AR |

7| 1

HR6: Bttt <: il :>

R A

v

HIRT: BEYLEh itk

/K3 MFG &R e
Fig. 3. Flowchart of MFG Algorithm.

ARPESCHR [30], AR QR AAREARECH T
W PRAT A e S BN

2
gN3 + (4T — 1)N? + gN74T75, (18)

Forh N A REAERE . T SRR SR B/ MRHIE A, 7
EAREGLH ¢, Wl FEAGE I Nt - N(N - 1).
T VSR A — Ui IR AL BT e S B

1 1 1
§N3_§N2+6N+t'N(N_1). (19)

BT =t, T — W n B A Y B/ NS,
FCREE AR TR AR

d(t,n) = (3N2+N—4)+<;N3 - %NQ + %N — 5) .
(20)
HRAE 3.2 4T BRI, AR RE p T
R, BAR ISR kAT s A Y S, TR
AR i DT (1 =2,3,- - k) I, TR RN
FRAEAE 1 B B Bk N—i, ek /b 19 TR vk R B
p-d(t,N —i), Y85 k — 1(k > 2) 1 s 2L
FeEIHHEEE N
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ép d(tvN—Z)=p§;d(t,N—Z)=p§;{[3(N—z)2+(N—z)—4]t+ |:(N—Z)3—;(N—Z)2
+1§(N—i)—5]} =p{;{w_2)2w_1)r+ (375—;) (N_2)(Ng1)(2N_3)

+ (t+ 1;) (N2)2(N1)_4t—5}_p{;{(1\7k)(1;fk+1)r

N (3t;) (ka)(kang)@Nkafl) N (H163> (ka)(J;f—k+1) 4t5}' 1)

|
G BRI E RSN, B hk=N-1, ¥ M4 F A Matlab R2023b, fURSHMER T
BIEH T N — 1A RO U240 s, il BN (Dy—y) B8 LIS AR A, T3 M (Do) 20
eI T A E 59 2 B Matlab 1 eig BREL, 1 < k <
1[N =2)(N —1)72 12(k€Z), s=3, p=_2k, iCEEA K BEUE MR
p{[z] JFRET (SE30 5 YOI P H ), S0 45 R
&l 4 7.

1\ (N —2)(N —1)(2N —
n <3t_2) ( )( - )( 3) o
v
13\ (N —2)(N -1 100 |+ MEGHHERARE
+ (t+ ) ( X )}, (22) -
6 2 = sof
i
AR RE T N =K. E
A, AR EE A ¢ = 100 B, FRATT AR 401
B N TG T R p TR, 75 3080 (9 3 i IR 20
B, a1 R, 5 QR BIRM L, ORI ST AL
v e “ﬁ‘ N
YA D2 D Kl 4 7 E-mail M4, 1<k <12(k€Z), s=3, p=
£ 15 QR SCREEAETREIE E R 2k i, (] eig pRKUR AR HORR T FE I XS LE

Fig. 4. In the E-mail network, when taking 1<k <

Table 1. In comparison to the QR algorithm, the in-
12(k€Z), s=3 and p=2k, the comparison of the

verse power method exhibits a reduction in the number of
computational time between the eig function and the in-

multiplications.
. . FRETRUR verse power method.
4 4280556 x 10° ST 4% SRR, MFG 83k Ak 05 K iR 42 7
100 8 8.56112 x 10° A (Dy—y) BIFRRCR, AR 2 2 E IR AR
12 128417 x 10° i, MFG 5535 SRk 1 AR A F 4248 5
4 7:31605 x 10 BT, W AR Beail S A i Il A T 55
1000 8 146321 x 107 .
12 2.19481 x 102
4 3.73196 x 10V 3.5 MFG &x5%#
5
10000 : e U 3.3 R i, BT p 1R K

SR H I S AL B R MEFG 5 3% b 7 2 G
JUA B0 B A R A B B R
3.4 MFG HZR DI HER SR S LI R ARART (E S R R, PR

KT RAE MFG STH M (L) HTRE Tt PR e, U FO o ey 2%
e, Tl T Bomail %65 FREHCRBEIS: B
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3.5.1 MFG HamaH s p

T s p B, PTRERRZ 5 R B B 7 4
H, H R A ARG TS A R R RIS . FRATIHE
Email P45 [ 3£ [F] 52 421 R4 B & = 6, 12,
24, S HIEL6 < p <24, 12<p 48, 24 < p < 96
(peZ), s=3,iC &M /N RFEE
M (Ly-1), 5 E 5 Fﬁ/T

SCEEERER, R p > &, AR R ER/N
FEOEE A\ (Ln-1) JLF 58 4 A1 [\ ) HE T B 1 3k
HH Y S A A R ORI L P e — 3, X2 E-
mail [ 2% 4 00 28 e ke 110, RIVER 14 J31) 42 a4
I RE TR LAY S50, FHA Y s Az il i he
JLF-HATR], AR RHE_E T REREIN: HA 4L
SR O Y RURHAR R O R A — By
T 5. RIAEZSM), E-mail W25 45F Y 45 ) Bk
() p AT A28 B 4, et

Fef i, 7E B N = 1000, 4BE4L Nei = 4,

HERERER p, = 0.1 19 NW /MIER R 2% Fi#E471R F
ISHAHE R ZE, g5 5 aE 6 .

SRR EH, Mk < p < 2k B, AR
T/ NRFIEE Ny (Ly—q) A2V TE, (AR T
4%; XM p > 2k B, IS UTHE R p, A\ (Ly_1) B2
AR I, B K p(k < p < 2k ) AEAEIG I
RO IE R T A R A R R T, SR SR
FAARBCR. B R p, I Joas THE M B2y

M, ROt A e 45

ZE LR, Mz 4y 5/\@@@ kB, TR A5
Bop Tk < p <2k BONTET. REARBHY SR T2 0 H 22
TS ALARCR, WREI A R T

t—F, i5 ] MFG B B0, 8K p X T
M (Ly—1) J6THR/N, U T MFG Bk RES 1T
TG A S B RN S0 48 R, AL T MFG
ERERINTY
352 MFG H&4miE S K s

2 JrAB R 1) FEAE R MFG BE &

1.0 1.0 1.0
k=6 k=12 k=24
0.8 0.8 F 0.8
4m e-e o [ ) oo 4 4m
E_.] 0.6 | E 0.6 E 0.6 |
S oaf S 04f < 04f
= o -
0.2 F 0.2 0.2
0 L L L 0 L L L 0 L L L
10 15 20 20 30 40 40 60 80
P p p

KI5 7E E-mail & H, 05000k =6,12,24, 6 <p<24, 12<p<48, 24<p<

5 X\ (Ln—1)

96 (p €Z), s =3, AR I R/NFE

Fig. 5. In the E-mail network, when taking respectively k =6,12,24 and 6 <p<24, 12<p<48,24<p<I6(peZ), s=3,

the final minimum eigenvalue A1 (Ly_1).

0.05 0.05

0.07

k=6 k=12 k=24
0.06 |
0.04 | 0.04 |
o m i 0051
T oo3f Z 003} = 004l
B 0.02 = 0.02 F =
0.02F
0.01} 0.01}
0.01}
0 1 1 1 0 1 1 1 O 1 1 1
10 15 20 20 30 40 40 60 80
p P P

B 6 7 NW M (N = 1000, Nei = 4, p, = 0.1) ', 73 5B k£ =6,12,24, 6 <p<24, 12<p<48, 24<p<

s = 3 0F, AR/ NRFIEE A\ (Ly—1)

96 (p€Z),

Fig. 6. In the NW network (N = 1000, Nei = 4, p. = 0.1), when taking respectively k& =6,12,24 and 6 <p <24, 12<p <48,

24 <p<96(p€Z), s=3,the final minimum eigenvalue A\ (Ly_

1)
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1.0 1.0

1.0

k=6 k=12 k=24

0.8 0.8 0.8

4m *r— —————— — — — 9 4 ® -0 -0 0-9-0-0-0 -0 -0 -9
g 0.6 | E 0.6 \E 0.6
DTE'( 0.4} m_?%' 0.4 % 0.4
0.2 0.2 0.2
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1.0 1.5 2.0 2.5 3.0 1 2 4 5 6 2 4 6 8 10 12

S S S

Bl 7 1€ E-mail M4, 50l k=6,12,24, p=9,15,30, 2 1<s<3(s€Z), 1<s<6(s€Z), 1<s<12(s€Z), &

KRB e/ NRHEAE A1 (Dv 1)

Fig. 7. In the E-mail network, when taking respectively k =16,12,24, p=19,15,30 and 1< s<3(s€Z)
1 < s < 12(s € Z), the final minimum eigenvalue A\ (Ly_1) .

PEVE, S MFG B35 BE A R 8 e A g 0] .
ITFE E-mail W 2% |- 3% B AN [F] 52 2 5 0 21 AR
k= 6,12, 24 FITGHBE 15 5 A p = 9, 15,30, 4351
L1<s<3(s€Z), 1<s<b(s€Z), 1<s<12
(s € Z), Wk AR BN M Fe/DRFIEAE N (Ln-1),
RN 7 R,

ATDIAIE, A (Dy—q1) JLPANHE s 22422 fk.
X2 E-mail 257 B o 2 450 B g 22 1), BIERRVR
FEPRAS BN A B LY s 2 R B T L HIXT AN
HRE S RBAVER, HARSR AT LA LA AR Y s
5] 2 2% BE AR MFG S350 T AN [R] I 4% 1932 46 g
1. B, s BGE rhm KA AF, RELE MFG 5k
TER 2B th R R R e P e

4 L fy BAn B A AT

A5 MFG 835505 TR M 25 eh 3
AT sSACR 0% L, 3 R HA A 8 S A AR R 32
T SRR AT X L Ui MEFG Sk 7E 42 1
MR 2540 5 Laplacian i/ MFIRE A\ (Ly_1)
BRI SR A, 5w DA S8 77 ;SR A ) hh ek
L5 m AT SIR AGREBAU I — 2P B0k 1 ik 19
OIS AR S R Rt (4 =1 2 NI o A8
FEINT I A7) T SR % 1 T O e I 46 v 2 o 4 )
REJJ5R. 76 SIR f ESL 8 b, 193 By 245 5 it a) 25
step = 1000 W 7 PR L T EULEL. R T AR AR
P, AR g — i 2B NEE 10 IR SE Y
A, S TR MEFG 5332 00 S8R Fn s i
P, XA SIR f5ES, SRELB = 0.01,y = 0.01;
B=0015,7=001; 8=002~=001; 8=0.03,
N =001; f=003,7=0015; §=003r~=0.02;

1<s<6(seZ),

B=0.03,y=0.025; 8=0.03,~v=0.031L 8 ZHZHL.

SEBGXT H R AR A AR

1) Wu &5 B3 4t T s AR e, 2
e T R RRIME R, ZRa B IR T I R RE
FB. SRR B | K-Shell 43 L K e s 642, LA
FEREAN T A AE 2 AR5 BV T, R SCRTAR
NPE.

2) Meng % BU 3 T — Bl AR XS B 5| g 157
(asymmetric gravity model, AGM), il i % &k
X PRI 7 RN SRR A2 2 o 4% v 18 DG RS L X0
A% O SRR R 38 2ok BRRR e 5 i R B N ARJE T
WS | AR 3 —A 5 SRS ).

3) Zhu 55 B T —FOEr AT H AW
gl OVGC, T HIEH, 428 % 1E
QR A B AR A BRI s AL XA
15 18 T - 1 TR A AN [) ) 4% 508 43 () A A7 24
EOREPEW

41 NW/MMERMNEEEFELE S
4.1.1 NW PR R & g 4F e ff fe it B
ST

B 1 FEARSZE R, BT S EE N = 1000,
HINME p = 0.1, P EEH Nei = 41E A
NW /MR R S HAL G, Fk B e Fe 5 Sk
FYIEA RAF AR SR, B, 3E Nei = 4
R BT S A B0 9 245 rp 5 0 AN 48 A
i, BB T AR B A R A AL, A B TR R
(SRR BI. Dm0 4 B A W 45 A Ak
B TE& A G — BN XS5, /M A5
T BCER BEIERT. 5 I, SRR/ IMA R /MY
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BN p, = 0.1, (AR EUA BN A5H 138 K2 5|
AT RAEREALIL, AT 25 AR 19 45 1P 2 i A I
J&, AP TH a R e BAL R RCR . ARYE /ML F R 2%
HE, & P p {H (B TE 0.01—0.1 Z[A]) 25
U/ SRR R OGS IR, RERETE PRAFRR SRR R
SSCR ] AR DA R J3E T 40 B A A RE, TR B R AR A
R0 AR AL R p., 1%
G 1 F2% i E RERLACITT S BOR AN T [ AHELHE /)N

(1) pe, SCAESE W Il i 56 35 o ] A9 A Pl GA 2
I, Nei = 4 Fll p, = 0.1 BYZH 5 REABTE R P 5 B s
PP a2 B BP0, BRPR BA 1 /N5 R0 2% ) 5% .

HEREIE, SR IR SRR S0 HE AT 55 4R T R I LA A8 o b A e
%\%‘[ﬂfﬂ"]l@éﬁ%ﬂﬂ L:EE/V‘E/‘J NW /J\ﬂﬁmé%ﬂ@ 8, Fig. 8. Generated NW small world network (N = 1000,

/H\:'_[—Igﬂjcﬂgﬁ)ﬁﬁﬁﬂﬂiﬂj( NW /J\ﬁﬁ[ﬂ]é% Nei = 4, p, = 0.1), the scale reflects the magnitude of node
B, TR VRIS W TRk R  dee

B0 R [ O PR AP BR AR K RE 23551 D 4,000, — MFGH#:
0-030F  peehasd ik
8.000, 0.004, 0.383, 0.281 Fi1 9.182. S
- . ‘ . 0.025 | i
T SR ATHLBE K HRUHE, 7 ST 2 o) NPEE
WA JERY Laplacian H0 M4 f /NMEIE(E a0 26 2 B 5' ' — AGMJii% %
- ) ) . 2 0.015| - HVGCHIL A=
7R, 55V AR T A 1 0T B 2 3 T = i
N, B9 R T T MEEMERY SUE RIS Lapla- 0005t A
cian BIPERLIMEETE(E Ay (L) BT BLA o, i
2 P 0 R4 RAN, 1EZET AR R
7 A 5 8T, MFG 53 7/ ik 57 60 45 75 ) 1 ‘
Laplacian M 8 e INEAE (8 01 (L 1) KT e p R R
N N E/NEF p 3
/ﬂ\:,ﬂﬁ%%’ IEED%T MFG %%E/‘Jﬁ&i I‘i’ ﬁﬁﬁ%% Fig. 9. Comparison of minimum eigenvalue with different
%)ﬁéﬂﬂlﬁ E"JZ: Hfﬁ' ij(, ﬂﬂﬂ}ﬁ Laplacian %E%E/‘J% target node counts following node removal by different al-
/J\tf%:‘ﬁE{E%IST’:EZ:Hfﬁij( gorithms in NW network.

2 RRESREA/ IR RLE R A (Ly 1) BT

Table 2.  Comparison of A1 (Ly—1) in the NW network for different algorithms.
ZENEAMEE RO R AP MEDE: K-Shelliik NPERWE  AGMEL HVGCHIL  MFGHIE

1 0.0021 0.0032 0.0009 0.0010 0.0029 0.0030 0.0032
2 0.0045 0.0045 0.0011 0.0010 0.0052 0.0054 0.0059
3 0.0064 0.0064 0.0012 0.0010 0.0075 0.0081 0.0086
4 0.0088 0.0081 0.0016 0.0110 0.0096 0.0100 0.0113
5 0.0104 0.0093 0.0017 0.0118 0.0122 0.0133 0.0141
6 0.0134 0.0107 0.0033 0.0136 0.0154 0.0160 0.0169
7 0.0149 0.0120 0.0035 0.0163 0.0170 0.0180 0.0194
8 0.0161 0.0126 0.0036 0.0191 0.0201 0.0212 0.0223
9 0.0190 0.0149 0.0037 0.0202 0.0224 0.0235 0.0249
10 0.0210 0.0171 0.0038 0.0221 0.0250 0.0269 0.0273
11 0.0246 0.0181 0.0039 0.0243 0.0267 0.0289 0.0299
12 0.0273 0.0188 0.0041 0.0249 0.0301 0.0310 0.0324
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F 3 /T RN R B A AR Y
TEHEY
Table 3.
ent algorithms in NW network.

gEduL A0y K-Shell NPE AGM HVGC MFG
WAL WA Bk A B B B

f MEFG B35 i i 1k 1075 55 4% B S Lap-

lacian A8 FEdse/IMRFIE(E Ay (Ly—1) AHXTF AR A

SR 1N G R T

4.1.2 NW J#FH% SIR A2 45 &7
NW /A AR AE SIR 128605 B iR &

Node importance ranking by the differ-

4 616 838 616 616 616 616
121 924 839 329 207 523 523 2 IRHEIINER], P HREAT ROV o B8 14 Fe e A
198 320 837 595 523 20T 207 S Jrpim . N VR A X2 TR R A1 AN
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612 84 836409 382 382 382 7B 7 . TR K5 i BsF ) 19 A8 Ak ] 10 BT
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o RRECE R A (BN R A RER, s A 3 45
W& LR X —IZ RV, MFG 595 7E
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U RAN i RGeS A 4 O I R DS i R K E2 3 DG ER 8 g i
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(49 5 B A R, 2 P R L R, AR D)
BRI BN E BT A, (5 MEFG ARERI LS
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PR e 5 20 I 245 w14 S SR 5 0 T FLA
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Fig. 10. Changes in the number of infections over time in the NW network model.
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4.2 HINKZEXRFEIZRIH

IR NW /TR 2 FE AU A R 1 T
RIRLF, HFLSAE A 28 AR 225 T S B3
— 7T, LSS IO 2% B4 s T e BAT Y
S, T NW ORI R 50, JeIEA AL
SO WX —HFAE. I3 —T7 T, EEEAEAS R 4 i 152
F AT REPERR ], NW 2% (14 B AL 2 3% AL ) TG
LA X LS 20 AR AN, LS AR o 45 e B
Sl AT B AL DX EEA T NW /M5 R 45
UM I LT T AT A MG R, R NW /i
PR ERAL T A ME AR, B 2 (e i
SIRPER S 1 B R

421 AR W& DFIEAAE ST
Bl 2 AERIE B A8 TR N N = 7642

B ELSCAEAE 4% lastfm  asia £ FH 05 B HL S
B WA SR LR 11, 2% R MK | SE
RO BE BB BRI R B RRAE a5 O P
H B AR KAy Ik 7.294, 14.589, 0.001, 0.285,
0.3148 Fl1 5.232.

W2 17 s LRSS kAR n, 7 PP
A E ) Laplacian %5 B f/NFIEAE Ay (L _r)
g 4 FE 12 PR, & HEEAZ 3R Ty R E
PEHEFF I 5 fis

B3 AL THE/NE N = 1005 1
AL 2% E-mail FHT07 BT EG SRS 46 45 55
BIDLIE 13, 4% J@ M- 35 B SR s | (&1 %%
JE IR REL FRIE ) O P RPE Y AR K

FE43 K 33.246, 65.214, 0.033,0.473, 0.02275, 2.587.

B 11 A Ay B SR A M 2K lastfmasia (N = 7642), B
JE RS Y55 55 BE R/ B 1 DL

Fig. 11. Generated real social network lastfm asia (N

7642), the scale reflects the magnitude of node degrees.

0.06 - A MFGH%:
A - B ERTE
0.05 | i i G CHCNES
= K-Shell&:
4 0041 -+- NPEH
) —— AGMH%
< 0.03F —~ HVGCH#%
0.02 -
0.01} /
M 1 1 1 1 1 1
2 4 6 8 10 12
TN ALK

[E 12 lastfm_asia [ £ i [a) 5803 2 B 97 505 AN R 2 48
TR MB T B /NRRIEAE A (Dv—1) W AR

Fig. 12. Comparison of minimum eigenvalue Aj (Ly_1)
with different target node counts following node removal by
different algorithms in lastfm asia network.

F 4 RIFAIEEEAE lastfm _asia FIZEHFAY Ay (Dy_1) XTLE
Table 4.  Comparison of A1 (Ly—1) in lastfm asia network for different algorithms.

ZEWEANSE  EhodEE MEehodEE K-ShellHik  NPEHM  AGMEMR HVGC  MFGHR
1 0.0148 0.0056 0.0069 0.0056 0.0148 0.0148 0.0148
2 0.0289 0.0209 0.0120 0.0209 0.0289 0.0289 0.0289
3 0.0370 0.0286 0.0141 0.0286 0.0396 0.0400 0.0425
4 0.0509 0.0341 0.0161 0.0341 0.0508 0.0508 0.0515
5 0.0568 0.0445 0.0169 0.0399 0.0572 0.0583 0.0598
6 0.0609 0.0511 0.0186 0.0481 0.0625 0.0631 0.0651
7 0.0626 0.0549 0.0206 0.0540 0.0641 0.0653 0.0666
8 0.0651 0.0638 0.0219 0.0661 0.0650 0.0659 0.0667
9 0.0660 0.0665 0.0222 0.0665 0.0661 0.0662 0.0668
10 0.0668 0.0667 0.0237 0.0666 0.0668 0.0668 0.0668
11 0.0668 0.0668 0.0239 0.0667 0.0669 0.0669 0.0669
12 0.0668 0.0668 0.0242 0.0668 0.0669 0.0669 0.0669
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5 lastfm_asia RZEAS [RIE 42 1 T A A 4 A5 i
AT o
Table 5. The node importance ranking by the dif- . i |
ferent algorithms in lastfm asia network.
Bl Aehn K-Shell NPE AGM HVGC MFG
MR MR BB B Bk B BB
7238 7200 379 7200 7238 7238 7238
3531 7238 764 7238 6102 7200 3531
4786 2855 952 2855 3531 6102 6102
525 4357 1335 4357 4786 3531 4786 0
3451 6102 2453 5455 4357 525 525 100
2511 5455 3241 5128 3451 2855 1796 ° W 200
3598 4339 3545 3451 1796 5275 3451 300
2855 5128 3598 6102 5128 3451 5275 ' o 400
5128 3451 4810 3545 4812 4812 4812 B 13 /R S0k 48 4 Eomail (N = 1005), 7  R
6102 4786 4901 4901 5128 4901 2855 S TN U /B
4812 3531 5091 4339 525 4357 4357 Fig. 13. Generated real social network E-mail (N = 1005),
5579 3104 6109 3531 2855 5128 5128 the scale reflects the magnitude of node degrees.
F£ 6  ARIFLEAE Email 4RI A\ (Ly_1) X
Table 6. Comparison of A1 (Ly—_1) in Email network for different algorithms.
ZENSANEE  EhOoMWEE MEehodEE K-ShellHidk  NPERML  AGMAJM  HVGCHIE  MFGHZ
1 0.64884 0.64884 0.62029 0.64884 0.64884 0.64884 0.64884
2 0.65218 0.65255 0.64221 0.65255 0.65288 0.65288 0.65355
3 0.65322 0.65350 0.64845 0.65350 0.65402 0.65402 0.65420
4 0.65371 0.65402 0.65117 0.65393 0.65451 0.65451 0.65469
5 0.65420 0.65429 0.65237 0.65419 0.65478 0.65478 0.65497
6 0.65437 0.65446 0.65307 0.65445 0.65517 0.65473 0.65529
7 0.65448 0.65459 0.65389 0.65459 0.65528 0.65487 0.65539
8 0.65458 0.65470 0.65401 0.65466 0.65534 0.65498 0.65550
9 0.65466 0.65476 0.65414 0.65474 0.65542 0.65505 0.65563
10 0.65469 0.65482 0.65426 0.65477 0.65550 0.65524 0.65572
11 0.65483 0.65486 0.65429 0.65481 0.65562 0.65530 0.65588
12 0.65487 0.65487 0.65433 0.65486 0.65577 0.65546 0.65601
B ST RS | ARYCHE I, 7 FhEEE MR
5 SAURHY Laplacian 5P ML A (Ly—) ) e A
i 6 R 14 FFR, 43 B A0 1 T oo
PEHEPFERR 7 51 E 0.640 |- ~ MEGHik
M 4. 4 6. 7 12 AT 14 255 AT A, MPG = ooss| B i
4L i £ 145 5 410 R Laplacian 4 0630 e
Ve B/ VA (8 M (L) IRIFRASUE HoAR 6 R ol B
. UL T AR SR A M 2 P R o B B ACR & 204 608 10 2
0 5B 24 A B 0 38 B
Kl 14 E-mail P45 i oA R 50 R BT RS R R 245895

H B3R5 E AT UL, MFG Sk it 25 5 2 Fhe
PREGOEE, BERSTELL BB D ITE L b R B R A
7 R, O TR B A SRR T — 2 5y
U
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AT S/ NVRAE(E A1 (Dv—1) B9 LLER
Fig. 14. Comparison of minimum eigenvalue X1 (Ly_1)
with different target node counts following node removal by

different algorithms in E-mail network.


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 74, No. 16 (2025)

166401

K7 E-mail PSR SRR A A
PEHEY
Table 7. The node importance ranking by the dif-

ferent algorithms in E-mail network.

gEduL A0y K-Shell NPE AGM HVGC MFG

WEL MR Bk B B B B
161 161 22 161 161 161 161
122 87 29 122 122 87 87
83 6 82 83 83 83 6
108 83 115 108 108 63 83
87 122 129 63 63 14 122
63 108 130 87 250 6 378
435 14 161 435 435 122 14
14 378 170 250 184 108 108
167 63 213 184 130 65 334
184 65 250 167 167 534 435
6 212 304 130 129 302 63
65 534 372 65 87 167 167
422 A5 M SIR BA G Ao

1F E-mail M %% % SIR #8347 T 05 B4
BT, M2 SR & = 12 B, SEERVE B iy
SRR UR BT A TR B I A T 7 AR £k
K 15 Frs.
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Fig. 15. Change in the number of infections over time steps in E-mail network.

166401-15


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 2 3R Acta Phys. Sin. Vol. 74, No. 16 (2025)

166401

& 16

Fig. 16. Structure of the facebook combine Network (N =
1519).

Facebook combine %% (N = 1519)
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Fig. 17. Variation of the number of infections over time in the facebook_combine network model (N = 1519).
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Table 8.

ARV BT Ay (Lv—1) XFH

Comparison of A1 (Ly—1) under different controlled node sizes.

T RAUMEE  BEhO ST AMEOPO MR K-ShellEy:  NPEEW: AGMAEM:  HVGCEM:  MFGHEM:
1 0.0137 0.0137 0.0061 0.0056 0.0137 0.0137 0.0137
2 0.1507 0.1507 0.0061 0.0209 0.1507 0.1507 0.1507
3 0.2262 0.2262 0.0061 0.0286 0.2262 0.2262 0.2262
4 0.2263 0.2262 0.0061 0..0341 0.3674 0.5315 0.5789
5 0.2263 0.5789 0.0061 0.0399 0.5899 0.6987 0.7033
6 0.2263 0.7028 0.0061 0.0481 0.7675 0.7543 0.8032
7 0.2263 0.7035 0.0061 0.0540 0.8236 0.9275 1.0000
8 0.2263 0.7288 0.0061 0.0661 1.0000 1.0000 1.0000
9 0.2263 1.0000 0.0061 0.0665 1.0000 1.0000 1.0000
10 0.2263 1.0000 0.0061 0.0666 1.0000 1.0000 1.0000
11 0.2263 1.0000 0.0061 0.0667 1.0000 1.0000 1.0000
12 0.2263 1.0000 0.0062 1.0000 1.0000 1.0000 1.0000
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Abstract

In this paper, we investigate the saliency identification of node groups in undirected complex networks by
utilizing spectral graph theory of pinning control. According to the node significance criterion in network
pinning control theory, where important controlled nodes are those maximizing the minimum eigenvalue of the
grounded Laplacian matrix after their removal, we propose multi-metric fusion and enhanced greedy search
algorithm (MFQG), a novel key node group identification framework that integrates multi-metric linear fusion
and an enhanced greedy search strategy. First, a linear weighted fusion model that synergistically integrates
local centrality metrics with global graph properties is constructed to pre-screen potentially more important
node groups, effectively reducing the inherent limitations of a single-metric evaluation paradigm. Second, a dual
search strategy combining second-order neighborhood perturbation and global random walk mechanisms is
developed to optimize the myopic nature of traditional greedy algorithms. Through iterative selection within
pre-screened node groups, the nodes maximizing the minimum eigenvalue of the grounded Laplacian matrix are
identified, achieving an optimal balance between local optimization and global search capabilities. Third,
computational efficiency is enhanced by using a modified inverse power method for eigenvalue calculation,
reducing the complexity of traditional spectral computations. Comprehensive simulations of generated networks
and real-world networks demonstrate the framework’s superiority. The evaluation of the proposed algorithm
includes three aspects: 1) comparison of the minimum eigenvalues between different algorithms; 2) SIR epidemic
modeling for propagation capability assessment; 3) topological analysis of identified key nodes. The simulation
results reveal the following two significant points: a) Our method outperforms state-of-the-art benchmarks
(NPE, AGM, HVGC) in maximizing the ground Laplacian minimum eigenvalue in synthesized (NW small-
world, ER) and real-world networks, especially at critical control sizes; b) The identified critical node groups
exhibit unique topological features, typically combining high-level hubs with strategically located bridges to best
balance local influence and global connectivity. Importantly, the SIR propagation model confirms that these
topologically optimized populations accelerate the early outbreak of epidemics and maximize global saturation
coverage, directly linking structural features with superior dynamic influence. These findings provide guidance
for controlling information propagation in social networks.

Keywords: complex network, node group importance, pre-screening algorithm, spectral graph theory of the
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