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Fig. 1. Probabilistic collision physics model flowchart. P; —
Ps are random numbers between 0 and 1, v, is the relat-
ive speed between the incident particle and the gas mo-
lecule, a is the angle between the incident velocity and the
relative velocity, and 1 is the angle between the plane of
the incident velocity and relative velocity and the standard
plane (see Fig. 6).
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Fig. 2. Velocity of the incident particle. v1 is the incident
velocity of the particle, 6 is the angle between v and the
zaxis, and ¢ is the angle between the projection of v; on
the xy plane and the 2-axis.
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Fig. 3. Relationship between wv1, w2 and vy. v is the
incident velocity of the particle, vo is the velocity of the
gas molecule, vy is the relative velocity of w2 with re-
spect to v1 , « is the angle between v; and wvr, and 3 is
the angle between v; and wva .
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Fig. 4. Relationship between w1, v and ¢j. v is the
incident velocity of the particle, vo is the velocity of gas
molecules, vr is the relative velocity of va with respect to
v1, « is the angle between w1 and vy, and 3 is the angle
between v1 and wvg. v/ is the projection of vr on a plane
perpendicular to wv1 , point b is the intersection point of the
velocity vy with the plane perpendicular to it, V; is the
vector starting from b and ending at a, the line segment ab
is on the crossing of the v1-z plane and the plane perpen-
dicular to v1 , and 1 is the angle between v/ and V;.
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Fig. 5. Relationship between p1, p2 and p,. p1 and
p2 are the momenta of the incident particle and the gas
molecule, p, is the momentum of the center of mass,
7 is the angle between w1 and v, , and (3 is the angle
between v1 and wvs .
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Fig. 6. Configuration of w, in the laboratory reference
frame. v, is the center-of-mass velocity, wv,o is the pro-
jection of v, onto the plane perpendicular to v1, Vis the
projection of v, onto the v axis, and V; lies on the in-
tersection line of the v1-z plane and is set as the reference
vector direction within the circular plane shown in the fig-
ure. 6 is the angle between v; and the z axis, 7 is the angle
between w1 and w,, and ¢1 is the angle between w0
and V', vy is the component of vyo in the direction of
V!, vy is the component of v, perpendicular to the
direction of V', Vi, is the projection of vy onto the zy
plane, V) is the projection of v;; onto the zy plane, ¢ is
the angle between the projection of w; onto the zy plane

and the z axis.
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= arccos (cos -y cos § + sin -y cos ¢y sind) . (20)

v, £ o W Lt v, FF VAl 75 ol
% R CI B D7 5 ¢ Al T W 1)
B v, M H T V710 ERBE v, v =
V0 €081, VL = vposingr . F M v, FT V, v
o 76 o m B2 M. R, v, 75y il
JrIE LR v, BTV, v Mlopy 78 y B0
Z A NIEL 6 IR, v 7E 2(y) 77 10 B 7345
T o 1 ay I BB Vi 7E 2(y) 7 1) Loy
i% Uu_?’ﬂ—: T (y) iﬂﬂﬁlﬂimﬁ‘i%? 'vu_?'f xyqz
T L Vi 8 ay) 507 ) LR, B v, =
Vioz s Vroy = Vioy s Uriz = Vilw, Uiy = Viiy. VI,
VA 2 b, IV, 5 VAR oy FiE ERBOGESE
&, Vio 5 Vi M VSRR, L, v, v, 537500
Uy, = Uy, €087y sinf cos ¢ + vy, sin (6 — w/2) cos
+ v cos (o —m/2),
Uy, = Vy €087y sinf sin o + vy, sin (0 — w/2) sin
+ vp sin(p — w/2),

Horbr o o 18 oy P ERBGE S o BinJesf. i
FRAEY) R 45 v, 16 oy P ERRE S o Bl
A o, :

o, = arctan(vy, /vy, ). (21)
Wi (17) 2L (20) A (21) AT 508 B 7 BR
R R TR 0, 6y, oo, -

233 WRETOHNRERLELEER
HAEFZFHET
B T &b T AR HACSRT R I A B L
B, E FE R A R 0 28 TP S A R R
ANARZE LY 25 8 4% T ) E S A 7 as.2s29) g
& 7, BB BE v, A la], DU R] B Y L 5
JE 10 5 vy, IITESH o TR INTT 5341 SRR
pexi(ag) = (sin 012)/2. (22)
Bv, M 2 8E NSV, vea S8R (v, I7 1)
PR 1 BEE R B 50 40, A1

pexi(SﬁQ) = % (23)
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ag = arccos (1 — 2Py) , w2 = 21Ps. (24)
L H w10 B KN 0,10 = mave/(my + mg) 17182820
T I Z 5, T2 R 5 vy, TR =
7% Z A

_ 2
Via = v/% + V514 + 20,014 COS Q2. (25)

mE 7, v, 5 v S a3 TR

2 2 2
Uiy T Uy — U,ula)
21,0,

(3 = arccos (

Bl as, 5 2.3.2 TR O I, T4
W, 5 2 HEJe 0, , VIRAE oy S b $EGE
5 o HEIEA oo, -

0,,, =arccos(cos a3 cos f,,, +sin az sin 6, cos p3), (26)

Doy, = arctan(vlay /V1a, ), (27)
;H\:EP Vla, Ej Ulay ﬁ%uﬂ‘:’ Via B/:J x EEH%I] Yy iﬂaﬁj\ia

Vla, = V1a COS (3 8in 0, €COS Py,
+ 1, Sin aeg €OS P2 Sin (9% — 7(/2) COS Py,
+ v1a Sin a3 sin @z cos (¢, — 7/2),

Ula, = V1a COS i3 8in 6, singp,,
+ v1a SiN 3 €08 3 sin (0, — 7/2) sin gy,

+ v1a Sin g sin g sin (p,,, — 7/2) .
i (25)—(27) =X, 152 RiHE 5 kb - TEERAL AR R Y
EE Via ovla ;Fn Puga -

Bl7 RFHHEEETRESHZRPNAIE. via &5
R T EE, v, BFOHEE, vina s via ¥ v, BAH
M, g fE vy M vg ZATIEA, az it vig Mo, Z
Iia] 1) e £y

Fig. 7. Configuration of particle emission velocity in the
laboratory reference frame. wj, is the velocity of the
particle after the collision, v, is the velocity of the center
of mass, vy1a is the relative velocity of w1a with respect
to vy, g is the angle between v, and wvy1a, and oz is

the angle between w1, and v, .

WA R 55 15 543 & AR R A il 4R ) 4 B
R 2, 'S i FREFE, 7E b FRE P
B ANSTRLT 1 S5 27 18 R AL AL
Py, Py, P3, Py Fll Ps a5 )5, BRI ARASR 19 0 5
.

3 #R5#
3.1 FELEEMEAERHEBIER

R (3) RAATHMR A, R ¢ T
S i SR AL ST 8 R i R,
He P T SPE0R 8. AL 8 T LG H

1) 1ERLT K T4 T B i, T fig
T T 15ksT , LU FBRH 1.5ksT ; 7ER TR AL/
T4 Bk, AR R T 2k T, HL PR W
DT . X JE— AT HRE L5, T o0l 2 2y
EARBANT . AR TE 515 540 T4 A BHLAY 2
VCREEIG , FCF e AT LIS B, — RT3
ST, S TR AR T Rl 4 3 090 57—
TGS BEHLIT, X A S TR I X447 2 B
Ik BT T BT 6 oy 19

Ela:EM+Ef:716§a+ L2

71){; , (28)
HH By Tl 1, i AR Rl 5 e 5 F0 580 11 %
mi_o

LR, Ba o= =01 1B BER O 1Y B fE T
%ﬁ%i@ﬁﬁ“ﬂﬁb; 2 Z*U?ﬁﬁm T“XTT“EI’J

2.1
— B PSR T i
2.0 - - EHZL
1.9} —(1—e~m01+b0) /2
)
& 1.8 7':'Ub = ;2995
g 8 .
o VDt
1.6
1.5
1.4 1 1 1 1 1
—6 —4 -2 0 2 4 6

log¢

Bl 8 KL BT M7 Al B B R IR S A B, R ¢ Ol
?'ﬁﬁ“%ﬁ)%ﬂﬁﬁmtt, B SR T i A, 2—

1 — e~ In(14b¢)
— o AR

Fig. 8. Variation of equilibrium energy of particles with the

mass ratio. ¢ is the mass ratio of particles to background

)

molecules, E;bal is the equilibrium energy of particles, 2—

1 — e— In(14b0)

2 is the fitting equation.
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IR, S FAE RIS , 44T K S At 2
ANT VMR DI, 5 FAE RIS, FH4T 0
e,

1 AR L R AR S AR

Table 1.  Equilibrium energy and equilibrium speed val-

ues for partial mass ratios.

¢ E%bal)/kBT v§bal)/URMs Ugbal)/vRMSI
10-5 1.999994 365.147911 1.514699
10-3 1.999500 36.510275 1.154556
10-1 1.952497 3.607859 1.140905
100 1.712341 1.068438 1.068438
10t 1.529051 0.319275 1.009637
103 1.500300 0.031626 1.000010
10° 1.500003 0.003162 1.000001
8 s

f(v)/1074

REER
X

O 1 I T 1
0 500 1000 1500 2000 2500 3000 3500
of (ms 1)

9 VA ECRAE A SO R A A T A LB (L X Y
B P o™ = 1460.5441 m/s, v, = 1164.0466 m/s
ERMRE R, 7= 1259.4316 m/s & FHHE R, vrms =
1366.9894 m /s J& 77 B R

Fig. 9. Position of the equilibrium rate within the Max-
wellian distribution. The blue line corresponds to the equi-
librium speed v = 1460.5441 m/s, and v, = 1164.0466
m/s is the most probable speed. v = 1259.4316 m/s is the
average speed, and wvrms = 1366.9894 m/s is the root-

mean-square speed.
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ORI AR (3) 20 (4) AR o™ =
1460.5441 m/s, FHifERA B = 1.7123keT . A
SFPRL TR Rl v R B A8 AR Y R 25T 2 A 4 X
H A J5 M |AE| Fl AErwse A AU B0 22 46 WL

K 10(a), #R-EUES) T3 2(Z2307851). AFRuse
1 485 SR X [Rl— NAEY 100 [IAR L A5 30 1)
AR AR e, DA IO - i 5 A B
ZIREN 300 K &3, i BIF SR T RE i
WA OL. N =107 IRBLELEE R AN & 10(b) Fras,
BARMBE S R R RTE R 2(4 038 4) . XU E
PIFP G OLHEAT B4, W LAE e 1) [AE| Fl AEruse
BRSBTS, 76 N = 107 WAL
T, |[AE| #l AEruse CARE 10 kT 8 4% 1012
URHESETT T, RER AT 450 |AE| = 4.8669x%
10~k T, I LAEAEG EAR2E. 2) AN i AR

0.035 —
(a) —— |AE|
0.030 P —
! -e- |AE|rMsE
0.025
Em\ 0.020
<
3 ook
‘ﬂ 0.015
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0 28 -0 684 . a.n.
6 7 8
5 _
(b) —— |AE|
4 o~ -e- |E|RMSE
1 ;R
o 1 \
= )\
2 s
= 9 U
S ! &
4 g \
N \
1 1 &\
Q
o~ b\s
0 . .
—5.0 —2.5 0 2.5 5.0
log¢

Kl 10 |E| i AErmse BB BB b & L A8 1k (A
SRR, IR A B0 KAR) (a) iR
i [AE| BR800 B A8 4k (b) BB 1T 7 et
|BE| B L7 . 3ot | BB W BD R R T T
HIfig i 45 SRR R 4 X, N O RTREL, (AL TSR
MR T L

Fig. 10. Variation of |E| and AFErmsg with the num-
ber of simulations and mass ratio: (a) The variation of
|ﬁ| with the number of simulations when the mass ratio
is 1; (b) the variation of |AE| with mass ratio when the
number of simulations is 10 million. ‘E! is the absolute
value of the average energy gain or loss of particles under
multiple simulations, N is the number of simulations, and ¢
is the mass ratio between particles and gas molecules. The
incident velocity is the balance speed, with a background of
helium gas at 300 K.

120003-9


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

#) 32 2 3R Acta Phys. Sin. Vol. 75, No. 12 (2026) 120003

2 10 WK
Table 2. A portion of the data in Figure 10.

N |ﬁ}/10*2kBT AFErmsg/1072kgT ¢ ‘E|/1074kBT AEpysp/10™*kgT
5% 103 1.7019 1.5812 105 0.0144 0.0279
1 x 104 0.7441 1.1334 10-3 0.0960 0.3363
1 x 10° 0.0506 0.3252 101 1.3059 2.3840
1 x 106 0.0518 0.1043 109 3.5545 4.1102
1 x 107 0.0076 0.0209 10t 1.6551 1.9143
5 x 107 0.0069 0.0157 103 0.1767 0.3167
1 x 108 0.0051 0.0103 104 0.0106 0.0207
T, [AE|#S#IEF%, H ABruse WHETTE, A S MigAE
5. 3) TEFR LT 1 I, |AE| & ABruss #5 | TR AR
A, B R BT AT A S B A A B - o ore0s
FASHe. D 4RSS (R (3)) P E TP
AN T it S i N
L E
3.3 IETEHEENGAEEETIRAENE Bl
I HEISIE 4 R
0 1 2 3 4 5 6 7
Ey(ksT)

MR (1) 0] LU HoRL T DL RS A 5 A
S, e BRI SRR T A P E BE R 25 ) R L
H. il R OB USR] 1 £ AR R
AGF, Gt g it 15 F 5SS R T L, AT
X (1) B IE#f AT I UE . DL T A
T =300 K ISR, A SR A -k
R 0.1, 0.2, -, 24, & 11 /R T 1000 J7 K
ELAERGE T EE BE R 25 T HU R, &8 s
WIRTER 3 . Ho iR 2B E/R L AE 7R
BRZE, HAL 1000 75 LAY 50 MIEZAGE]. AT
A R R IR R, B 1 AEECR T 1711 kg T —
L714 kT B9ECHE. HHIE 11 AR 3T LLE I, &
45 5L RMSE AR/)N, 1000 J7 Y47 BT 753 1 i
Wi AR R ROE, B RE R 25 IR S0 EL AR I 25
M4, S8 (1) Rgsis. wnTLIEH, AGPRL
THRER AL AE A5 AJHie R By 2EMXR,
X ILHEATERMEA, TS RRE b = —0.5391, R? =
0.9989. X5 (1) RIEBIFRE —2¢/(14()* =05
JeF e, Hd 22 h (1) &5 i R
S, S A RS (1) KA, ik
SRR, AE ¢ = I, BT PR 18 7 B4 4 2
0.5(E, — B g .

WEFEIA LU AN Rl kT A8 T = 300 K 1)
POEA S SR B, B HE T ORF B E (¢ = 0.01,
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11 KL 2 e i 4 25 BE A S Re AR AL BLS 5 0 B
XL ABTRL TR AT, WEON 300 KA. By MRLT
AGTRE R, AE AT TR R AR EHR
AE ¥R % AEruse , /&4 1000 J5 K {5 EL45 R 71
W AE /Y 50 B A3 3. Sy T 5 A R R 1R 25 8, 3 B
BORT 1711 kg T —1.714 kg T (94045

Fig. 11. Comparison of theoretical and simulated particle
energy gain as a function of incident energy. The incident
particles is helium molecule, and the background is 300 K
helium gas, Fp is the incident energy of the particles, AE
is the average energy gain of the particles, and the blue er-
ror bars represent the root mean square error ( AErysg ) of

AF , it is obtained from 50 simulations, each of which is an

average of 107 simulation results for AE . To better illus-
trate the error bars, the small illustration magnifies the
data of 1.711 kT — 1.714 kgT .

F 3 B 11
Table 3.  Some data from Figure 11.

k Bie AE/ksT it AE/kyT OPruse /1074

0.1 0.9887 0.9885 2.9940
0.5 0.7300 0.7278 1.7447
0.7 0.4886 0.4854 2.3964
1.0 0.0067 0.0002 3.4388
1.5 -1.1050 -1.1195 2.6831
1.7 -1.6603 -1.6793 6.1916
2.0 2.6157 2.6398 8.3565

bal)
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Fig. 12. Theoretical and simulated energy gains of particles with various mass ratios after collisions with 300 K background helium

gas at different incident speeds: (a)-(d) Theoretical and simulated energy gains of particles with mass ratios of 0.01, 0.1, 10, and
100, respectively. The horizontal axis FEp is the incident energy of the particles, and the vertical axis AE is the average energy

gain of the particles. The blue error bars in the inset show the root mean square error of AE .
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Fig. 13. Speed distributions of helium molecules after single
collisions, where the molecules are injected into 300 K back-
ground helium gas at equilibrium speeds. w1, is the speed

after the collision, and p (v1a) is its distribution function.
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Fig. 14. Speed distributions of incident particles with differ-
ent mass ratios after collisions with a 300 K background he-
lium gas, assuming the particles enter at their equilibrium

speed.
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Table 4. Peak values difference in the equilibrium incid-

ence speed for selected mass ratios.

¢ v1/(m-s ) (6v) ip/(ms ")

0.0001 157844.3730 2.8386
0.01 15764.9902 —4.3809

0.1 4931.9051 0.1444

1.0 1460.5441 0.001
10000 13.6700 0.0003

100 136.8351 0.046

10.0 436.4460 -0.0792
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where (¢ denotes the mass ratio. The fitting function is giv-
en by A/(¢+1)B, where A and B are fitting parameters.
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Fig. 16. Speed distributions of incident particles after a single collision: (a) Speed distributions after one collision with 300 K back-

ground helium for particles incident at 0.7, 0.8, ---, 1.8 times the equilibrium speed; (b) speed distributions after one collision when

the incident speed is much smaller than the equilibrium speed.

F b AR PR B (R AR 0 R Y AR

Table 5. Peak speed of the speed distribution function and the corresponding incident speed.
AS & vy /(ms?) 50 100 300 400 500 600
WA vy, p /(mes) 787.6408  773.8945  813.3373 803.2126 773.2495 787.6408 795.0696
WEAE X R BIRE €1a,p /(A T) 0.4980 0.4808 0.5310 0.5179 0.4800 0.4980 0.5074
ASHEZ vy /(ms ) 700 800 1000 2000 3000 4000
WEAEE R vy, p /(s ™)) 7725872 806.2162  902.5743  1000.9084  1999.1030  2998.1526  3997.9476
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Kinetic study on energy balance speed and speed distribution
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Abstract

The energy relaxation of particles in a background is a fundamental issue in nonequilibrium statistical
dynamics. Single collisions between a nonequilibrium particle and background molecules serve as the elementary
unit of the particle’s nonequilibrium stochastic evolution and relaxation processes. Studies of the statistical
properties and distribution of energy exchange in single collisions therefore provide a solid foundation for
exploring the long-time evolutionary behavior of the entire system or its relevant subsystems. In our previous
microscopic studies, we derived the mean energy gain equation for a particle with a specified incident speed
undergoing a probabilistic collision with background molecules, yet its validity remains to be fully verified.
Based on microscopic kinetic theory, a physical model for probabilistic collisions between an incident particle
and background molecules is constructed, and corresponding numerical simulations are carried out. The balance
speeds for particles of different masses-speeds at which the theoretical mean energy gain vanishes-are calculated
numerically. Simulations are performed for a large number of collision events, and the statistical mean energy
gains or losses are shown to be in excellent agreement with theoretical predictions, thus rigorously verifying the
derived mean energy gain equation. For instance, at the balance speed, when the mass of the incident particle
equals that of the background molecules, the energy gain is only on the order of 107°ksT, demonstrating
extremely high consistency between simulation and theory. For off-balance speeds, the mean energy gain is
found to be approximately proportional to the difference between the incident kinetic energy and the balance
energy.

The post-collision speed distribution is systematically analyzed over various mass ratios and incident
speeds. The distribution exhibits a single peak and deviates significantly from the Maxwell-Boltzmann
distribution, confirming that energy relaxation is a gradual process involving multiple successive collisions. For
balance speed incidence, the peak is located very close to the incident speed, and its half-width decreases with
increasing mass ratio. For off-balance speeds, the peak shifts away from the incident speed, especially at low
and high incident speeds. Last but not least, at incident speeds far below the balance speed, the distribution
becomes nearly independent of the incident speed, with the peak energy stabilizing around kg7'/2. This
behavior reflects the dominance of thermal fluctuations and may find useful applications in thermalization
processes. This study provides a clear microscopic picture of the energy relaxation process of nonequilibrium
particles in an equilibrium environment, offering physical insights into stochastic dynamics in the kinetic limit
and reliable theoretical support for practical applications involving thermalization processes.

Keywords: energy balance speed, balance energy, simulations of collisions, energy relaxation
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