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Fig. 1. Illustration of the border collision bifurcation occurs at x = 0~ (a) and = = 0T (b), respectively.
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HAT M 28 30 SR o3 2 e 28 S R 1 30 L2R
JEEAR E HOAFAE T (13, mip, 13 pe— | DXIR], ZEHAE
AN 2830 AR AR oy 7 TR, ANERUERY LR
JEIPBGEAFAET (1], g s on,mip) -

M5 < Ol BUER) L' R FMIBLE T IX
) (£, giips pin -] N, Q0L 3(d) BF7R, LR, L°R,
L3R JA B8 43 5 B8 € HUAETE T [ nips po e-] »
[143.1ip> t43,8¢~ ) A (14 fip pra,pe- ] DXTA], 7E DX 6] 1 5 4%
AR Sy HA . X B w0 TR T S Y
G, FE p— 0B BLTCSS EHPIE . AR5 2 I
S BB DXCTRL, AN [, 1 i s ponme-] Y, B
JMIBIE Lr 2R AN L R, RRER L 'R
SRV UEAAE T [pn,me s in.nip) . B 3(a), (c) FI
(d) FHRE B 4320 1 FUE DL % 1, X Sefpir 4 1 5 4L
(HE AR A HAT 5
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£l 2=1/2, a=06Hg= -3, =FaHIER
R B4
Table 1.  Critical control parameters for three kinds of

bifurcations when z=1/2, « =0.6 and 8= —3.

§ n  MnBct W - MnBCT Fon flip
2 1 — — — 4.75000
2 2 — 1.00000  4.00000 —
0.4005 1 — — — 6.3495
0.4005 2 — 0.01961  8.17939 1.36856
0.4005 3 — 0.02396  0.94129 0.37277
0.4005 4 — 0.05157  0.10493 —
-3 1 3.00000 — — 9.75000
-3 2 1.12500 — 14.3739  2.64375
-3 3 0.551020 — 3.10847  0.997347
-3 4 0.297794 — 1.13912  0.442522
-3 5 0.168633 — 0.510583  0.217806
-3 6 0.0978786 — 0.253545  0.115003
3.2 :>118FE

Mz > 1L, LR A GE D AR 5 7 1Y
I F4R 5 3.1 T RIE R, 2 BC i A a4y
PG PR Ry 1ML flip 437 I ALk B ZE A
g X, HMEAFRE X, i 4(a) Bis. B4k BC
TR I3 I 1), e A i pe- AH ‘/Eﬂ&{*@a‘
Ib (L5 HERRIS), T BC -BC A3 4E-2 4377
oy el (tBC—-BC— > OBC—-BC) 5 i (19) :—EU%E
BCHr @ 5 BC o & Wl LA L T (p=0,
§=0) 5, B BC-BCx4E-2 4375 ; flip 08 5
BC 4% i LA 28, T2 il BC-flip 42 4E-2 43
éujjv HAE AL bR (MBC*-ﬂim(SBC*-ﬂip) H (20) B

(a) — BCHH &R
0.2 f— BC %I RE

— flip/r I AL
0 BC—-BC- R4/
0.1F 0 BC—-BCHA&4E /855
A BC-flipR4e 4538515

—0.1F

—0.2F

m

4
TEFETE X 3,

Fig. 4. Critical curves for bifurcations of L™~ 1R periodic orbits in p-6 phase plain when z=1.5,

p-6 FFHE T L R EIBLER AR L (2 =15, a =06, 8=-3)

AR, 3% B4 3 BC-BC Il BC-flip 43 4 -2
3 S EA TGO, BUFTIE 0 —AH A L0 2 5%
50 <z < 1AHA], B (21) 2fE.

YT BIRPERT, FRE Y LR A BB A AE
X[l BC, BCHU SRR 7 720 flip 7372 Bl A
By DX B A(b) SR B AR R R n =12,

10 PR E KB, FR 2S48, BT R JAIEL
TESEIEAEA ME— B, BIHARTTREH B BC
N FREE 5y 7 AR T DL R BC il Bl o 72

AT AL R 6 T, HELEFEHRIZSE u AT BCH
1 SR A 43 25 flip 3 7 G Sk 2 1), RIVIX[R]
[41,BC+ 5 141, flip) 5 A B SAETE, WK 5(a), (b).
AN, i n] LU BN i BB AR E X IAE & 1 1
¥, R G| FIAF G, T R e LA
WAIGEIG 6 &, REMFEATH.

98, % & Spe—ip > 01E I (IVAFFET LRJH
WNIE). 240 < 6 < Ope-mp I, FEUE M LR JEI L
T AFATE T X (0] [M27BC—7ﬂ2,ﬂip]7 A 5(&) WLk
Fims. M 0pc-pe- <6 < OBF, WK 5(b) Fims, FaxE
1) LR JE s (B ey i 6 se 2k) 43 00 B
[12,Bc+ 5 o pe-] 2, pe- , pia,mip) XL 240 < pc- -
BF, LRSI HIE AEE T [wopes, o mp) X ], 0
&l 5(c) P,

HOR, % Spc-aip <0, H. ppc—ip > ttac-ne-
TIE. 4 Opcmp < 0 < OWF, &R Lr TR
SAFAET (e 1, o] BI: AEF 5(b) o, B
SE MW LPRVIE AT TE T [usser iy pe-]- 4
Spc-no- < 6 < Ope—mp W, B2 E B L1 R A 8L
1B 4397 B [HnBC+ s 1, e A [ B » i, ip) DXTH].

(b) ] R EELR
[0 L2R [ L3R
Bl ‘R [ LR
0 ISR I L'R
[0 L8R Wl L°R

(a) A% n=2;(b) L" 'RAMMER

a=0.6 and B =—

(a) Critical curves n = 2; (b) the regions where the stable L™ 'R orbits exit.

010002-7


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 75, No. 1 (2026)

010002

0.2

(a) &=0.002

0.1 4

Tn

1
1 flip |
'

i
g

T

0.2

01 2

Tn

—-0.1

0 0.05 0.10 0.15

(RSN | | |
(d) IB1R 1 H5,BCT | H4,BC 1 3,BC

0%

Tn

—10 4

—151

—20

5 2=15, a=06, B=-3, 8 BUEARRIB Y. SR EKTF BRI ELS I, 16 206 TR 2065 5 244
FRIR flip 2325  BC A BCHIL SRl 48 53 22 i 5 12 0 S BUN I NTE o ip + 10 e~ T 1y Bt

Fig. 5. Bifurcation diagrams for different 6 when z =15, o =0.6 and 8 = —3. The green dashed horizontal lines mark the dis-

continuous border of the map. The vertical dashed-lines of blue, red and magenta colors indicate the analytical values fi, fip ,

ty, gc— and p, go+ of the critical control parameters for the flip, BC™ and BC* border collision bifurcations, respectively.

Bl an: B 5(c) RIS L2RIFPLGE , 2 Bl A7
FE T s pet 1y pe-) A (s e s nip) DX TH]. 25 6 <
Spe-pe- M, R E WY LR M B aE 0 B 7E
[tn B+ s o, tip] DXTAL, A0 5(d) TH Y L2R A L3R JH
WHE, A1 DIFETET (s pe+» pa,nip) T [ per s
a4, rip) DT

e, I8 Spe—ip < 0, ppc—mip < Mpc—ne- TH
. 4 dpc—piip < 0 < 0 R}, FUE M L R¥LIA
AFFET [t pots 1), ge- ] - BN FEFE 5(c) W, BaE
B LBR AN LA RUIEAFAE T [papes, ) g ] M
15, BC+ s U5 pe-] 3 EE 5(d) H, BRE Y LR,
L°RA LRME A TE T [+, 1y pe—]+ [H6,BC+
16 Be- il (7 B+ s 17 pe-] X [a]. 36 < OB flip in
T E WY JE S L RBUGEAFAE T [ me+ 1, i) - 191
e e 5(d) o RO I EIE L2R A L3R 4y BIAT
7E T X (8] [MS,BCJH Mé,ﬂip] Gl [M4,BC+a MQ,ﬂip] . HE S
AT LARZE S JE A s 3 A 5 | - IR AE ny 3 4. AH N 43
WM AE IR 2, BeSE RAEES FAR L AT &

3.3 <0fER

Y — 0F B, YRR SRR, Hoan 12 x
Bazl > —1 HHST, B AANTEAE BCH ALl 7
5N flip 234 . HA fold 437 Al BC i1 BLAl 1 4
5.t (11) A (15) ZURT 4 BIAE -6 FH - 1 i
=234, 100, Lr—1R AWM fold 43
5 BC i1 BHiH# 43 2 1 B 2. 718 6 1, 23l
S AL g Rn. hIERTALL fold 4371 BC
AR 53 5 I ALZ AR DT, T B BC -fold A3 4E-
24N Ay AT BC -fold. 454 34 FLlf i 451k
zn, < o fold 43 2 I A 55 A o teBait = 1,
AR RZ Y] S AR, B

1
HBC—-fold = (04717152) 1=z

OBCfold = (22)
1 .
B(am82) T gt — (an182) ]

PR LA P I A2 Rl ) DX 3 A i 28 SR L
FEAFTER X8, IR, 26 < dpe o 1T,
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FOER L1 R FHUGEAAAE T XA [ fold, fhn e ]
W. FEHCIX A DAL, X R B g 2E 1k, RE%

A R HA S R ) A iz 2.
*2 2=3/2, a=06Mp=-30, =%
FAIm A B4
Table 2. Critical control parameters for three
kinds of bifurcations when z=3/2, a=0.6 and

B=-3.

S n My BCH+ “n,Bc— Hn BC— Hon, flip
0.002 1 — — — 0.08031
0.002 2 — — 0.11501  0.14214
-0.01 1 0.01 — — 0.0923
-0.01 2 0.00375  0.01617  0.08705 0.14664
-0.01 3 0.00184  0.00404 — —
-0.01 4 0.000993 0.001882 — —
-0.01
-0.312 1 0.312 — — 0.39431
-0.312 2 0.117 — 0.25989
-0.312 3 0.05731  0.34237 0.36 0.38132
-0.312 4 0.03097  0.06682 — —
-0.312 5  0.01754  0.03273 — —
-0.312
-10.5 3 1.92857 — — 2.25258
-10.5 4 1.04228 — — 1.85297
-10.5 5 0.59022  1.70563 — —
-10.5 6 0.34258  0.68604 — —
-10.5 7 0.2016 0.36408 — —
-10.5

[ LR W LR
[ LR BM L‘R
[ L°R B LR
Bl 'R [0 L8R
[ L°R
BY
—104
—20 - T
0 10 20
M

Bl 6  wd AT LR g, Foh
z2=-06, a=06, B=-3. BOXENEMIERE
X3, O 8 20 91 Ry fold 4325 I I 28 oy fora , ST
LI A RAE 2GR o, pe— 5 DXISR A R 1E X3
Fig. 6. Critical bifurcation curves in phase space p-0,
where z=—-0.6, «a =06 and B =—-3. The stable
L™~ 1R periodic orbits are permitted in the colored areas,
in which the blue-lines and the red-lines mark the critical
CUrves fiy fold and Ho BC— of the fold and border collision
bifurcations, respectively. Those orbits are prohibited out of
the colored regions.

4 % W

XFF— W B AN E SR, R G S
B 2 FUORNTESERIWT 6 B bR Af T Lr— ' R JE A
AR T A5 I TR 53 72 Ak, Wi Tk
JIR B O AR P T S B0E L Y R 0E R f
i, RSP ARIRE. RESEN I SET
AR 53 7 0 K A R H AR E Y A
AR SRR R AR B 55 AR 1 A IR AE X
A IR, W RS WG| A
G, W R IRAE T S BN K AL /I T B 3 o 4.
T MR AR 53 22, S5, 158 p-0 875 )
MAETE P L RIEI M. E M o<z <1
i, ZEAHFE ] OWEE R BC -flip AX4E-2 4375 15
M BC-BC R 4E-2 5075 5 2 2 > 18], AT H)
BC -flip A 4E-2 4325 551 BC -BC 44E-2 4375 45
M2 < O, APWEES] BC -fold A4E-2 7075 5. 45
T SR YE-2 A7 s Ak bRl XL A, BC-
flip 43 4E-2 7385 A BC -BC A 4E-2 4345 e 4
RN AaES, ML =HE. AR
SAFEFT AT AR B, R R eR A SRR o ME—
e,
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Abstract

The study of chaos is an important field in science and has achieved many significant results. In the earlier

days of the field, the study mainly focused on the systems that exhibit smooth behaviors throughout.

Nonsmooth systems, by contrast, have received less attention. Nonsmooth dynamical systems are widely

encountered in practical applications, such as impact oscillators, relaxation oscillators, switch circuits, neuron

firing, epidemic models, and even economic models. They have become an active field of study in recent years.

The typical characteristics of those systems are the abrupt variation of dynamics following a slow evolution over

a longer period of time. Piecewise smooth maps are important models frequently used to describe the dynamics

of those systems. Among them, much attention is paid to a class of generally one dimensional piecewise linear

discontinuous mappings, as they are easy to handle and can display a rich variety of dynamical phenomena with
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new characteristics.

Included in this work is a discontinuous two-piece mapping function. The left branch is a linear function
with slope «a, and the right branch is a power law function with exponent z. There exists a gap limited by
[4, 0+ 6] at = =0, where u is the control parameter and ¢ is the width of the gap. Even though the dynamics
of nonsmooth and continuous mapping have been extensively studied at some special z values, their
discontinuous counterparts have not been investigated at any z and discontinuous gap 6. The presence of a
discontinuity may induce border collision bifurcations. The interplay between these bifurcations associated with
stability analysis and the border collision bifurcations may produce complex dynamics with new characteristics.
Therefore, this work investigates the dynamics of those mappings in which periodic increments, periodic adding
and coexistence of attractors are observed. The border collision bifurcation often disrupts a stable periodic orbit,
causing it transition into either a chaotic state or a different periodic orbit. Near the critical parameters of this
bifurcation, a periodic orbit often coexists with a chaotic or another periodic attractor. A general approach is
proposed to analytically and numerically calculate the critical control parameters at which the border collision
bifurcations happen, which transform the problem into the solution of an algebraic equation of dimensionless
control parameter u/u,, where g is the critical control parameter when § = 0. The solution can be obtained
analytically when z is a simple rational number or small integer, and numerically for an arbitrary real number.
In this way, the stability condition and critical control parameters for the periodic orbit of type L" 'R are
analytically or numerically obtained under the arbitrary exponent z and discontinuous gap 8. The results are in
accordance with the numerical simulations very well. Based on the stability and border collision bifurcation
analysis, the phase diagrams in the plane of two dimensional parameters -6 are built for different ranges of z.
Their dynamical behaviors are discussed, and three types of co-dimension-2 bifurcations are observed, and the
general expressions for the coordinates at which those phenomena occur are obtained in the phase plane.
Meanwhile, a specular tripe-point induced by merging of co-dimension-2 bifurcation points BC-flip and BC-BC-

is observed in the phase plane, and the condition for its existence is analytical obtained.
Keywords: discontinuous map, border collision bifurcation, stability analysis, co-dimensional bifurcation
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