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Fig. 2. Structure diagram of the memristive complex-val-

ued Gaussian map.
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Fig. 3. The real-valued parameter a-dependent dynamical

behavior simulations: (a) First two Lyapunov exponents;

(b) bifurcation of zr (green colored) and z (pink colored).

EAE RIS Yo < OSSR H RS L
A ECR BTN, AT MCVGM £ a =0
Rb I B )2 AT BRI X R R R TR
B R GERRE T S A T R B T 2 (a,2) —
(—a,iz) H7FE (3) SRFEAAH. HIAMFE (3) X
Hr, AELR PRI e 0" ZARHR Ky e (9027 = gm0
TRRE T (1 + 1 — b) sin(ny)|2| 7E 2 — iz VER] R4
AR R, B 3 15 HLRIAE o = 0 PO 2 B
BXTFRI .

SRR RAERESE b = b, + ib FAEH, A 0F
FEWE a = 0.2 I 73BT ZRGEHE b F1 by ZE AL 3 T
170, B4 53 R T HOE T b F1 by 1Y 3l )
PE: Y2 b = 0.1 H b, 78 [0, 1] X[AARfLA, $0fE
5 LI 2 0 3 SR e RN 43 72 (81 43 S AN ] 4(al),
(a2) Fizs . & 4(al) SR IR G X 3 E B ST
be € [0,0.62] X [A], Ho ] 24 22 A A W %0 1, JFAE
be € [0.87,0.9] 40 1 Bl LLE = 0 # 7 J& 9 X 38 ;
Kl 4(a2) 95375 ERIESE T IX B85  BIR b, < 0.62
Bh H VR il 45 4, R e 2 5 D) 2 R A
51 Y E b = 0.1 H b € [-0.8,0.8] 2 fkBF, M
E 4(b1) AIIERE b; € [—0.8, —0.648] AbFHE LLE =
0 FYHES I XK, TI7E b; € [—0.512,0.4] X [A] LAR T
17828 E IR AT E 1 & 4(02) RIRI5375;
S5 5 4(b1) MRS R RAE BRI —3, BIR

GEAE by ~ —0.648 A28 5 v ) AT Ay 1o ) M 7 1 1)
AR JFTE [-0.512, 0.4] IX 8] S BB &R L.

0.4
0.2

Kl 4 HKBTRSSE W iR (al), (a2) BxE
b=0.1, b € [0,1]; (bl), (b2) % b;=0.1,b; €[—0.8,0.8]
Fig. 4. The coupling parameter b-dependent dynamical
behavior simulations: (al), (a2) b € [0,1] with b =0.1;
(b1), (b2) b € [—0.8,0.8] with b, =0.1.

BT RASECS 0 2 K S50, A
WEFE it — 2 b, 1 4 AN BRI (0.1, 0.3, 0.4
F10.9), 7E[E5E a = 0.2 F1 b = 0.1 KIS T 2L
23 515, 45 RANE 5 B . LUZ B 2528
y RPN ALRR B AR 2 IS (4060 SR ()
SR AL AR AR, AR EDUE T ST B
F12EAUH: 24 b B 0.1 A 0.4 B, BB TR Tl
17 (K 5(a), (c)); MBE b A 0.3 F10.9 [, W43
A2 A BA 5 | 5 o SR A 5 5

BB (a,2)— (—a,iz) BRI T RZEHA
APk SERRPERE B shxt T 4t R AE Hoh 12 Sk
PERISEERE B2 T SGE L 3 AR
R AR R G A5 AN Ty T 85, SR AR S
L2 (a, Z) — ( a,iz ) SRAR T W A OGRS AR AR
e (R BURAE; HOR, B S8 (a,2) — (i, 2)
MR RGN ZAES B R E; Tq, PR 340
B (a,2)— (a,2) WIEBEIR 2 B9 AR BT 1R AN
I B) S AN BRI R AU £ B SR — bk, A%
IEEBUE S Hr T G — =€ RGP IR E R
z[1] =0.1+0.1i, y[1] =0.1.

010003-4


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 75, No. 1 (2026) 010003

1.50
i 0.25 "?-"-‘:'g [
& EETn _&Ju' *s
Of ""'-‘.;'h. %}' -.??
e . B
—0.25 NN X .
nd:‘,:‘;u : L,
70.50 1 1 1 1 1
0 0.25 050 0.75 1.00 1.25 1.50
Yy

5 A8 y-z (L0 6) Al y-z; (35 €) ¥ 1 A9 A
(d) MERIHIS1 T, b = 0.9

/2

z/ %

1.00
(b)
0.75 |
0.50 | LI
0.25 | .

OF .

—0.25 F

—0.50

1.2
1.0
0.8
0.6 [
0.4
0.2

ok

0.85 0.90 0.95 1.00

Y

‘2 1 1
0.70 0.75 0.80

(a) RIS T, b = 0.1; (b) FBIREI T, b = 0.3; (c) IRIEWT]F, b = 0.4

Fig. 5. Phase portrait in y-zr (red) and y-z (blue) plane: (a) Chaotic attractor with b, = 0.1; (b) periodic attractor with b = 0.3;
(¢) chaotic attractor with b, = 0.4; (d) quasi-periodic attractor with b = 0.9.

Zr

) 0.2 0.4 0.8

1.0

Zr

RT3 7

Fig. 6. Bifurcation diagram of 2z : (a) Original system; (b) under variable rotation; (c) under parameter complexification;

6
(d) under complex conjugation.

6 i) o 2 BB /R T AR AR 45 | &
2N 12U 0 s (S E N o = 0.2 (B AL
AT E o = 0.21) M b = 0.1, [A]AF4> b, € [0,1] 48
k). JEER R4 (K 6(a)) 7E b € [0,0.62] X [A] 52 H L
RNRIAT R, IR 2 RS AESE 5 R % 11 28
Gy TEAE B ER AR T (2 — iz, K 6(b)), £

0 0.2 0.4 0.8

1.0

0.4

0.6

(a) AR R GE; (b) WAt BERE 55 (o) MM BIZALSS 5 (4) M= Fehefm

TR DX I e Sy () B P VRS L e 2 i,
TEJE A b, € [0.92, 1] BAMB I BRI ; B35
B (0 —ia, K 6(c)) BIRIEEET &2
b € [0,0.71] , {BAE [0.325, 0.385] F1[0.425, 0.475] IX.
05 | TV BT P ST B 2 1, Loy 20 e AR A Bk R
B80TV d T O A B A T

010003-5


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Vol. 75, No. 1 (2026) 010003

) 3B =% R Acta Phys. Sin.
— LE,
)
A
by
0.4
— LE; (c)
0.2 W — LE,
. !ﬂl\ b yew
m T
—
—o0.2f
‘“ﬂ.Jm.A . A
0 0.2 0.4 0.6 0.8

K7 2

Bl R 4 X

T

1.0

(a) LA R 5 (b) M

LEs

LEs

be

SRR (o) TS EE A ; (d) Mt E 45

Fig. 7. Lyapunov exponents: (a) Original system; (b) under variable rotation; (c) under parameter complexification; (d) under com-

plex conjugation.

1.0

(a)

0.9

0.8

Zr

0.7

0.22

0.24

Zi

0.26 0.28

0.30

1.4}

®
1.2+ o

Zr

1.0} oo

0.8 °

°
o8 o000

0.6 . .
—0.75 —0.50 —0.25

& 8

(d) under complex conjugation.

0

Zi

M b, = 1 A
Fig. 8. Phase portraits with b = 1:

0.25 0.50

(a) IR R SE; (b) it e

(a) Original system; (b) under variable rotation; (c) under parameter complexification;

0.75

(z—z, K 6(d)), IRMEFEFXIEY KEb, € [0,0.79],
Eﬁﬁ%ﬁLL%%@ﬂ%ﬂﬁi%ﬂﬁ%%mﬁ

EAUR iR E 7 BT

ﬁﬁ%ﬁ%ﬂ@ﬂ%ﬁﬁ%%ﬁe

R, b e TR

XA A ] e B AR
(] A R
AR (E I BT 5],

010003-6

Zr

Zr

1.50

1.25

1.00

0.75

0.50

0.25

0.90

0.89

0.88

0.87

0.86

0.85

0.84

(b)

Zi

0.1

0.3 0.4 0.5 0.6

Zi

SHTERE IR 5 (o) MEMBBUZAL)S; (d) itin 2 L4 fm

P 7 v B 2 A R AR G UE S T IE AR RS L
FIATRMEAT Z [ RN C AR

8 Hi ik AH 2

S e — 2P A T b = 1Y

XIPRPER SRS B 193 J1 22 AR 5. JRUR RGEAE 22

i _E ST AR E A B (18] 8(a)),

X5 6(a)


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 3R Acta Phys. Sin. Vol. 75, No. 1 (2026)

010003

LI EN A B S — 3G AT, A2 el A
e 1 I8 1% A e M O AR R T 51T (] 8(h)),
55 R 4322 P B TR AR AT, SR AR
WiFs Rk Z BT (1 8(c)), ZIE 51K 6(c)
O FE AT S A DI 52 S 2 46 0 7= A= A B
(& 8(d)), ax s 1 B 6(d) i i % 22 1 W
AR S AT R 3K A A [R]85 SR e BiE T
ST a3 S AT R AR Ak, R BAXTRR B AL
WU R G SR, VAR R T IR
LRl Gl T i)

3 2T FPGA F & Wy {4 L3,

BT FPGA %07 ri B TR ol e S 512 300 81 v
AR | SR AS e M DL T RIEJE T R A S5 )
URAME SR AT 28 32 563 B2 3, AT SE Bl T Frdt
tH MCVGM B (4) (1) FPGA B{-F-A3E, Has
PR AR AP 9 Frs. % SEBLH, 5 n Uy
AREASETHREN 2, 21 Fly, : MCVGM AZCE
TIT AT RIS R T 25 AL s e
A He DU 2 U 0 (DAC) fin (s 5. 18
i 55 s A BEERAEAE Xilinx xc72020c1g400-1
P& BT, BUFE sk AD9767 DAC Fedh
B J5 R 25 R AR

,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,

7777777
r T

T FPGA Wit fEr, RH Verilog fiff
Pl s AR . B RORS R, AL
LALAF 5L L 6 DLBEEUNL T 25 157 /INEAE 1) 32 3 38
RN IR R G = A R R S PR O
K H CORDIC Hik——z 5 i i e e =X (o
A=A ek ) ADSU AR (THL AR Bk B PR T
Y. Hak AR E LT

Uit = u; — pov2 ",
Vi1 = v + o270 (5)

Wip1 = w; — o1y,

Horb o; = sign(w;) P& BEFEBOMII 4 W) (u = 1
BT =3, w = 1R TREGTS), 1%
INEEA S K— AT T = arctan(277) , W
M= 7; = arctanh(27%) . AHRTHTRERCR, FA
K T WO TR IR T A SR (LUT) w. X
T = R B, R A 2 RN cos(0) ~ un Ky
sin(0) ~ vy K, Hrft Ky = Hj:o V1 + 272 Syt
B F SO R A RN e =~ (uy +
on) Ko, Hi Ky = Hies V1 =272 S XU AR
AT (S Mk RLIER).

T FPGA (LR MM 5] Fan &l 10 frR
CREAE B SR 25 = 25 = 9o = 0.1, BHL

Y_ Vv v
CLK [D——>
RSTO—> < 2 [31:0] >
&}
R OD—> ?
o [
4 D> = #,[31:0] —
v B > Yn[31:0]

Data conversion

Outl

25[13:0] —
DAC
AD9767 Out2
Yn[13:0] —

xc72z020clg400-1

A 9

T FPGA S8 MCVGM 445 H4E [#]

Fig. 9. Block diagram for the FPGA-based implementation of MCVGM.
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Fig. 10. FPGA-based experimental chaotic attractor: (a) br =0.1; (b) b =0.4.

(a) b =0.1; (b) by =0.4
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Fig. 11. Error statistics between FPGA-generated chaotic sequence and numerical simulation: (a) Absolute error distribution;

(b) cumulative distribution function of absolute errors; (¢) comparison of error metrics; (d) histogram of absolute error distribution.
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Fig. 12. Flowchart of the dual-image complex-valued encryption system.
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Fig. 13. Histogram test of cryptosystem: (al)—(d1) Original image; (a2)—(d2) histogram of original image; (a3)—(d3) histogram of

encrypted image.
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Fig. 14. Decrypted images: (al), (bl) With correct secret keys; (a2), (b2) with tiny variation in the initial condition zq .

W SCIE G, RSB RTE T A 25 [0 7 1) 44 S B DA 57t DU PR A AR DG R B30 1, T
FHOC B (R HEIT 1), 128 AN T 58 7 4. 25 A1 FME M RECEIE T 0, X RIIZ T BAETHEIRAH AR
ARG, 2 SC B A DC R EUEIE T%. filhn ZARSEMETT T B 1 SRR

15 JE7R TR IR 1) 5O R A AR S 2> 5) R 5 B LS SR E
i B ELEF R RS, SEIRER. R T BRI 6T 8 (R
AR S5 7 1) L ARARIR R A4 TE B RO, BI%, 15 BRE XN

S T R AR 3 ) A -
2 LI T N R AR A3 R, 7= 2 pedes)). (9

010003-11


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B E I Acta Phys.

Vol. 75, No. 1 (2026) 010003

250 4
200
150 1
100 3

50

0

250

200 §

150 JE5g

% 100 ¥
i E

L Y
2 ,@ﬁg~u§i§% °0 e

DN A, TR N BT 0 ¥~
0 50 100 150

K15 B MR R AR A
(b3) X £ 77 il (49 Jm 4% 4%

(al) KI5 1, (a2) T B 77 01, (a3) X A1 77 Wl 09 J5L4R B85 (b1) K SF-J7 1, (b2) 26 B J7

Fig. 15. Distribution of pixel correlations in images: Original image in (al) horizontal direction, (a2) vertical direction, (a3) diagon-

al direction; encrypted image in (b1) horizontal direction, (b2) vertical direction, (b3) diagonal direction.
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Horb p(aq) FR B R o EE BT HBLBER. £5L
(T Bk L 28 SC PRl fBom (L 1t BRAELEL 8, R
HEA SRS A T B, 2% 2 X T iR
SRS I EHR A5 B0, a5 R RBI T n
W R EARTE T IR PR A (L, (o HAZ IR
PLEIBOKFE, TS T Hige it Bk 4 2.

F 2 ARG R 0E B
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Fig. 16. Test results of data loss and noise attacks: (al) Ciphertext images of I; with 30% loss; (a2) recovered images from cipher-

text after data loss; (bl) ciphertext images of I; with 30% intensity of pepper and salt noise; (b2) recovered images from the cipher-

text after adding noise.
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Table 3.  Comparison of security performance with exist-
ing encryption schemes.
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MRS 0.0011 0.0043 0.0118  0.0040
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Discrete memristor-based complex-valued chaotic system
dynamic analysis and its application in dual-image encryption”
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Abstract

The exploration of complex-valued chaos not only provides a feasible approach for practical applications
such as image encryption, but also has great potential in simulating wave phenomena and quantum inspired
process. In order to bridge it with nonlinear circuit components, we introduce a novel complex-valued chaotic
system by embedding a discrete memristor into a complex Gaussian map. The memristor, a component with
inherent physical memory, is uniquely driven by the modulus of the complex state variable, which is a key
physical quantity often related to energy or amplitude in wave systems. This coupling induces complex
nonlinear dynamics, which are physically characterized through Lyapunov exponents and bifurcation analysis,
revealing an enhanced and more robust chaotic regime. The physical feasibility of this system is demonstrated
by its successful hardware realization on an FPGA platform. To demonstrate its potential applications, we
leverage the complex chaotic flows of the system to engineer a dual-image encryption scheme, where the
encryption process is explained as a physical diffusion and scrambling of information represented by a complex
matrix. Our results verify that this approach not only yields a cryptosystem with high security but also

provides a link between complex chaos and information security applications.
Keywords: discrete memristor, complex-valued chaos, FPGA implementation, dual-image encryption
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