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Fig. 1. Breathing soliton via Solution (6) with &= 5

—i, co2=0, ca3 =1, coqg = —i.
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Fig. 2. Parabolic breathing soliton via Solution (6) with a = 5

co1 = —i, c22=0, ca3 =1, c2qa = —1.
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Fig. 3. Parabolic breathing soliton via Solution (6) with « = 3

co1=—1, c22 =0, co3 =1, cog = —1i.
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Fig. 4. Parabolic breathing soliton via Solution (6) with « = 3

co1 =1, coa =1, ca3 =1, caa =0.
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Fig. 7. Deviation distribution of g1 in Fig. 1 after introducing 10% Gaussian noise disturbance at different times ¢ = —5,0,5 with

the same parameters as Fig. 1.
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c13=1,cla=1i, co1 =—i,c2=0, ca3=1, coa=—i,c31 =1, ¢c32=0, c3z=1, c3a=—i.

Case A2: Ci#Cs,det(Cs)=idet(Cy),det(C1Cs) =
-1, det(Cs5) = —i.

TEXAENL T, Bl 8 fik T — I 5 A
W ALK~ Z (Al A BAE . (EAR T R A, TR
R AR Y, S O RS T I B A B
MITRZEAS, IRZAER A 16 E R, S G 7 4 fiE
i 511 E BE DR A AR TS AR TH L. )t
b, Horb e X R PR BRI A S — S OC i Y
LRSI, A7 BT B RS W () RT3 Sl AR R g g
S, SR GEE | AR 2T
U BT AR A HOR B, B B A I ST
SEMHES A
Case B2: C,=0C,,det(Csy)=idet(C}),det(C1C3) =
~1, det(Cs) = —i

FEMERAET, AT T — R

P S RS AR . A2, AT E—
TSI, AL AR AR R, AT OISR B
— IR B ROEFEAE, T H AR 2 R 45 F 7EAR
HAEHRTE WA R AR . E— 2D WEEE & B,
—RERHB BRI W 2 AR 9 .
Case C2: C;=C5,det(Cs)=det(Cy),det(C1C>) =
5/4 —3i, det(Cy) = —i

TERK B, 7343 17— 5 A SUEE T A R
a7, WIE 10, BT 8 B BIEIE, & 10 th
AIIRT RS ZE N T B 3E 22 5% 18 10 R
AR — I 55 P A ELA U A 9T I 1A 2R
WASZ WA EAEH. "TLVES), fEEEZ A,
P SUBAIRF R HiR iR 0 B 172 4k, X — R AU 7
PR fE B BRSO AL 7E AR . 52
T B LU, S IR Sl i T, B2

120001-6


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

¥ 1B ¥ Acta Phys. Sin.

Vol. 75, No. 12 (2026)

120001

(b)

__ 5
=
0
—10 —10
10 10 10 10

1 .
B9 i (7) S — M IF SR IFRREE, S8 ha= 5 A =i, A2 = ol = 1,c12=0,c13=1, c14 = —1i,
co1=—i, c22=0, ca3 =1, coa=—1, cg1 =1, c32=0, c3z3 =1, c3a = —i

1 .

Fig. 9. Bound-state of one soliton and two breathing solitons via Solution (7) with & = 3 A =i, A2 = El’ ci1=1, c12=0,
ci3=1,clg=—i, co1=—1,c2=0,ca3=1, coa=—1,¢c31=1,c32=0, c33=1, c34=—1.
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Fig. 10. Bound-state of one soliton and two bimodal solitons via Solution (7) with @ = 5 AL =1, A2 = E] ,ci1=1, cio=1,

c13=1i—-1/2, cta=1, ca1 =1, c2=1, ca3=1—-1/2, coa=1, c31 =1, c32=0, caz3 =1, c34 = —i.

10 10

1
11 W () AT 5 A M SUE LT RS, S8 a= 5

10 10

5 M =1, >‘2:EI7 ci1=1, ci12=1,

c13=1,c14=0,co1=1,co2=1, co3=1,c4=0,c31=1, ¢c32=0, cgz3=1, cga =—i

Fig. 11. Bound-state of one soliton and two separated bimodal solitons via Solution (7) with & =

9 .
:ia )\2:717 611:1,

A 10

et

1
9

ci2=1,c3=1,c1a=0,ca0=1, cao=1i,ca3=1,caa=0,¢c31=1,¢c32=0, cg3=1, c3a=—i.

IRA AR TRE , RZICAH BEAE IR B R 43, Y
T R AR 2 A B B S 5 T MR T RE (R
A AR E T
Case D2: C, #Cs,det(Cs) =idet(C), det(C1Cs) =1,
det(Cs5) = —i.

AT, B 11 BT —A I 553
BB IR T R EEES. 5 b — i oA R 92

TEAHEAERTHS, Sl p)— I HIE 2 A R 24
HEFReE . (AARBE, MER— IR EMAD
XUERT- LR A= 7724k, tean, — 9T 1Y
WK T 224k, H A BUEIRT- B T 7325 1 BL
2. PRI, KR PR g I Z 1] B T A AE
A XARER SR, A OUESh TR,
PR SRR AR L AR EAE AR O R B
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Case E2: C,#C5,det(Cy)=idet(C}),det(C1C3) =
—1, det(Cs) =1i.

XAELL T, ZEE 12 gk s T — T 5
— NIRRT R PRIE A EAE . 5 B IEAS
I, 33 HL A I S I O R AS 2 17 T IR A e st
e, GBI T — AR BT, B A T — R
T 5 — A IER RN R AR EAE . 55— 5, 7E4H
TAEFETIG, BRI SR A A 4 i 0 53
IRAORFFAE (R EAE G &4 T HIFS.

Case F2: C;=0C5,det(Cs)=det(Cy),det(C1Cs) =
—1, det(Cs) =1i.

FEIX L, B 13 WM T — I 5 AR
THAH EAE IR SR A, v LA B BT 1
JEAR RN Fi T A P IR I IR 58 A AN ). [R]IE,
TEREA AR RS R b, RS 4 I 4E RS 1R E
JPER WS | SR R L th B A, HHEAR
FHZ G TR, X —F A8 R I 1 4
S Z AR AR T RE R A
Case G2: C; #Cy, det(Cy) =idet(C1),det(C1Cs) =i,

det(Cs) =1i.

K 14 Fr7R 9 — 9055 P70 85 1 U1
AAHEAEH]. S 11 AL, 7T RLBH B igR 3], X
RSB AR K AR T A2, IF M
A XK 2 6] B B A K. S LR, — A5
AR ZE AR K A T k. XA S # _E iy s 2S48
I, R S e PIT ) BE i S xR BRI 25
SeAOP S (St

N = 3RS 4t B85 T3k 2.

1) WA Z AT ) BEA 5T

TER B FEAR LR 1 R (1), B
=TI AR T B 2 EEAR T &, i
Je 2 BS80S T R G BT S AR
AR T 254, Y 2T XS 1 SRR S
M B8 2 — B ATROC R I, 2590 Z [ald i Lk
PSS (U AT AL A B RS, TR BN -
REFEAEAS T i 22 (] J 0 1k St AT a] B Py
A PR H B E] PR 5 RS H B B 2Ry 1S
(soliton molecule) 31 ]2~ FFHIE.

10 10

10 10

1 9.
Eo12 i (1) B — D ITF S — AR RN RS, S8 o= 50 M=, A2=—i c;1=1, c12=0, c13=1,

10
cla =1, co1=—1, c2=0, ca3=1, caa=—1, cg1 =1, c32=0, c33 =1, c34 = —i
1 .
Fig. 12. Bound-state of one soliton and one breathing soliton via Solution (7) with & = 5 A =1, A2 = TOI ,c11 =1, c12=0,
cig=1, cta=1i, cog1 =—1, c22=0, ca3 =1, coa =—i, ca31 =1, c32=0, 33 =1, c3a = —i.

10 10

10 10

1 9.
& 13 Fhﬁ?é(ﬂ?ﬁtﬂﬂ"]*¢%?5ﬁ4‘%?ﬂ'ﬂﬁ2@?§,72‘%5(7‘]‘115, A =1, AQ:T‘, ci1=1, c12=0, ci3 =1,

0
cla=—i, co1 =1, co2=0, co3=1, caa=—i, cg1 =1, c32=0, cg3 =1, cga =1
1 9.
Fig. 13. Bound-state of one soliton and two solitons via Solution (7) with ¢ = 5 Al =1, A2 = ﬁl’ ci1=1,¢c2=0,c13=1,
cla=—i,ca1=1,ca2=0,co3=1,coa=—i,c31=1, c32=0, c33 =1, c3a=1i.
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10 10

10 10

1 9 .
4 i (7) S AT SRS E SN T IR S, B =5, =i, A= 00 en=1, cn=1,

c1z=1,c14=0, co1 =1, coo=1i,co3=1, coa=—1,c31 =1, c32=0, c33 =1, caa =1 v
Fig. 14. Bound-state of one soliton and two separated bimodal solitons via Solution (7) with & = 5 A =1, A2 = Ei ,c11 =1,
cio=1,c13=1,c14=0,co1 =1, coa =1, ca3 =1, caa =—i, c31 =1, c3a =0, caz =1, c34 =1.
%2 N=3RIRRSEAM TG
Table 2.  Structures of solutions under different parameter conditions when N = 3.
28 fit 254G
C # Ca, det(Cy) = idet(C1) , det(C1C2) = —1, det(Cs) = —i — IS AP RICT 1 SRS
C1 = Cy, det(Cy) = idet(C1) , det(C1C2) = —1, det(C3) = —i — M IRT RPN SRS
C) = Cy, det(Cy) = det(Cy) , det(C1C2) = 2 —3i, det(C3) = —i — T 5 P SR RS

C1 # C3, det(C3) =idet(C1), det(C1C2) =1, det(Cs3) = —i

Ci # C3, det(C2) =idet(C1) , det(C1C2) = —1, det(C3) =i
Cy = C>, det(C2) =det(C1), det(C1C32) = —1, det(C3) =i
C1 # Ca, det(Cy) = idet(Cy), det(C1C2) =i, det(Cs) =i

— AT P53 B (4 U I T (1 Sl 2
— ARG AP FRLT A RS
— ISP I IR S
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AN ZE V5 T AT |55 HE e UL
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PR BLSPATHEAE | <JRIDIREARE B <o P IR 4R 577
AT BIRRAS LA

s BT RO Xof FH A I VR H]

i B RS A E AR B IR T T 90T B N AR

45k, R RER AT RR T —RUE, TRAEZA
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T Z WA EAERDE S, SE B =R
TESh 177 AT g B B ] 22 5

3) W5 =R A S B 25 S O W B
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MY BRI A : OB R a7 22 RN
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X 5 B, 308 2 I Ay S SO A e R s A 4
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IR T Z RSB R RSN, TFRART T
HAMEAEH S 1% |t Tz B NE-
JC Darboux Z8 4t , #EM RN 8T T AR S 805 &
THRAESIFIE R ST . 7E N = 2158
T, R C1 5 Co MR R BHATH 55, 4R
157 PRI BN~ | PR /LI SR 28 5 T DA R PRI
RPN S I A 2R AL, 4578 T I8 Jr i
[ R EAR oM L S S HON R B R. TEN =3
THIEH, #E— 2D s — I 5 S I Y
A — A IF 5 BG5Sy 5 = a2 2
¥, 3@t RS, s TIRFA EAE- T FEE R
12547 R, WIEAEAL | RE i S M0 WA 55
G, FHAE B RAS TR AR A T AR AT
FAAT T RGIHYH.

AR, Bl H OGN R R 1 &, IR
M HARRRAS B 12747 o CRE B 7R ST i h B B 32 5
BRI SRR [43] HHAAHOCSE S 5 SR T HEZ A
W REIEERG T, T ZEAHEAER | g
BIC L K Ao (0] R 1 28 40 5 52 2% 8 147 0. 3C
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W8 BRI R (time-streteh) 25 S HHI 2 4% AR,
AT DL B 42 21 Bk s 9K S 3 e 3l ) 2
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Abstract

We investigate the control of solitonic interactions and bound-state formations in the higher-order matrix
nonlinear Schrodinger equation with the sign-alternating nonlinearity and third-order dispersion. By employing
the binary Darboux transformation, we construct explicit N-soliton solutions from a zero seed background.
Adjusting these parameters [;x(j,k=1,2,3,4) enables systematic generation of various bound-state soliton
structures.

For the second-order case (N =2), we obtain several distinct configurations depending on the relations
between the matrices Ci; and C> (constructed from [;,) and their determinants. When Ci # C> with
det(Cy) = idet(Cy) and det(C1C2) = —i, the components ¢ and ¢» exhibit breathing solitons. Varying the
spectral parameters \; transforms them into parallel breathing solitons with different amplitudes. For Cy # Cs
with det(C2) = idet(C1) and det(Ci1C2) =i, the components become linearly independent, yielding a bound state
of one ordinary soliton and one breathing soliton. When C; = Cy with det(C1C2) = —1, the solitons propagate
with identical amplitude and velocity while displaying periodic attraction and repulsion, which is a typical
soliton molecule behavior accompanied by energy redistribution at the collision points. For Ci =C>; with
det(C1C2) =5/4 —3i, we find the double-peaked bound-state solitons in ¢1 and single-peaked intertwined
structures in ¢ .

In the third-order case (N =3), we explore seven parameter regimes leading to even more complex
composite states. These include: one soliton coexisting with two breathing solitons (the elastic interaction with
constant velocity), one soliton with two ordinary solitons exhibiting phase shifts after the collision, one soliton
with two double-peaked solitons where the amplitude changes indicate energy redistribution, and one soliton
with two separated double-peaked solitons where both shape and separation are modified by energy exchange.
In all cases, the binary Darboux transformation ensures that the solutions are exact and exhibit either elastic or
inelastic interactions characterized by phase shifts, amplitude modulation, and periodic energy transfer among
components.

To verify the robustness of the obtained solutions, we perform numerical stability tests by adding 10%
Gaussian noise to the analytical profile of the breathing soliton at different propagation distances. The shape
fidelity remains high, confirming the physical reliability of these structures under small perturbations.

The results provide a theoretical foundation for manipulating multi-component soliton states in
conservative nonlinear systems and offer insights into the design of all optical logic devices or soliton-based
communication links where controlled interactions are essential.

Keywords: higher-order matrix nonlinear Schriédinger equation, binary Darboux transformation, solitonic

interactions, bound-state solitons
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