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Fig. 1. Physical model diagram.
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Fig. 2. Schematc diagram of curved edges model.
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Table 1. Comparison of Keq with literature res- , - . N
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Table 2. Results of grid independence test for Nu .
201 x 201 401 x 401 801 x 801
Ra
Nu AHXFER2E /% Nu AHXFER2E /% Nu AHXFER2E / %
] % 10 3.52 0.643 3.51 0.084 3.50
4 x 102 5.40 2.03 5.29 1.07 5.23 .
810 6.36 3.89 6.1 0.70 6.07
6.0
(a) — 201x201 6.5 L(P) — 201x201
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— 801 X801 4 — 801 x801
5.6 6.4r
E 5.4 F E 6.3 F
L 5ol N
= s 62f
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4.8
4.6 F 6.0F
4:6 418 5?0 5:2 514 5:6 5:8 6.0 6:0 6:1 6j2 613 6:4 6:5
Nu Nu
K3 KRNI Nutia &M (a) Ra=4x10%; (b) Ra =8 x 10°
Fig. 3. Phase space reconstruction diagram of Nu from different grids: (a) Ra =4 x 105 ; (b) Ra =8 x 10°.
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B 4 K RaWEE =K (a) Ra=8.5x10%; (b) Ra=9x10%; (¢) Ra=9.5x 10*; (d) Ra =1.75 x 10%; (¢) Ra = 3.1x
10%; (f) Ra =6 x 10%; (g) Ra =8 x 10°; (h) Ra =9 x 10°
Fig. 4. Temperature contours at different Ra: (a) Ra = 8.5 x 10%; (b) Ra =9 x 10*; (¢) Ra = 9.5 x 10%; (d) Ra = 1.75 x 10%;
(e) Ra=3.1x10%; (f) Ra=6x10%;(g) Ra=8x10%; (h) Ra =9 x 10°.

B 5 A RaWRZ&IE (a) Ra=8.5x10%; (b) Ra=9x10*; (c) Ra=9.5x10%; (d) Ra=1.75 x 10%; (¢) Ra = 3.1x

105 (f) Ra=6x10%; (g) Ra =8 x 10%; (h) Ra =9 x 10°

Fig. 5. Streamlines at different Ra: (a) Ra = 8.5 x 10%; (b) Ra =9 x 10*; (¢) Ra = 9.5 x 10%; (d) Ra = 1.75 x 10%; (¢) Ra =
3.1 x10%; (f) Ra=6x10%; (g) Ra=8x 10%; (h) Ra =9 x 10°.

1) ARG, BN 617 AH 2 (B F A A W R 5¢
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17 PSD 43, AU R G2 0 R AE A3 % R H i Ak
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THA LLE. 1557538 120 38 B7AH 2 (8] th AH SR 50 Y
FRECR BOR K AL R G py iR Rt 8Ll AU
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. SR F A ARG TS EE IR B[R] ffH Cao J7
DB R AYERE ; LA I 5 A2 RE 4B 5 A sl HL
1 Ra 19 PSD i {55 K A WX 1 Ay Bsf 1] . 3+ 2%
R 3.

# 3 A Ra TIW LLE

Table 3. LLE at different Ra.

Ra LLE Ra LLE

1.1 x 10° -0.0021 7 % 10° -0.004
1.75 x 10° 0.0019 8.25 x 10° 0.0038
2.75 x 10° 0.0099 8.5 x 10° 0.0003
3 x 10° 0.0036 8.75 x 10° 0.0019
4% 10° 0.0642 9.2 x 10° 0.0043
6 x 10° 0.4274 9.5 x 10° 0.1574

3 Z#XR5i%w

Kl 4f & 5K E/AR T RafE 8.5 x 10* Al
9 x 10° Yo N, MR = K (K 4) Mk (K 5) 1y
AT AR, B 6 R RGeS I B 3 A £
Ra ALI /320 . s ER T RGNS 2
IR SR L2, T REARIG A2
JE T HE AN SRR FRIN 43 32, A SR R Herp—A
3. DT & A G AR PR3 & LLE 5347,
TEZ B 255372 X (BT PSR B 1 2R RAE

0.008
11 3.125 7125 85 9.29.5 10
S P C QP |FLC)
0.006 i i
C . ::i il
0.004 R A A U i
Al '
3 L Lo | '
< 0002 |i'! i
S 0.95| i | i !
: 0 ki RN
5 il | i
= I !
I3 HE I I |
5! —0.002 | il i i l i
I | : i [ S
—0.004 } S: Steady R ; !II RTI i
C: Chaos A ' | Il I
P: Periodic ' !
—0.006 QP: Quasiperiodic L
FL: Frequency locking
_0.008 1 1 1 1 1
0 2 4 6 8 10

Ra/10°

6 BB w AR AE BE S FIEL Ra 1945375 €]
Fig. 6. Bifurcation diagram of the extrema of velocity com-

ponent wu versus Rayleigh number Ra.
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3.1 TaisfR

WE 6 7R, 7€ Ra = 8.5 x 10* I, RGAETE
WA, HE 4(a) F1E 5(a) AT, Ra = 8.5 x 10* i}
REREY S TS LR DR BHSRTR, TE K
FEE RO EE . T FR R A A 3R -5 B T [ )
B XU IR — AR MR 43 A, 5530k [19] WE
FEEN “OhY T NG A T — 35, RUITERE A NS
MESWRGE T, R U a5 &Y i3
SHEPHHLE. BHE TR IE R, R4 Nu T
TSGR AR

3.70
—— Ra = 8.5x10*
—— Ra =9.0x104
—— Ra =9.5x104
3.65
3
B
3.60
3.55 L
300 400 500

t

Kl 7 AR RaF Nu B8] AL
Fig. 7. Time evolutions of Nu at different Ra.

[FIE]E 5(b), Al LA R], 76 Ra = 9 x 10* i}
T3] fas 10 10 B T 158 r s 2 B AT 7 A — Xk R 1 i
SRR S R L, T 5 R B 00 R R R ARORR
A, M RadiR, — M RANE, 71— IRFEHETE K,
e ZIE R —R M (I 5(c)), 252k 1 — i {5
(I 4(c)). Tl A5 SR E R LI A8 XK, %
T FR X N — R T AP e R I A S A,
FRPE A RSk, e 285 S RV iR i, 78
BEMLE ) T DLAERER R B A ] 73 3, BAT BAR K
k.

3.2 [EHIfR

HIE 6 AT I, Ra=1.1x10° W RS0 HER
AR R IIRG A, 2R R LR
F AR A ) KRS RIS R
BUl, B R IE M 4E. BEhs, 1K 8 R4 Nu i Wik
&7, B 9(a) RG: PSD EHERIIEFTRLA fo 1IN
U DL Ko HAEHL 2. f0 3 fo SEMIAR IR, K] 10 RS
NuHEFIE R E 11 REE w-v FEFLE 5 L H
— BRI, HLLAE Ra Z31E HWIG 7R A5 10 i

Toii J5 4. X R e L [F AR A, REETE Ra ~
1.1 x 10° ffli 28 T — i A Hopf 437, (super-
critical Hopf bifurcation, Hopf 4372 ) # A H.J& HH

WL 5(d) AT, 28 Hopf 43 % J5 2 4B Ra
R 10 A% A 47 325 9 JRe Ay () 1) Xk PR A R 5 )

6

— Ra=1.1X10° — Ra =2.75X10°
—— Ra =3.0x10°

SOV

—— Ra=1.75x10°P; = Ra=1.75X10°P_

2000 2200 2400 2600
t

8 RIF RaF Nu Ky a]# b
Fig. 8. Time evolutions of Nu at different Ra.

100

(a) — Ra =1.10x10°
10-1F —— Ra=1.75x10°P,
+ Ra=175%x105P_

PSD(Nu)

0 0.04 0.08 0.12 0.16 0.20

Frequence

(b) — Ra =2.75x10°
10-1F —— Ra =3.00x10°

PSD(Nu)
—
[e=]
L

0 0.04 0.08 0.12 0.16 0.20
Frequence

9 (a) Nuff Ra=1.1x 10° fll Ra = 1.75 x 10° FHY

PSD; (b) NufE Ra = 2.75 x 10° fil Ra = 3 x 10° FAYPSD

Fig. 9. (a) PSD of Nu at Ra ~ 1.1 x 10° and Ra = 1.75x

10%; (b) PSD of Nu at Ra=2.75x 10° and Ra =
3 x10%.
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Fig. 11. u-v phase diagram of center point at different Ra.
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Evolution of nonlinear characteristics in thermal convection
within a confined circular cavity with multiple heat sources
based on lattice Boltzmann method”

XIE Ganhao ZHAO Mingf

(School of Energy and Power Engineering, University of Shanghai for Science and Technology, Shanghai 200093, China)

( Received 26 February 2026; revised manuscript received 3 May 2026 )

Abstract

The flow and heat transfer characteristics of thermal convection in confined spaces exhibit strong
dependence on and complexity due to the spatial geometric configuration. This study numerically investigates
the nonlinear dynamics and bifurcation transitions of natural convection in a two-dimensional circular enclosure
containing four isothermal circular heat sources arranged in a diamond configuration, with the enclosure wall
maintained at a constant cold temperature. The lattice Boltzmann method with a double-distribution function
model (D2G9 for the flow field and D2Q4 for the temperature field) is employed to solve the governing
equations under the Boussinesq approximation. Numerical simulations are conducted over a range of Rayleigh
numbers (Ra) from 8.5x10* to 9.5x10° at a fixed Prandtl number of Pr = 0.706. The flow regime transitions
are identified through temperature contours and streamlines, while the system state transitions and bifurcation
types are determined by analyzing time series, phase space trajectories, power spectral density (PSD), and the
maximum Lyapunov exponent.

The results reveal a rich and complex bifurcation cascade as Ra increases. At low Ra, the flow remains in a
steady, symmetric state. A supercritical pitchfork bifurcation occurs at Ra = 9.5x10%, where the symmetric
steady state loses stability, giving rise to a pair of stable, mirror-image asymmetric steady solutions. This
symmetry breaking is manifested by the dominance of a single vortex near the top heat source. As Ra increases
further to Ra = 1.1x10°, the system undergoes a supercritical Hopf bifurcation, transitioning from a steady to a
stable periodic oscillatory state represented by a limit cycle in phase space. This single-frequency oscillation is
driven by the periodic expansion and contraction of the dominant vortex near the top heat source. Between Ra
~ 1.75%x10° and 3x10°, the system maintains single-periodic oscillations, with vortices periodically generated

near the top heat source and moving toward one side. A fundamental change in dynamics occurs at Ra =

* Project supported by the National Natural Science Foundation of China (Grant No. 51306120).
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3.15x10°, where a global heteroclinic bifurcation is identified. The limit cycle destabilizes, and the system
transitions directly into chaos, confirmed by a broadband PSD and a positive maximum Lyapunov exponent.
Phase space reconstruction reveals chaotic trajectories intermittently visiting regions corresponding to the two
unstable mirror-image states, forming a heteroclinic network. As Ra increases through the chaotic regime, the
flow structure near the top heat source reorganizes from intermittent dual-vortex motion to a persistent central
thermal plume, causing the collapse of the chaotic attractor's topology. Remarkably, at Ra = 7.5x10%, the
chaotic state destabilizes via a torus bifurcation, leading to a quasi-periodic window characterized by two
incommensurate frequencies in the PSD. This is followed by a frequency-locking phenomenon at Ra = 8.75x10°,
where the system reverts to a periodic state. The locked state eventually breaks down as Ra increases, re-
entering quasi-periodicity and finally transitioning back to a fully developed chaotic state through torus
breakdown at Ra =~ 9.5x10°.

In conclusion, this study elucidates a complex and non-standard route to chaos for multi-source natural
convection in a circular enclosure, involving successive steady symmetry breaking, Hopf bifurcation, a direct
transition to chaos via heteroclinic bifurcation, and a subsequent quasi-periodic window with frequency locking.
The findings highlight the profound influence of the interplay between multiple discrete heat sources and curved

boundaries on the system’s nonlinear dynamics.
Keywords: chaos, multi-heat sources, thermal convection, lattice Boltzmann method

DOI: 10.7498 /aps.75.20260278 CSTR: 32037.14.aps.75.20260278

160001-12


http://doi.org/10.7498/aps.75.20260278
https://cstr.cn/32037.14.aps.75.20260278
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Chinese Physical Society

%ﬂ *ﬁActa Physica Sinica

Institute of Physics, CAS

FT#5TFBol tzmannJ7 ¥ K 2 R 52 FR B i P #0nt I B R R PRI AL

Hie R AR

Evolution of nonlinear characteristics in thermal convection within a confined circular cavity with multiple heat
sources based on lattice Boltzmann method

XIE Ganhao ZHAO Ming

5] Fi{i5 . Citation: Acta Physica Sinica, 75, 160001 (2026) DOI: 10.7498/aps.75.20260278

CSTR: 32037.14.aps.75.20260278

TELER L View online: https:/doi.org/10.7498/aps.75.20260278

BN 2 View table of contents: http://wulixb.iphy.ac.cn

AT RE RSB HAN S R

Articles you may be interested in

TN RO B R ReBURHE SR A SR IE Re
Scaling of Reynolds number based on maximum velocity and characteristic Reynolds number in two—dimensional thermal turbulence

convection

WIBEAEA. 2022, 71(19): 194702 hitps://doi.ore/10.7498/aps.71.20220352

WEE T AOKR TR F SRR A% T Boltzmann 7 A5
Numerical simulation of natural convection in nanofluids under magnetic field by lattice Boltzmann method

PrPReEd. 2026, 75(4): 194702 https://doi.org/10.7498/aps.75.20250770

UL RS XA KRR F SRR S M A% - Boltzmann /7 EEA54L
Lattice Boltzmann method simulated effect of nanoparticle size on natural convection patterns of nanofluids

WyFREEAR. 2024, 73(23): 234702 hitps:/doi.ore/10.7498/aps.73.20241332

FETFHE T Boltzmann 5 1 1 — e 0 BF b id REAR L

Lattice Boltzmann method based simulation of two dimensional bubble group ripening process

PFEEEAR. 2022, 71(11): 110504 https:/doi.org/10.7498/aps.70.20212183

HLTA% T BoltzmannJ7 5 9 FTHLIRE I S 154 il

Lattice Boltzmann method based feedback control approach for pinned spiral waves

YrH2E 4. 2024, 73(4): 040502  https:/doi.org/10.7498/aps.73.20231549

FLTHIIGE AR ) = Al Rayleigh—Taylor AN Fe € 14 A% T Boltzmann 5 245

Numerical simulation of three—phase Rayleigh—Taylor instability based on phase field model using lattice Boltzmann method

YIHE2E 4. 2026, 75(1): 040502 https:/doi.org/10.7498/aps.75.20251095


https://wulixb.iphy.ac.cn
https://doi.org/10.7498/aps.75.20260278
http://wulixb.iphy.ac.cn
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.71.20220352
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.71.20220352
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.71.20220352
https://doi.org/10.7498/aps.71.20220352
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.75.20250770
https://doi.org/10.7498/aps.75.20250770
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.73.20241332
https://doi.org/10.7498/aps.73.20241332
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.70.20212183
https://doi.org/10.7498/aps.70.20212183
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.73.20231549
https://doi.org/10.7498/aps.73.20231549
https://wulixb.iphy.ac.cn/article/doi/10.7498/aps.75.20251095
https://doi.org/10.7498/aps.75.20251095

	1 引　言
	2 问题描述
	2.1 物理模型
	2.2 LBM模型
	2.3边界处理及\overlineNu计算
	2.4 模型验证
	2.5 非线性动力学分析方法

	3 结果与讨论
	3.1 稳态解
	3.2 周期解
	3.3 异宿分岔与混沌转变
	3.4 窗口期

	4 结　论
	参考文献

