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Fig. 1. Memristor characteristic analysis: (a) Frequency-dependent pinched hysteresis loops; (b) amplitude-dependent pinched hys-

teresis loops; (¢) POP curves.
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Fig. 2. Connection topology of the dual-memristor Hopfield
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Fig. 3. Solution of equilibrium points: (a) Local curve plot; (b) 3 x 3 grid multi-double-scroll attractor and 27 equilibrium points.
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Fig. 4. Dynamics behavior varying with k;: (a) Bifurcation diagram; (b) Lyapunov exponent spectrum.
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Fig. 5. Dynamics behavior varying with k1 : (a) k1 = —1.5; (b) k1 = —1.2; (¢) k1 = —0.6.
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Fig. 6. Bifurcation diagram and phase portraits with respect to the control parameter Nj .
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Fig. 7. Bifurcation diagram and phase portraits with respect to the control parameter Mj .
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Fig. 8. Multi-double-scroll attractors varying along 2 direction.
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Fig. 9. Grid multi-double-scroll chaotic attractors: (a) 2 x 2 grid multi-double-scroll chaotic attractor; (b) 5 x 4 grid multi-double-
scroll chaotic attractor; (¢) 7 x 8 grid multi-double-scroll chaotic attractor.
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Fig. 10. Dynamic behaviors varying with initial condition ¢1(0): (a) Bifurcation diagram along the ¢1 direction; (b) bifurcation

diagram along the g direction; (c) Lyapunov exponent spectrum; (d) five coexisting 5-double-scroll chaotic attractors; (e) time

series plots; (f) basin of attraction.
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Fig. 11. Attracting basin corresponding to the attractor, enhanced by the initial value offset related to the control parameter

Ni/M; : (a) My =2, six coexisting attractors; (b) N1 = 3, seven coexisting attractors; (c) M1 = 3, eight coexisting attractors.
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Fig. 12. Dynamic behaviors varying with initial condition ¢2(0): (a) Bifurcation diagram; (b) basin of attraction; (c¢) five coexist-

ing 5-double-scroll chaotic attractors.
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Fig. 13. Coexisting multi-double vortex chaotic attractors varying with control parameters: (a) Six coexisting attractors; (b) seven

coexisting attractors; (c) eight coexisting attractors.
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Fig. 14. Planar-offset coexisting double-scroll chaotic attractors: (a) Basins of attraction; (b) phase portraits of coexisting attractors.
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Fig. 15. FPGA Hardware Experiment Platform.
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Fig. 16. FPGA hardware implementation diagram: (a) ¢1 -direction dual-scroll attractor; (b) 1 -direction 2-scroll attractor;

(c) ¢1 -direction 3-scroll attractor; (d) 2 -direction 1-dual-scroll attractor; (e) 2 -direction 2-scroll attractor attractor; (f) @2 -

direction 3-scroll attractor.

6 NIST MK

FEERD2EAT, TR 51 A B AL 5 A5 mT T
PRSP ICHETR AR, T B I R G 2 R
NIST ik 3 2 H F R IR R G Re & 4E HAE
BEHLF 3 B P BEALIF 5. NIST SP 800-22 i &

52 B RTPEAL R S BEHLE R T E, g5 15 0
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Table 2.  Comparison of NIST test results and pass rates.
o AL ik [26) ik [27)
W5
p-value PuE:S p-value SRS p-value TR
I 0.0414 99.00% 0.7444 — 0.7565 99.17%
ey A it 0.2557 99.00% 0.9225 — 0.3115 97.50%
FRURIII 0.6579 98.00% 0.8462 — 0.5852 100.00%
e s AT 0.6579 99.50% 0.0317 — 0.1347 98.33%
SRR It 0.0966 99.50% 0.9708 — 0.9761 98.33%
JEL AR DU 0.0288 99.00% 0.7872 — 0.0635 100.00%
{68 FRL I AR 3 0.1917 99.50% 0.0575 — 0.1223 100.00%
A H & B PE L 0.0352 99.50% 0.9716 — 0.0742 98.33%
EEHBIRILE 0.1816 97.50% 0.8648 — 0.8486 100.00%
38 I 0.6059 100.00% 0.8861 — 0.9705 97.50%
SR RRIINEY 0.3925 97.84% 0.2416 — 0.1865 96.67%
REAILIE i 0.1846 98.56% 0.0500 — 0.7061 98.33%
BERLIE AR 1A 0.0174 99.50% 0.0673 — 0.7399 98.43%
EZZNE=, 0.4466 98.00% 0.9691 — 0.1481 100.00%
LM IR 0.2077 99.50% 0.9374 — 0.8881 100.00%
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Dynamical analysis and implementation of multi-double-scroll
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Abstract

Recent research on multi-double-scroll memristive Hopfield neural networks has attracted considerable
attention, and significant progress has been made. However, most existing models rely on a single memristor for
regulation, yielding unidirectional multi-double-scroll chaotic attractors. Moreover, current systems are typically
constructed using polynomial-based memristor models, in which the number of scrolls varies with the number of
polynomial terms. Although such approaches allow programmable control of scroll count, their complex
mathematical formulations hinder further application.

To overcome this limitation, this study proposes a new memristor model based on piecewise functions,
which is incorporated into a Hopfield neural network as both a self-synaptic and an inter-synaptic weight.
Theoretical analysis shows that the proposed memristive Hopfield neural network can generate an arbitrary
number of multi-double-scroll attractors, and the scroll count can be flexibly adjusted via the memristor’s
control parameters. In addition, the model can be extended by adding more memristive synapses to construct
higher-dimensional networks, demonstrating flexibility and generality.

The nonlinear dynamics of the system are investigated using bifurcation diagrams, Lyapunov exponent
spectra, phase portraits, and basins of attraction. The results indicate that the system can produce grid-style
multi-double-scroll chaotic attractors, where the total number of scrolls equals the product of the scroll counts
generated along each of the two directions. Further analysis reveals that the system exhibits initial-offset-
enhanced coexisting attractors: varying only the initial condition of the memristor yields multiple chaotic
attractors with identical shapes but shifted positions. The number of these coexisting attractors can also be
controlled via parameters, indicating the presence of super-multistability.

The chaotic sequences generated by the network pass all 15 tests of the NIST SP 800-22 statistical suite,
with p-values above 0.01, confirming their randomness and unpredictability for cryptographic applications such
as image encryption and secure communication. Comparative results with recent studies show that the proposed
system achieves p-values closer to 0.5 and relatively high pass rates across multiple tests, demonstrating
satisfactory randomness.

Finally, the proposed system is implemented on an FPGA platform using SOPC technology and the Euler
discretization method. Oscilloscope measurements agree well with MATLAB numerical simulations, verifying its
physical realizability and feasibility.

Keywords: memristive hopfield neural network, multi-double-scroll, coexisting attractors, FPGA hardware

implementation
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