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Table 1.  Comparison of charmonium masses before and after potential parameter optimization.

AR SR {H R (Bh2E) HRE 380 X2 (RIGSE) MHXE (5240
1e(11S0) 2984.1£0.4 2982.35 2985.08 0.0586% 0.0328% |
J/(1381) 3096.900 £ 0.006 3090.46 3094.57 0.2079% 0.0751% |
ne(2180) 3637.8 £ 0.6 3630.73 3637.54 0.1943% 0.0072% |
»(2381) 3686.097 £ 0.011 3672.28 3679.73 0.3750% 0.1727% |
»(3381) 4039.6 4.3 4071.65 4082.67 0.7933% 1.0663% 1
»(43S1) 4415+ 5 4406.52 4419.31 0.1921% 0.0975% |
he(11P1) 3525.37 £ 0.14 3515.18 3521.81 0.2889% 0.1009% |
Xc0(13Po) 3414.71 £0.30 3427.04 3418.48 0.3612% 0.1104% |
Xe1(13P1) 3510.67 £ 0.05 3505.71 3509.20 0.1414% 0.0419% |
Xe2(13P2) 3556.17 £ 0.07 3554.59 3567.64 0.0443% 0.3225% 1
Xc0(23Po) 3922.1+1.8 3867.16 3881.39 1.4009% 1.0380% |
Xe2(23P2) 3922.5+1.0 3967.51 3974.43 1.1474% 1.3238% *
W(13D1) 3773.7+0.7 3785.88 3794.86 0.3228% 0.5608% 1
2(13Dg) 3823.51 +£0.34 3800.36 3808.69 0.6054% 0.3875% |
3(13D3) 3842.71 +£0.20 3806.08 3813.89 0.9533% 0.7499% |
»(23D1) 41915 4143.05 4149.04 1.1441% 1.0012% |
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Fig. 1. Radial probability density distribution |u(r)|? of charmonium. Panels (a)-(d) correspond to orbital angular momentum

channels with I =0 (S-wave), [ =1 (P-wave), | =2 (D-wave), and [ =3 (F-wave), respectively. Curves of different colors rep-

resent excited states with different principal quantum numbers n. The number of nodes in each wavefunction follows the n — 1

rule, and the peak positions shift outward as n increases. Moreover, the larger the [, the more pronounced the suppression of the

wavefunction near the origin.

2 NS ETON WS EZR BT 1
Table 2.  Charmonium mass spectra predicted by the new parameter set.
BFA i /MeV TR i /MeV PP Jitt /MeV
ne(11Sp) 2985.08 he(41P1) 4599.04 Ne3 (1 1F3) 4035.37
J/(138;) 3094.57 Xc0(43Po) 4548.98 Xe2(13F2) 4040.40
1c(218y) 3637.54 Xc1(43P1) 4597.01 Xe3(13F3) 4038.76
P(238)) 3679.73 Xe2(43P2) 4627.69 Xea(13F4) 4030.69
ne(31S0) 4053.60 ne2(1'D2) 3807.92 ne3(21F3) 4362.51
(338;) 4082.67 P (1°Dy) 3794.86 Xc2(23F2) 4362.90
ne(41Sp) 4396.46 P2(1°D;) 3808.69 Xe3(23F3) 4364.60
1 (4381) 4419.31 1P3(13D;3) 3813.89 Xea(23F4) 4360.61
he(11Py) 3521.81 Ne2(21D2) 4168.68 Ne3 (3 1F3) 4657.63
Xco(13Pg) 3418.48 ¥(23Dy) 4149.04 Xe2(3 3F2) 4660.06
Xe1(13Py) 3509.20 ¥2(23D2) 4169.32 X3 (3 3F3) 4660.33
Xec2(13P;) 3567.64 ¥3(2°D3) 4179.08 Xca(33F4) 4655.67
he(21P1) 3942.71 Ne2(31Dg2) 4485.30 ne3(41F3) 4930.43
Xco(23Py) 3881.39 »(33D1) 4463.47 Xe2(43F2) 4929.10
Xe1(23P1) 3932.72 ¥2(33D2) 4484.51 Xc3(43F3) 4932.13
Xc2(23P;) 3974.43 ¥3(33D3) 4498.95 Xea(43F4) 4930.71
he(31P1) 4290.97 Ne2(41D2) 4772.61
Xc0(33Po) 4190.25 (4°3Dy) 4747.05
Xe1(33P1) 4276.53 2 (43Dg) 4771.57
Xe2(33P2) 4336.74 ¥3(43D3) 4789.99
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Charmonium potential models based on neural network
wave functions”
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Abstract
This study presents a comprehensive framework for fitting the phenomenological potential model
parameters of charmonium by integrating neural network wavefunctions. This approach overcomes the

limitations of traditional fitting methods, which adapt slowly to new experimental data. In this method, the

radial Schrodinger equation is solved variationally using a neural network wavefunction ansatz. The
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wavefunction incorporates an explicitly constructed node factor that accurately represents the nodal structure of
excited states. It also employs a residual network architecture to enhance expressiveness and training stability.
The number of nodes is specified according to the target radial excitation, while the node positions are treated
as trainable parameters, enabling the neural network to optimize the excited-state wavefunctions without
preassigning their nodal locations. The energy variance is used as the training objective, and automatic
differentiation is employed to calculate the derivatives required in the variational optimization and subsequent
parameter inference. After determining the eigenwavefunctions and eigenenergies, the potential parameters are
inferred via maximum likelihood estimation with the Laplace approximation, yielding optimal parameter values
and their uncertainties. In the likelihood construction, a fixed theoretical uncertainty is introduced together
with the experimental errors so that the fitting procedure reflects both experimental precision and the intrinsic
approximation of the potential model. The method is applied to a phenomenological charmonium potential that
includes a Coulomb term, a linear confinement term, a smeared spin-spin interaction, and spin-orbit and tensor
forces treated perturbatively. The fitted parameters are the charm quark mass m. = mz = (1.4801 £ 0.0055) GeV ,
the strong coupling constant o, = 0.5459 £ 0.0120, the string tension oy, = (0.1442 £ 0.0028) GeV?, and the
smearing radius ogmesr = (1.1047 £ 0.0568) GeV . Compared with the original parameters, the optimized model
improves the agreement with the 16 known charmonium states from the Particle Data Group. The root-mean-
square deviation is reduced from 26.26 MeV to 24.62 MeV. Based on the optimized parameters, the mass
spectrum of charmonium is predicted up to high excitation levels, including S, P, D, and F waves. The
predicted energy level spacings and fine structures are consistent with the expected behavior of the confining
potential, indicating that the optimized parameters retain the main physical features of the conventional
potential model. Notably, the framework provides predictions for unobserved high-angular-momentum states
such as the n®F; and n'F; series, which may serve as references for future experimental searches at facilities
such as BESIII, Belle II and LHCb. The main innovation of this work is to combine neural network
wavefunctions with statistical parameter inference, so that the solution of the Schrodinger equation, the fitting
of potential parameters, and the quantification of parameter uncertainties are incorporated into an automated
and extensible workflow. The proposed framework can be readily extended to other heavy quark systems such
as bottomonium and B. mesons, as well as to more complex spectroscopic problems involving coupled-channel
effects.

Keywords: charmonium, potential model, quantum Monte Carlo, neural network wavefunction
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