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Fig. 1. The schematic of the O-Kekulé lattice, where orange dots represent lattices. The red and blue solid lines correspond to bonds

with ¢1 and t2 energies, respectively; their geometric lengths are taken to be identical (ag ) for schematic illustration and do not

affect the calculations. The purple (panels (a) and (c)) and green (panel (b)) hexagons represent different types of nanodisks with

different sizes. Note that corner states appear only if the nanodisk is cut according to the pattern marked by the green hexagon in

panel (b), corresponding to L = 4ap + 3nag -
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Fig. 2. The band structures of hexagonal-shaped Kekulé nanodisks with (a) L =49ag, p=0t1; (b) L =499, p =047t ;
(¢) L =48ap, p = 0t1, respectively. The red, yellow, and blue dots represent corner, edge, and bulk states, respectively. The op-

tical transitions between corner and bulk states (C-B), corner and edge states (C-E), edge and edge states (E-E), edge and bulk
states (E-B), as well as bulk and bulk states (B-B) are indicated by arrows of different colors.
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Fig. 4. Real part of the optical conductivity, Re (ozz) , as a
function of frequency at p=0t1: (a) Re(ozz) for
L =48ap and L =49ap; (b) for L =49ag, contribu-
tions from C-B, C-E, and E-E transitions; (c) for L = 49ag ,
contributions from B-B and E-B transitions. The resonant
peaks of C-B, C-E, E-E, B-B and E-B transitions are
marked by arrows at the onset frequency with different col-
ors. These color codes are the same as those of the arrows
in Fig. 2(a). The other parameters are kg7 = 0.01¢; and
I' =0.001¢; .
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Table 1. Summary of optical transitions, transition
thresholds (i.e., corresponding band gaps), and onset fre-
quencies of the optical conductivity for different trans-

itions at p = Oty .
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Fig. 5. Real part of the optical conductivity, Re (0zz) , as a
function of frequency atp =0t;, 0.2¢t;, 0.47t;, and
1.08t1 for (a) L =49ap and (b) L =48ap. The other
parameters are I' = 0.001¢; and kg7 = 0.01¢7 .
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Fig. 6. Real part of the optical conductivity, Re (0zz) , as a
function of frequency at p = 0.47¢1 : (a) Re (04a) for L =
48ap and L =49ao; (b) for L =49ap, contributions
from C-B, C-E, and E-E transitions; (c) for L = 49ag,
contributions from B-B and E-B transitions. The other
parameters are kg7 = 0.01¢; and I' = 0.001¢7 .
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Fig. 7. The real part of optical conductivity Re (0z4) as a
function of frequency for I" = 0.0005¢; , 0.001¢1 , 0.005¢; ,
and 0.03t1, respectively: (a) L =49a¢; (b) L =48ao .
The other parameters are g = 0t; and kg7 = 0.01t; .
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Fig. Al. Energy spectrum near zero energy as a function of
ta/t1 for a Kekulé hexagonal nanodisk with L = 49ag .
The 80 eigenvalues closest to zero energy are plotted. The
vertical green solid line marks ta/t; = 2, which is the rep-

resentative parameter adopted in this work.
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Fig. B1. Real part of the optical conductivity, Re (ozz) , as
a function of frequency at p = 0.2t1 : (a) Re (0z2) for L =
48ap and L =49ag; (b) for L =49ap, contributions
from C-B, C-E, and E-E transitions; (c¢) for L = 49ag,
contributions from B-B and E-B transitions. The other
parameters are kg7 = 0.01¢; and " = 0.001¢; .
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Fig. B2. Real part of the optical conductivity, Re (0z¢) , as
a function of frequency at u = 1.08t1 : (a) Re (0zz) for L =
48ap and L =49ag; (b) for L =49ap, contributions
from C-B, C-E, and E-E transitions; (¢) for L = 49ap,
contributions from B-B and E-B transitions. The other

parameters are kg7 = 0.01¢; and I' = 0.001¢; .
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Abstract

Over the past few decades, conventional first-order topological insulators (TIs) have attracted much
attention in condensed matter physics. In contrast to conventional TIs with gapless edge states, two-
dimensional higher-order topological insulators (2D HOTIs) host zero-dimensional in-gap corner states, which
are spatially localized at geometric corners and energetically separated from both edge and bulk bands. Due to
their localized nature and weak coupling to propagating states in external leads, these corner states do not
naturally form robust transport channels, making their detection via direct current measurements challenging.
Optical conductivity provides valuable information on charge dynamics and intrinsic band structures, which is
often difficult to access through transport measurements. It is therefore natural to ask whether optical
transitions among isolated corner states, edge states, and bulk states can generate distinct optical conductivity
signatures.

In this work, we take finite-size hexagonal nanodisks of the Kekulé lattice as a concrete example and
identify the optical conductivity signatures of topological corner and edge states in 2D HOTIs. We numerically
investigate the band structures and optical conductivity of hexagonal nanodisks with different side lengths.
Specifically, for the side lengths L = 4ag + 3nao , where ao is the bond length and n =0,1,2,..., the hexagonal
nanodisks of the Kekulé lattice are confirmed to be 2D HOTIs. In this case, additional corner and edge states
appear within the bulk band gap. Since optical transitions involving corner states, edge states, and bulk states
provide additional channels within the bulk gap, they give rise to a characteristic low-frequency response in the
optical conductivity. As a consequence, the optical conductivity exhibits additional resonant peaks in the low-
frequency region, where it vanishes for trivial insulators. These additional resonant peaks are absent in trivial
insulating nanodisks because there are no corresponding in-gap corner or edge states to participate in the optical
transitions. Moreover, these distinctive features in the optical conductivity can be observed as long as the
chemical potential is located in the bulk gap, and they are robust against disorder-induced scattering
broadening. Our findings extend the theoretical understanding of the dynamical aspects of topological corner
and edge states in 2D HOTIs. The additional resonant peaks in the optical conductivity provide a promising
route toward the optical detection of corner and edge states in 2D HOTIs.

Keywords: topological corner and edge states, optical conductivity, Kekulé honeycomb lattice, two-

dimensional higher-order topological insulators
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