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Fig. 1. Schematic illustration of symmetry-protected degeneracies. In panels (a) and (c), the green and red solid curves denote the
single-particle spin-orbit-coupled dispersion in free space, corresponding to Vzr, = 0ERr . The curves with different colors and line
styles represent the band structures in the presence of a Zeeman lattice with Vz, = 1ERr . The black curved arrows schematically
indicate the band-folding process, while the blue arrows mark the lifting of band degeneracies. Panels (b) and (d) show the evolu-
tion of the band structures after a Raman coupling of {2 = 1ER is further introduced. The blue arrows indicate the further lifting

of the band degeneracies, and the green squares mark the positions of the local minima in the lowest energy band.
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Fig. 2. Ground state momentum distribution of the single-particle Zeeman lattice system. Panels (a)—(f) show the distribution of the
band minima, knin/kBz , for Zeeman lattices with different periodicities. In particular, panels (b), (d), and (f), corresponding to
v=0.5, 1.0, and 1.5, respectively, represent three special cases in which the spin-orbit coupling is perfectly matched with Hyzy .
The vertical dashed lines indicate the theoretically predicted critical transition points. The light-blue dashed line, !¢ marks the
critical value for the transition from the IMR to the CMR. The white dashed line, £2BF | denotes the point at which the mo-
mentum minimum asymptotically approaches the BER. The red dashed line, S, indicates the critical value for the reentrant
transition from the CMR to the IMR.
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Fig. 3. Dependence of various physical quantities on the Raman coupling 2r at a fixed Zeeman-lattice depth V71 /Er = 0.2 and

interaction strength gkgr/Fr = 0.1:

(a) Condensate quasimomentum k. as a function of 2y .

The cases kc/kr =1 and

ke/kr = 0 correspond to the band-edge state and band-center state, respectively, while the intermediate region corresponds to a

single-momentum Bloch state. (b)—(d) Energy E, spin polarization (o), and (o), respectively, as functions of g . In panels

(a)—(d), the gray circles denote the stripe-state solutions.
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Fig. 4. Elementary excitation spectra for different types of condensate states: (a) Band-edge state at 2 /Er = 0.05, where the

four lowest excitation bands are shown; (b) single-momentum Bloch state at 2r/Er = 2; (c) band-center state at 2r/Er = 4.

All other parameters are the same as those in Fig. 3.
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Fig. 5. Static structure factor and static spin structure factor: (al), (a2) Band-edge state at 2 /Er = 0.05. Panel (al) shows the
static structure factor S(q,wn), where the black dashed line denotes the total structure factor S(q) = Zn S(g,wn) obtained by

summing over all excitation bands. Panel (a2) shows the corresponding static spin structure factor Se(q,wn), with the black

dashed line likewise representing the total spin structure factor So(q) = Zn So(g,wn) . Panels (bl), (b2) and (cl), (c2) present

the same quantities as in (al), (a2) for the single-momentum Bloch state and the band-center state, respectively, allowing a com-

parison of the static response properties among different condensate states. All other parameters are the same as those in Fig. 4.
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SPECIAL TOPIC— Ultracold atomic and molecular physics

Ground states and elementary excitations of spin-orbit-coupled
Bose-Einstein condensates in a Zeeman lattice”

LIU Keyan®? ZHAO Yujie? CHENG Haiyu! DAI Ting" HE Huaxin ?f

1) (School of Mechanical and Electrical Engineering, Jiaxing Nanhu University, Jiaxing 314001, China)
2) (Provincial Key Laboratory of Multimodal Perceiving and Intelligent Systems, Jiazing University, Jiazing 314001, China)
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Abstract

The interplay between periodic potentials and artificial spin-orbit coupling (SOC) in ultracold atomic gases
provides a versatile platform for exploring exotic quantum phases. In contrast to conventional optical lattices
based on Raman coupling modulation, a Zeeman lattice characterized by a spatially varying longitudinal field
(. modulation) exhibits distinct symmetry properties and competing mechanisms. Here, we systematically
investigate the ground-state phase diagram and elementary excitations of a Raman-induced SOC Bose-Einstein
condensate in a one-dimensional Zeeman lattice. At the single-particle level, we show that the Hamiltonian
possesses a composite symmetry—combining PT and extended reflection symmetries—which protects a robust
band degeneracy at the Brillouin zone boundary. Driven by the competition between the periodic Zeeman
splitting and Raman-induced spin mixing, the quasi-momentum minimum displays a non-monotonic re-entrant
evolution across different momentum regimes as the Raman coupling strength varies. Incorporating many-body
interactions, we construct the ground-state phase diagram using a variational ansatz and the Gross-Pitaevskii
equation, identifying four distinct phases: the band-edge, single-momentum Bloch, stripe, and band-center
states. The phase transitions are found to be predominantly second-order and strongly governed by the
underlying band structure and symmetry constraints. We further analyze the elementary excitation spectra
within the Bogoliubov-de Gennes framework and compute the static density and spin structure factors. The
results reveal characteristic dynamical signatures, including an inversion of the density and spin excitation
branches in the band-edge state, as well as distinct crossing features in the Bloch state linked to the single-
particle dispersion minima. Our findings elucidate the critical role of symmetry and band structure in shaping
the quantum phases and collective excitations of SOC BECs in Zeeman lattices, providing clear experimental

signatures accessible via Bragg spectroscopy and spin-resolved measurements.

Keywords: Zeeman lattice, spin-orbit coupling, Bose-Einstein condensate, ground-state phase diagram,

elementary excitations
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