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Fig. 1. Feynman diagram within the self-consistent Born
approximation: (a) Self-energy, (b) Green's function obey-
ing the Dyson equation, (c) longitudinal conductivity in the
ladder approximation, and (d) Bethe-Salpeter equation for
the vertex correction. Here magenta and blue lines repres-

ent GR and GA, respectively.
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Fig. 2. (a) Feynman diagrams for the Fermi surface contri-
bution to the conductivity cr;“l;f. To avoid crossing of the
impurity scattering lines in the ladder diagrams, two single-
current vertices and two double-current vertices are intro-
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Table 1. The “ten-fold way” symmetry classification tabl

o[35.:49.52

T HXIFRIE AR 90052 5 T DALk = 2 N IR ARV SR SRR A= B X FRSE B AR AR B A )

I, showing the ten symmetry classes derived from the three

intrinsic symmetries and their periodic table of topological invariants.

Class T c S 0 1 2 3 4 5 6 7
A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIIT 0 0 1 0 Z 0 VA 0 Z 0 Z
Al + 0 0 Z 0 0 0 27 0 Lo Za
BDI + + 1 Zo Z 0 0 0 27 0 Lo
D 0 + 0 Zo Za Z 0 0 0 27 0
DIII — + 1 0 Za Za Z 0 0 0 27
All - 0 0 27 0 Lo Zo Z 0 0 0
CII - - 1 0 27 0 Zo Zo Z 0 0
C 0 0 0 0 27 0 Za Zo Z 0
CI + - 1 0 0 0 27 0 Zo Zo Z
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2 Y
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Hrh, Y(BE)=E - %(E), Dk,E)=Y?*— (ak2+
2.2 —0%k2 . R (3) SRR AL R AT
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Xt EL G 0L, Ro AT [R)AE 4 B i HL 4544
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I.(k,E',E) = )\,(E',E)90,, (27)
Horpdna I A, B 2 B 72 (8) 1B Ak R B4 EL
JifE

x Tr[G(k, E')o,G(k, E)o,). (28)
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THERAL H A8 S8R EY h by BT R EL, B
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Ik, E' E) = v,(k). (29)
X —45 R EMEEI e T 0] L, BT TG
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XL 3 v B K I ) 3 BE O I, X FRPE 43
HrR e 2 Alezsitrat, B 5 = M (E', E)oo ,
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gR GR 5
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© g
‘

-
(i)/\ ()
Y- A/ )

() \

" /
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“ \

M N
/\ »
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|\ |
3 BERFS R PORIE TR ofsp XN AY 3% & B HoR
(a) STTHR, B0 — A2 EETOUA . DU A B H i A L D
Ui B BE U A = XL TR T ; 18] (g)—(1) SR A BT (b)—(f) #H
XT (a) By H A IS KM 42 I

Fig. 3. Feynman diagram representation of the Fermi sea

%y : (a) The total contribution, which

includes one density vertex, four single-current vertices, two

(k)

\

Hall conductivity o

current-density vertices, and three double-current vertices.
Panels (g)—(1) are the duplicate terms or the compensation
terms arising from panels (b)—(f) relative to panel (a).
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2m
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SV RE D S i 2 BRI T R R RE TS R AL At
BB AR T A

T2 (33)—(35) i, 1 Ey(k) = —E.(—k), B
H BRI A BAE TS PHS. 41&] 4(a) BN, ReX,
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I HL T AT — R 2Re X, (0) . 18] 5 £ T
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PHS.

mE 4(b) FE 4(d) iR, ImX, fl Imx, A
TCIFOREE W RS SR T SR 3E n, 3 3% BA 2% B s o
P HGOR 23 ELHEAR R Hiia i s IR s 1], DT HEE
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Re[Zo]/10-3

Im[%,]/10-?

(b)
—20 s :
—0.2 —0.1 0 0.1 0.2
E/e.

Re[X,]/10-3

. —0.2 —-0.1 0
E/e. E/e.

0.1 0.2
Kl 4 ARESEE Yo Ml Xp 1SR R AR R 2 oK HE 9 A2 1k

(a) Xo HISEER; (b) Xo MHEHE; (c) Xu BISEHR; (d) Xy B HE T
Fig. 4. Real and imaginary parts of the self-energy components Yo and X, as functions of the Fermi energy: (a) Real part of X ;
(b) imaginary part of Xg ; (c) real part of Xy ; (d) imaginary part of X

0
ky ky ky
B 5 A ReX,(0) EEMFLKPTAEN R EE  (a) ReXy(0)=0; (b) ReXy(0) = —0.005; (¢c) ReX;(0) = —0.01.
(d)—(E) 5331 (a)—(c) X RE AV ke Hli 7 i) TR P

Fig. 5. Renormalized semi-Dirac bands with different ReX;(0): (a) ReXz(0) = 0; (b) ReX,(0)
(d)—(f) Corresponding bands with views from k, axis with respect to (a)—(c), respectively.

—0.005 ; () ReX,(0) = —0.01.
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0.2 F

0 . .
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E/e.

1.4

(d) — 022(0)

19k yy(0)

1.0
0.8

0.6

a(0)/(e*h™1)

0.4F

0.2 F

(a) AN [l IG5 B2 R St BT 1] O A 1) L 35 (b) AN [l e i B2 T il

WL BT RGN SR (o) TR T ROGhE SR (d) de/ N S SR B 2% T AT 9 B AR Ak

Fig. 6. Longitudinal conductivity of semi-Dirac fermions within the self-consistent Born approximation: (a) Longitudinal conducti-

vity along the linear dispersion direction under different disorder strengths; (b) longitudinal conductivity along the parabolic disper-

sion direction under different disorder strengths; (c) longitudinal conductivity in the clean limit; (d) minimal conductivity as a func-

tion of the impurity scattering strength.
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Fig. 7. Weak-field Hall conductivity oy as a function of

the Fermi energy under different disorder strengths W.
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Fig. 8. Weak-field Hall conductivity as functions of energy: (a) Contribution from the Fermi surface electrons; (b) contribution from

the Fermi sea electrons.
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Abstract

Disorders such as impurities or defects inevitably induce complex scatterings in realistic material systems.
As a result, we need transport theories dealing with these disorder scatterings to compute electronic transports.
The self-consistent Born approximation (SCBA) is an effective field-theoretical approach for weak disorders by
incorporating scatterings into both self-energy and vertex corrections self-consistently. However, previous SCBA
theory relies on isotropic assumptions and lacks a systematic symmetry analysis for anisotropic systems. Here
we develop a symmetry-constrained SCBA (SCSCBA) framework for disordered semi-Dirac fermion systems by
combining joint space symmetries consisting of both momentum and pseudospin space with intrinsic discrete
symmetries including particle-hole symmetry (PHS), time-reversal symmetry (TRS) and chiral symmetry(CS).
Through symmetry constraints we reduce self-energy, single current-vertex and double current-vertex tensors
into a few scalar algebraic equations, thereby greatly simplifying self-consistent calculations on transport
properties. Applying SCSCBA, we systematically investigate the self-energy, band renormalization, vertex
corrections, longitudinal conductivity, and Hall conductivity of disordered semi-Dirac fermion systems. We find
that, i) both the real and imaginary parts of the self-energy preserve the PHS, and the increased disorder
strength drives the initial semi-Dirac metallic phase into two-node semimetals through the Lifshitz transition;
ii) For longitudinal conductivity, along the linear-dispersion direction there exists a robust minimum close to
4e*/mh mnear zero energy reflecting the underlying Klein-tunneling nature of Dirac fermions, whereas the
conductivity along the quadratic-dispersion direction vanishes at zero energy, manifesting a remarkable
anisotropy; iii) The weak-field Hall conductivity exhibits an odd function feature with energy, and the Fermi-
surface contribution plays the dominant role in the Hall response, compared with the Fermi-sea contribution;
iv) Away from zero energy, both longitudinal and Hall conductivities are significantly suppressed by disorders.

The suggested SCSCBA perspective can also be extended into other anisotropic systems.
Keywords: semi-Dirac fermions, self-consistent Born approximation, symmetry, weak-field Hall effect
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