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Table 1.  The isotropic van der Waals coefficient Cg (in
atomic units) for the alkali-metal atom-molecule systems
with the atom in its ground state and the molecule in its

absolute ground state.
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Table 2.  Contributions of different electronic states and vibrational energy levels to Cg for ground state K atom and ab-
solute ground state NaK molecule.
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BRI NaK 73 FHI Co REL, THA455R51
T3 3. R FRIBFFIH T34 I FSE 100 15
SEIR S TS R ARHR 22, BE R T
BIE K, Co BHTHE K, R4 [B] Ay 1
LR EAE B . 3k — S n] DAV 7 T 3
fife: — 7 I, AT IRE R RN RS, IR
O KA A R A B S, AT 53K
Gy AR K 53— 7T, MRS, JR3)
WO KM TRt E, SRS RERZEm
FiEF () BRI /IN, AT 3 58 3 e A5 0T S 2 3 1Y 5
M. X FHRBIGES v < 3, F4] T IFES R Co HH

# 3 AR HEERMNIES K JT 5%
FIBARFIEE NaK 2 F Al Cs 25
Table 3.

ground-state K atom and a ground rotational state

The van der Waals coefficients Cg for a

NaK molecule in different vibrational states, calcu-

lated using different basis sets.

v HEAT FEATT FEAHTIT
Cs/an. Cg/an. MHXRE/% Cg/an. FHXTERE/%

0 5294 5190 1.96 5172 2.3
1 5321 5186 2.5 5113 3.9
2 5348 5137 3.9 5113 8.6
3 5376 4941 8.1 4501 16.3
4 5403 4615 14.6 4375 19.0
5 5431 4472 17.6 4382 19.3
6 5458 4506 17.5 4257 22
7 5486 4418 19.4 4261 22.3
8 5514 4387 20.4 4164 24.5
9 5542 4391 20.7 4088 26.2

XFIRZER/N. BEAE PR B TR RGO, R T 5 Ak
H IR AR RR 22K JRRTE T, SR
REZRON L I TAZ I R B ) o3 AT BE 58, SHAA
BRE SRS IRIBERNEFEEREZ Y K.

X TR K R 53 SR A NaK
G2 Co B, % 3 3kl T 534 1R
SERARR 22100 1.96%. XM T 45 & K | F
2 dp BHIFAT ML (0 = 4,1' = 1|daln = 4,1 =
0) = 5.099 a.u., 4s 4 K J&F 5 5p 25 M BRIT
JEHR (n' = 5,1 = 1|daln = 4,1 =0) = 0.372 a.u.. A
(6) =N (7) XATLLF ), & REN C 1 TTRR 5 BR
TR AR SR 175 BE Fe. TR, 4p 25 L 5p A 7ERE
AT 4s 25 L, K FETF Y 4p X Co BT
BRIZ K T 5p 2, B K T RE 2 T & Y p AN 6ES
I TTHR.

KRB T, AR T3S K R 5530
KA NaK T O REL, Sam A v XN
Co HN T3 4. BB T IR, Co REGE
WS, TR, Sam M Ham 25H Co REUH 222/

X v BUNAHREIRELR, TR I s UL
NG i QR Wl L 5 I w2 e AT
B3z /N T IR A Z () P R A TRl . 8 |8, AL, 57)
BIEAMA N A G =0) 2, B By oy AN
By pr o jr=o - (22) 3R (23) 205E LAY S3 AN S5 A
2 (24)—(26) FE XK 83, S3 A1 S3 M. (21) R
ARG

2(105% + 1552 — j — 3)
Co = 3(2(j . 1)(2j i 1)(]23' +)3)S2

2(145°% + 2152 — 55 — 6)
325 — 1)(2j + 1)(2j + 3)

Sy, (29)

Hrr
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& Z (', 1" = 1|da|n, 1 = 0)2(i’, A" = 0,0, 5" = 0|dml|i, A = 0,v,5 = 0)?

(En p=1+ Eiy pr=0,0 j'=0) — (En1=0 + Ei, A=0,,j=0) ’ (30)
S- % (0,1 = 1daln,0 = 0, A' = 1,1/, j' = Oldyli, A = 01,5 = 0)* an
(En p=1+ Ey ar=1,0 j'=0) — (En,i=0 + Ei, A=0,1,j=0)

F 4 TS KETEHIYRE NaK 73 THE Cs R
H (BT B
Table 4. The coefficients Cg (in atomic units) for a

ground-state K atom and a rotationally excited NaK mo-

lecule.
IR)hEY j=1 j=2 j=3 j=4
v Yam Ham Xam Ham Xam Ham Xam Ham

0 5807 5036 5660 5477 5636 5550 5627 5577
1 5840 5061 5692 5506 5667 5580 5658 5607
2 5873 5086 5723 5535 5698 5611 5689 5638
3 5906 5110 5755 5565 5730 5641 5721 5668
4 5939 5135 5786 5594 5761 5671 5752 5699
5 5972 5160 5818 5624 5792 5701 5783 5730
6 6005 5185 5849 5654 5823 5732 5814 5760
7 6038 5210 5881 5683 5854 5762 5845 5791
8 6071 5235 5912 5713 5885 5792 5876 5821
9 6104 5260 5943 5742 5916 5823 5907 5852

e 5 pral, T IS RIS Cs 5
S TiHE A B B A X R 22 TR TT r 2 — DA,
%5 HIRAIXS TR 2R j 35 BB . X Ay
W 534, IRk Sl REFIZ I PR B IR 22T 0
R,

F5 MR (29) RHEARWES K ET 5HRNE
m; = 074 NaK 73 F1) Co REL (E5). £hFmf g
BT ET (21) IHEAT Cs BRI (=3, UK —F
FIAER 22 (B P5).

Table 5.  The van der Waals coefficients Cs (second
column) for a ground-state K atom and a ground-vibra-
tional-state mj; = 0 NaK molecule, calculated according
to Eq. (29). The table also gives the Cg (third column)
calculated from Eq. (21), as well as the relative error

between the two (fourth column).

ey Cg/au. ((29)3) Cp/au. ((21)X) HXFiRZE/%

0 5293.72086 5293.68319 -0.00071
1 5807.26821 5807.2632 —-0.000086
2 5660.54039 5660.59003 0.00088
3 5636.08576 5636.21914 0.0024
4 5627.19316 5627.43843 0.0044

Kl 1R T K-NaK R R#EGEZ V(R) . K
HRAT S BN FE AR SO O 159 8 75 78 U H-
W aE i k. SRS M AL AL TIT AP Y Vg
RSB A REMZR. B 1(a) FE 1(b) BRI
A K T 5RIESE NaK 437 18] 59 K 72 $ A
gk, Hop, B 1(a) ¥R Sam 2 (M =0), Bl 1(b)
SR Tiam 25 ( My = £1). & 1(a) FIE 1(b) HAY#
EE AUNES K i1 55 IR A NaK 4-FHHIE
Toos g, ME A LUE Y 7E R > 35ag
B, KRR A B AR 40T DL Hy 9 4 B ST S A
Bl 1(c) ME 1(d) BRI 2 In=4,1=1)EE
K BT 5 3R 31 & NaK 43 18] 19 K FE S RE B 8.
o) BB 1(c) XTI Sam & (M, =0), Bl 1(d) XF R
Ian A (M, = +1). & 1(c) A 1(d) FRHRFEE
SORURFS K R+ 5 HR% S NaK 7 T M BTG
Gt Re s A EA IR TAT
In = 4,1 =1) &M K i+ 5 RIR G4 5 &
A NaK 43 F P Co, Z5R 055 6 5. fliHE 6
oy = 0 RS RELRT N (1) Co 15 21 1 05 75 B H- 17 34
AL 1(c) FE 1(d) Har S gk B, X Hn] i,
LB FLH 34 IE R > 80ao XA . & 1 H ifs
TR L H B a2 57, T AR AT
FENGEE M Re R PR AR BRI, AT
BKEF+EE NaK 5 FAHABMIE -0 78
In=41=0m=0,i=1,A=0,v=0,j=0,m,; =
0), SHEAMA HikERAMHILNET-2 78
Hln=4,1=1,m,i=1,A=0,v=0,7=1,m;),iX
A Z ] B RER 22204 13000 em !, 38 KK HE R
1) el A5 Gl A5 380 194 7 B S0y 47 A/ NP A% [
(R > 35a0) 3G M. X FRAS KIEF+
A NaK 3 FAHBMIE T3 FE |n=4,01=1,my,
i=1,A=0,v=0,j=0,m; =0), SHEAEMEGH
RER AN [n = 4,1 =0,m; = 0,i =2, A =0,
v=12,j=1,m;), P& BER2Z{LHN-14.3548 cm ™,
B/INI i o A] BRSO AS 2 A YA B B S e
BRI (R > 80ao ) A3E M.
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(b)

8 /_,_.‘ j=4 8 /,- j=4
-~ 7 j=3 ~ j=3
= =
5 /./-'» s /./—k.—
T4 T4
S . = -
= A = L=
X 2 /ﬂ g 2 /ﬁ
~ j=1 ~ ji=1
0 /'n 0 /»~
T j=0
L e L e
40 60 80 100 120 140 160 180 200 40 60 80 100 120 140 160 180 200
R/ay R/ag
() (d) 10
j=4 j=4
= g
s j=3 & j=3
S S
Z Z
= =
S} j=2 S j=2
= =
j=1 j=1
j=0 j=0
40 100 120 140 160 180 200 40 60 80 100 120 140 160 180 200
R/ao R/aq

1 K-NaKWARMHRE VHE REAKFR  (a), (b) B K ET H5HRSNER R 3075 NaK 23 F A EAER; (c), (d) n =4,
I=1)ERFEERNEAREISHFRGHEER. B (a) f () H Sam A (My=0), B (b) 1 (d) K Tam & (M, =
1), EIPm YT 7 A0 Ak 2% A 30 0 X R 9 5 Bl e . e RSSO B fE X A AR B SR £, 20 RSO R TR AT Cs 2>
TR B 9 8 T H S A e i £

Fig. 1. The potential energy V of the K-NaK system as a function of R: (a), (b) The interaction between a ground-state K atom
and a ground-vibrational-state NaK molecule in different rotational states; (c), (d) the interaction between an atom in the
In =4,1 =1) state and a ground-vibrational-state NaK molecule in different rotational states. Panels (a) and (c) correspond to the
Yam state (M;=0), and panels (b) and (d) correspond to the ITav state ( My = 1). The rotational quantum numbers corres-
ponding to each asymptotic channel are indicated in the figure. The solid black lines represent the potential energy curves obtained

from numerical diagonalization, while the red dotted lines represent the van der Waals potential energy curves calculated using the
analytical Cs formula.

#£6 AF|n=4,1=1)5KETFTS5LFAEIRNBEF LIS NaK 43T I Co (T HRAL). Hodr, 55 — 3 s 13
JoARAE (8) IR BN Sam DGR, 5 =FIFE AT NRE (13) KRB0 Tam SEHR

Table 6. The Cg coefficients (in atomic units) between a K atom in the |n =4,l =1) state and a rotationally ground-
state NaK molecule in different vibrational levels v. Columns 1 and 4 give the vibrational quantum number v, Columns

2 and 5 present the results for the XAy state calculated using Eq. (8), Columns 3 and 6 present the results for the IIam
state calculated using Eq. (13).

v YAM ITam v 3AM Tam

0 —187762.734 -41640.93211 5 21689.68424 10868.05387
1 57814.15143 19782.35821 6 23008.01377 11226.89991
2 —24060.68439 —657.21939 7 —777.46973 5309.77566

3 511022.9626 122368.6015 8 150460.6566 32081.77178
4 56358.78474 19506.0737 9 47169.43435 17354.95781
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ARSCHFSE 1RSI T S H sk 501 Mok
IO RSk L B~ 0% a1 N DR 9 R g RER (A E
B R A R I RIAL T S A S R XL
JE o1, BT AU EEHE S 2] TR SRS T
5 s/p/d BT UK ST T5 s BT
] Cs kX, a8 -5 SCRRHRGE 1Y BRI T- 5 %
BRI Y Co RBUBON L, Bk T A SCHE S
AXBIERTE. R AL b, TR T RS K ET S
b T HREE R ZS NaK Z IR Cg . KB K-NaK A&
F Co ZAE 7 T IR s TR nmig KX, 0+
Feshid T8 > 1, Co RiE% sl 1 2o i
/N AR TAEPIHER B Co ZRBTH Tk
R SR Z

Mk A

ARSCAE T 3CHR [46] 25 H B0 B A TR R SR A ik
SR T i T RYa s

— —a1T _ —aar r\6
C1+(z—l)e 1" —r(aztasr)e " a. 17e7(7c)
r 2r4

Vi(r) =

(A1)
Horp v S SR A LA T IR 2 R T
PR EG AR PUE S T8 RIS a, as s as,
ag, e, o BICA SCHR [46]. J57- Y REZRE AR R T LA a1
B AT (AT) TR R LR E 1 K T 4p, ), 5

3T

Potential energy/(10* cm~1)

5 10 15 20 25 30

Distance/aq

A1 NaKJr 7 IS RERE 7 M B B A 2L R &R
(V)1 43 25 1 fifk 79 10 0 w150 8 O R i 2R R, Hemg £k
B HA ST [47]

Fig. Al. The potential energy of the NaK molecule as a
function of the internuclear distance. The dissociation
threshold of the state (1)'X7F is set as the zero of energy
and the data are taken from Ref. [47].

ds, o AETE 22 12085.185724 e, 4y, 5 s, FEREZE N
13042.896027 cm 109, A SCAf Y B, TR RS S A 5 R
JE T A BEE RS S, TE R R 4 B apRE 22N
13022.94 cm'L.

FlAL 45T NaK 433 Re il bl 701 BE Y 2 1L
AL IESCH 2R 2 BB UL T RARE B Y 6, TEITH
SRANES 2 TR B R () et () A, SCHR [47)
25 0 B X I 1 e KA ) 31.8a . FE MG A ] BE B
@'s+t 5 )'st i BE & 224 13017.40983 cm™, (1)'T 5
()is+ RER 2SN 13021.3713 cm .
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SPECIAL TOPIC— Ultracold atomic and molecular physics

Van der Waals interaction between alkali metal atoms and
alkali metal polar diatomic molecules”

BAI Xuhui ZHANG Yanpei  JIN Chuanqi  YANG Yuechao
GAO Weihe WANG Gaoren’ HAN Yongchang*

(School of Physics, Dalian University of Technology, Dalian 116024, China)

( Received 31 May 2026; revised manuscript received 2 July 2026 )

Abstract

van der Waals (vdW) interactions play a crucial role in ultracold atom-molecule collisions, as they
dominate the long-range part of the interparticle potential and govern essential scattering properties at
millikelvin and submillikelvin. In this work, we systematically investigate the vdW coefficient Cs between
alkali-metal atoms and alkali-metal polar diatomic molecules in the 'S+ electronic state. Based on second-order
perturbation theory, we derive analytical expressions for the Cs coefficient for the following cases: an atom in
the s, p or d state interacting with a molecule in the rotational ground state (j =0), and an atom in the s state
interacting with a molecule in a rotationally excited state (j > 0). The formulas explicitly include the
dependence on the vibrational quantum number v and rotational quantum number j, enabling a quantitative
description of the internal-state dependence of the long-range interaction. Taking the K-NaK system as an
example, we calculate the Cgs coefficients using the derived formulas and analyze their variation with
vibrational and rotational quantum numbers. Our results reveal that the vibrational excitation significantly
enhances the Cs coefficient, while the rotational excitation shows a relatively weaker but non-negligible effect.
Furthermore, to determine the applicable range of the vdW potential, we compare the potential energy curves
obtained from perturbation theory with those from a full diagonalization of the dipole-dipole interaction matrix.
This comparison allows us to establish the minimum internuclear separation above which the second-order
perturbative treatment remains accurate. Our comparison reveals that the vdW potential provides a
quantitative description of the long-range interaction for R > 35ap in the K(4s)-NaK(X'S*,v=0) case.
However, for the K(4p)-NaK(X'“¥ v =0) system, the perturbative treatment requires a larger separation
(R >80a0g) to achieve the same level of accuracy, indicating a significantly extended range of the non-
perturbative dipole-dipole coupling. Our findings provide systematic theoretical tools for modeling long-range
interactions in alkali atom-molecule systems and provide quantitative reference data for future experiments on

ultracold atom-molecule mixtures and quantum gas experiments.
Keywords: ultracold atom, ultracold molecule, dipole-dipole interaction, van der Waals coefficients

DOI: 10.7498 /aps.75.20260779 CSTR: 32037.14.aps.75.20260779
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