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ABSTRACT

It is pointed out that the divergence in Yukawa’s theory of B-disintegration can be removed by
charge and mass renormalizations, whereas in conventional Fermi’s theory this is not the case. From
the known interaction constants for nuclear B-decay, for p—e decay and for the interaction of g-mesons
with nucleons, it is found that the life time of the intermediary meson should be of the order 10-16
sec. We can therefore consider this intermediary meson as a new particle which has not been observed
experinientally owing to its extremely short life time, Best agreement with experiment is obtained
if the intermdiary meson is pseudo-vector in nature and under pseudo-vector interaction with the Fermi
fields, those types of interactions being excluded which lead to divergent results for observable effects.

1. INTRODUCTION

It has been pointed out recently that the divergent integrals in quantum
electrodynamics represent only unobservable charge and mass renormaliza-
tions of the electron. Consequently the presence of divergence will not pre-
sent any difficulty in actual calculation, since we shall always obtain convergent
results for observable effects. This new development is of great importance
- in other types of field theories, such as the meson theory and the theory of
B-disintegration, of which the formulation has followed closely the analogy
with quantum electrodynamics. Now the formulation of these theories can
no longer be justified on the ground of analogy unless divergent results in
these theories can also be shown to represent only unobservable effects. Those
theories which lead to divergent observable results must therefore be con-
sidered as un-acceptable. This greatly reduces the ambiguity in meson theory
since we can thus exclude certain type of interactions which lead to divergent
results for observable effects.

It will be more urgent to consider the theory of B-disintegration since the
theory has been established more firmly on experimental basis than the meson
theory. However, when one tries to calculate the radiative correction to the
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process of B-disintegration due to emission and re-absorption of an electron-
neutrino pair, one finds immediately that the divergence cannot be removed
by charge and mass renormalizations as in the case of quantum electro-
dynamics. According to the criteria mentioned above, the theory of B-disinte-
gration in the present form must be considered as un-acceptable.

As an alternative to the conventional theories of B-disintegration of the
Fermi type, Yukawa' proposed that nucleons and electron-neutrino pairs do
not interact directly, but through the intermediary of a meson field. Ac-
cording to Yukawa’s scheme, the nucleon first emits a charged meson, which
then decays into an electron and a neutrino. Yukawa’s theory was supported
by the experimental fact that mesons observed in cosmic rays are unstable
and undergo B-disintegration. - Quantitative calculations,” however, do not
lead to the correct value for the life time of the meson. The situation are
complicated still further by recent experiments’® which show that the cosmic
ray mesons (g¢-mesons) do not interact strongly with the nucleons. The
interaction constant determined from these experiments turns out to be only
a negligible fraction of that required by nuclear forces.

It will be pointed out here that a theory of Yukawa type may be made
divergencefree in the sense that the divergent integrals can be removed by
charge and mass renormalizations. The strong divergence in Fermi’s theory
arises from the fact that the interaction function contains the field quantities
to the fourth order. This type of interaction is essentially different from that
in electrodynamics which contains field quantities only to the third order.
In Yukawa’s theory, two types of interactions are introduced, namely, the
interaction between nucleons and mesons and the interaction between mesons
and electron-neutrino pairs. Each type of interaction function contains field

- quantities only to the third power as in the case of electrodynamics. From

our investigations on meson theory’, we know that it is possible to choose
the types of meson field and interaction function to make the Yukawa theory
divergent free after charge and mass renormalizations. Furthermore, the
descrepancy of Yukawa’s theory with experiment will disappear if we assume
that the intermediary meson field is an entirely new type of particle which has
not been observed experimentally owing to its extremely short life time.

—_—
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It is well known experimentally that the strength of interactions between
any two of the proton-neutron field, the p-meson-neutrino field and the
electron-neutrino field are the same. This can be so only when the inter-
mediary meson field interacts with each of these three fields also with the
same strength of interaction. We shall find from this result and from the
observed life time of the neutron that if the mass of the intermediary meson
is arround or greater than 200 times the electron mass, then the life time
of the intermediary meson is around or less than 107 second, in agreement
with our assumption that the life time of the new meson is extremely short.

Only the following four types of charged meson fields have been made -
divergence-free by using proper programs of renormalizations. They are (i)
scalar mesons with scalar coupling, (ii) pseudo-scalar mesons with pseudo-
scalar coupling, (iii) pseudo-scalar mesons with pseudo-vector coupling and
(iv) pseudo-vector mesons with pseudo-vector coupling. Therefore in order
to make the theory of B-disintegration divergencefree, the intermediary
meson field must be one of the above four types. In the case of nucleons
decaying into electron-neutrino pairs, we find in the following calculations
that if the ratio of the total energy of the electron-neutrino pair to the mass
of the intermediary meson is negligibly small, then our result is identical
with that obtained in Fermi’s theory in the lowest order of approximation,
as has been shown by many authors before. The excellent agreement of
Fermi’s theory with experiment shows that this ratio must indeed be very
small. The situation will be different, however, in the case of r-meson
decaying into an electron-neutrino pair, where the total energy of the light
particles is as large as 50 Mev. Unless the intermediary meson is extremely
heavy, the result of the present theory will be different from that predicted
by a theory of the Fermi type. This thus offers a ground for comparing the
merits of these two types of theories with experiment.

—

2. PB-DISINTEGRATION OF NUCLEONS.

We shall first list all acceptable types of intermediary meson fields. For
simplicity we assume that the interaction Lagrangian density L; between
mesons and nucleons is of the same type as the interaction Lagrangian density
L, between mesons and electron-neutrino pairs. In a previous paper® it was
shown that there are altogether four types of meson fields which lead to
convergent results for all observable effects and are therefore acceptable
according to the criteria stated in the Introduction. These fields are (a)
scalar mesons with scalar coupling (the unit 5 =c=1 will be used in the
present paper):

L5 = g b o) T (@) Q187 (@) A Cdmpl. Conj. ,

L; = f, ¢ @)y (@) ¢ (o) + Compl. Conj. (1a)
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(b) pseudo-scalar mesons with pseudo-scalar coupling:

L= g,0*150% + Compl. Conj.,

L= fyox*7s ¢ + Compl. Conj. (1b)

(c) pseudo-scalar mesons with pseudo-vector coupling:

e — &p a‘l’ + .
= % Gxuqf 757, 0¥ + Compl. Conj.,

L= fo 84 %* 75Ty ¢ + Compl. Conj. (1c)
Kk Ouwy :

and (d) pseudo-vector mesons with pseudo-vector coupling

L= g,4p¥* 757, 0¥ + Compl. Conj.,

L§ = fadux* 75T, ¢ + Compl. Conj. (1d)

Here & is the rest mass of the intermediary meson, ¢ (x) is the field operator
for scalar or pseudo-scalar meson field and ¢u(x) is the field operator for
the pseudo-vector meson field. ¥ (x), % (x) and ¥ (x) are respectively the
field operators for the nucleons, electrons and neutrinos. It is seen from
the above expressions that L; reduces to L, if ¥* and ¥ are resplaced by
x* and ¢. This is due to our simplifying assumption that L; and L, are
functions of the same type. O is an operator converting a field operator for
a proton into that of a neutron, or vice versa. g and f are coupling constants.
In conventional perturbation calculations, one has to transform L; and L,
first into interaction Hamiltonians by using a contact transformation. How-
ever, in the process of transformation, contact interactions between nucleons
and electron-neutrino pairs of the same type as those in Fermi’s theory will
appear. We know already from investigations on Fermi’s theory that these
contact interactions lead to divergent results for observable effects in higher
approximations. A closer examination will show, however, that these contact
interactions are not really there at all. In the evaluation of the second order
compound matrix elements, a new contact interaction will be obtained which
just cancels the contact interaction introduced before. This round-about
way of introducing and then removing a contact interaction is one of the
defects of the conventional perturbation method. If on the other hand, one
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follows the new formulation recently devised by Feynman’, no contact inter-
action will appear in the calculation. Since in our calculation it is necessary
to be very sure that the contact interaction do not appear in the result, we
shall follow Feynman’s formulation. This formulation is now well explained
in literature, we shall assume that.the reader is familiar with it.

Using Feynman’s method, the second order transition matrix elements
representing B-disintegration of a nucleon can be written down immediately.
We have for the case' (a)-(d):

(P, P21H;l_pm Pl)

—drmgfe (B (P OY PO I @) ¢ (— 2152 D) Q2w

(P:PZIHgl_PnsPI) ‘ L

s fy 10 (PYTS O (P [ ()75 2 (— 2122 D () (2)

(. Po| Hy | — pyy PO) = 4 Sfo (0 (P 15T 0¥ (P

[ (P) TsTw by @ (— po)] - 5% Dr (h) ey

_(p) P2IHg|-_pm PI)

— 4ngs £ 10 PYTsTW O P [ ()77 % (— P - 57 Di ()
— 4 St @ (P TS T, kO (P

bt (@) TsTw by © (— p)1 520 D (B) @d)

where TP =[U @ de, 1@ = [x@ers Py, e,

21 1
Dr (k) SRR, (2 7:)4 k,, /.2,.; + K2 (3)

and ky = (ko, k), ko=E +E,=Ey,; kR=p—p,, E and E, being the 8
energies and p and p, the momenta of the electron and neutrino (o,

5. R, P, Feynman, Phys. Rev. 67 (1949), 769.
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being the momentum of the anti-neutrino). P; and P, are the momenta of

the nucleon in initial and final states. Strictly speaking, the function Dz (%)
in (2c) and in the second term of (2d) should be replaced by Dy (/{) de-
fined by

’ sy Dr (k)
De® =17 @ D B )

where D¢(k) represents radiation effect of the order g and f to the virtual
meson. The argument for using (4) instead of (3) can be found in a previous
paper*. In our case since the values of %, involved are small and also since
g and f are extremely small constants, the second term in the denomenator
of (4) may be neglected. Thus (4) reduces again to (3).

We shall first consider the case (a). ko and k& are usually not greater
than 5 Mev. If the value of x is sufficiently large, say 200 m, being the
clectron mass, we may simply replace D (k) by —2i/ (2n)*x?. Summing
over all vqlues of k, p, and P; we obtain

2 ik
He = ([[ o) B oo PO T G0 G0
riele [+ ()0 @t @) ¢ @) Pu ®)

which is just the scalar form of interaction Hamiltonian in Fermi’s theory
if we replace 4ngafalk® by gp the interaction constant for B-decay in Fermi’s
theory.

The cases (b) and (c) have been investigated by Nelson®. He has shown
that these two cases are in fact equivalent to each other. According to his

calculation Gamov-Teller selection rule is valid, i.e,, AJ=0+£1 (no J=0->]=0),

with no parity change; but the theoretical life time is proportional to the
seventh power of maximum energy E, in disagreement with the experimental
fifth power dependence.

Turning to case (d) we notice that

X+ (p) TS Tu CP (— pn) = X+ (P) Ts (Tp ﬂp e Tﬂ pnu) CP (— pn)
=my* (P)T5s P (—p,) (6)

where p,=(E, p) and p,,=(E,,p,) (6) follows immediately from the
following two relations

6. E. G Nelson, Phys. Reu, 60" (1941), 830.
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X+ (p) T5 T# 55 mX+ (p) s T# bn}l CP (—— pn) o 0
Similarly we obtain

T+ (P) TsTyphy Q8 (P) = W+ (P2) Ts (T Poy — T P1p) O (P1)
=—2MT* (P)T: 0¥ (P ; @)

on account of the following two equations

U+ (P) Ty Poy= MT* (Ps)
Tu P (P)=— MU (P)

Therefore (2d) becomes, on replacing D 7 (k) by —2i/@2n)*«2,

H§=4ng‘:‘—{djw+ @ 75T O (@) 3 (@) 5Ty ¢ (8) Pa

_4,,Mgd_fdjqr+ (@ T @)yt (D75 P (2) Pa (®)

K? K?

2mM | k* is of the order 1/5 if we use k = 200m. Thus the coefficient of
the second term in (8) is smaller than that of the first term. Furthermore,

¢ second term vanishes in the non-relativistic limit, hence it has no con-
tribution to the allowed transitions. On neglecting relativistic terms, (8)
becomes

Hi=4r L8 (werm, 00y 7, & ©)

This is just the pseudo-vector interaction in Fermi’s theory of B-disintegration,
and gives rise to Gamow-Teller selection rule.

The above investigation shows that if & is sufficiently large our results for
B-disintegration is the same as those obtained by the conventional theory of
the Fermi type. The divergence difficulty of the conventional theory will not
appear in the present theory since the contact interactions (5); (8) and (9)
appear in our theory only as an approximation. ‘

Since the experimental evidence favours Gamow-Teller selection rule, it
follows from our result that the best choice of the intermediary meson field
is the pseudo-vector meson with pseudo-vector couping. In the following we
shall proceed to estimate the life time of the intermediary meson. It has been
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shown by Sakata by straight-forward calculations that the values of the lifc—A

time of the different types of mesons considered in the present paper are
given by

=
G = e ' (10a)
G ?%E (10b)
- L K?;C (100)
o % - ?; - (10d)

We shall consider the case (d). g, and f, are connected with Fermi interaction
constant gg by the following relation

2
gp=dn il an

The value of gghas been determined from experiment’ to be =210 erg
cm®. It is known experimentally that the coupling constants between any two
of the following three fields, namely, the nucleon field, the electron-neutrino
field and the p-meson-neutrino field, are nearly the same. From the stand-
point of the present theory, this can only be so if the interaction constants of
the intermediary meson with any of the three fields mentioned above are also
nearly the same. We thus obtain, on putting g, = fa,

& =fi=11 % 102 (¢/m)® erg-cm 12)

Inserting this in (10d), we obtain
75 =5 % 10=° (m/k)3 sec.. (13)

For k = 200 m, we have 7, = 6107 sec. From the investigation in the next
section we shall see that the value of x should be greater than 200 7. This

7. G. Gamow and C. L. Critchfield, Theory of Atoms, Nucleus and Nuclear Energy Sources, p. 127,
(Clarendon Press, Oxford, 1949).
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means that ¢, should be smaller than 61076 sec. As far as we know,
there is yet no device to detect the existence of a particle with such a short
life-time.

3. THE DECAY OF M-MESON INTO ELECTRON AND NEUTRINOS.

In the last section we have assumed that the interaction function and the
coupling constant between the meson field and the nucleon field are the same
as those between the meson field and the electron-neutrino field. We have
concluded that the case of pseudo-vector meson field with pseudo-vector
coupling is in best agreement with experiment. In this section we shall assume
that the decay of p-meson into electron and neutrinos is due to the same
intermediary pseudo-vector meson with the same interaction function and
coupling constant. As we have mentioned before, this will lead to a universal
interaction among the Fermi fields as has been established by experiment.
This problem has been treated by Tiomno, Wheeler and Rau® by analogy
with Fermi’s theory of B-disintegration. These authors have pointed out
that different results will be obtained depending on whether two neutrinos
or one neutrino and one antinéutrino are resulted from the disintegration.
In the present theory this corresponds to the following two types of inter-

action Lagrangians:

(a) “Anti-symmetrical charge exchange” theory

Lo= fyyt 75Ty @ +Compl. C?ni., Ly = fa¢ ¢* 757y ¢+ Compl. Conj. (14)
(b) “Simple charge exchan ge” theory

Ly= fs¢ ¢+ 75Ty yx+Compl. Conj., Li=fad P 75Ty 4>+Cpmp1. Conj. (15)

“where ¢ is the field operator for the w-meson, ¢, ¢ and % have the same
meaning as before. In evaluating the compound matrix element correspond-
ing to (2d), we shall obtain two neutrino emission operators for the case
(a) and one neutrino-emission operator and one anti-neutrino-emission
operator (or in other words, one neutrino-emission operator and one neutrino-
absorption operator) for the case (b). In the first case the two neutrino-
emission operators should be anti-symmetrized in accordance with the Pauli
principle. The transition probability for the decay of p-meson is thus given

by the following expression:

8. J. Tiomno, J. A. Wheeler and R. R. Rau, Rev. Mod. Phys. 21 (1949), 144.
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4m2pdp 1

[l,ZUa=27l"——4(27r)3 dEO

J‘%XSpin'l (ps, P: | H2 ‘\'P; P»)— (P thl H; |p, P, |2 Td;:;)’z (16

where the integration is taken over the energy shell between Eq and E, +dE-§,‘
S , . .

/

(P, P | H2 | P, ) =47 f5 %% Ts7u® (pn) $* () Ts T (— 0)

1 G
G ) G = Dy o &

an

In the (b) the same transition probability is given by

4n2pdp 1 s -
dZQ)b':Zﬂ_TZ—;%aE dEﬂ. J-ZSpin l (Pn PlHZ[P:Pm) lthg—f’Tf (18)

where

(oup | Ho | papa) =472 %* () 157w ® (o) 1* (B) TsTu @ (= Po)

1
(02— Do) D1 — D) + K2 ¢ ()
In (17) and (19) the relativistic terms corresponding to the second term of
(2d) have been neglected since they contain the factor m ©/k? which is very
small. p1, po, p and p. are respectively the momenta of the two neutrinos, the
clectron and the w-meson. The difference in cases (a) and (b) arises only
from the fact that two neutrino-emission operators have to be anti-symmetrized
in case (a). The choice of L, in (14) and (15) will not make any difference
in the case of B-disintegration of nucleons since no anti-symmetrization
is-needed. In the following we shall use the coordinate system in which the
p-meson is at rest. By carrying out the spin summations for the Fermi
particles, we obtain for the case (b) & £

Sspin | (2P | H2 | PaPw) |2

= 16 &zfﬁ{ 2 —— cos O — _Ei)‘_ cos 02 } (Kz(,_ le,_zyp)z 2 @0

where g is the mass of the w#-meson, 0; is the angle between p; and p, 6, is

$ .
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the angle between p and P2, and 0y, is thc angle between p; and p,. From
conservation laws

E0=M=E+ﬂ1+pl

(21)
P Tt pP:+p= 0
we obtain
e (=r)2=p? » =.(P—E)2+172+2ﬁ cos 61 (u—E)
*= u—E+ pcos 6’ 2 n—E + p cos 61
dﬂz = ([J.""E)Z aF 172 3F 217 COS 01 ([J—E) : (22)
d Eo 2(pE + p cos 61)°
S & 2(u—FE + p cos G1)?
L0080 = oyt £ 20 (k) cos 6
Inscfting these results in (18), we get
= o PPdp [ 26— 2 —m? W—pBE+up
& o T D e
2k’ (uiB) =i :
;LE +( +4) (Kz—yE)zr—yZpZ} : (23)
When &> >p, (23) reduces to’
S o L) 3 4 o p
dw 161:2#4(2 4y 6B —6p+ 4 L] 24)

We turn next to the case (a). After summation over the spins of the Fermi
particles and using the relations (22), we obtain

3 B | (P P2 | Ha | P, Pw) — (Ps P | 2 | P, P, |2

= 1611-21‘3{ 1—1% cos O — ﬁ_ C5s) 61 (k% — zl'i'zﬂm)z

9. (24) should be identical with the expression (17) in the pabcr of Tiomno, Wheeler and Rau
(Ref. 8). However we find that this is not the case. We believe that this is duc to a slip in calculation
on the part of these authors.
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e T .
+ (1 =% cos O — 57 €08 00) ra— sy

m

+ (st (e COSE il oo Zypl)l(xz— 2+ 2 us) } @5)

Inserting this in (16) we have

> « Pdp %
dw::-—167r2fd4(2n)3 - v
U= Y N e ie e 8 e
{[ E pp? +(2+E)MJ(K2—#E)]IH =110 = (1D
o4 2 ¢’ (=B
Lot Gt et (20)

The transition probabilities (23) and (26) are plotted-in Figs. 1 and 2.
For a reason to be explained in a moment, we have restricted ourselves to
the case k<p. It is seen that the maximum of the distribution curves is
shifted to the high energy region as k decreases. The results of Tiomno,
Wheeler and Rau corresponds to the limiting case & = % . The deviation
of our curves from those of Tiomno, Wheeler and Rau is very slight even
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when & is as small as 400 7. Nevertheless it is still possible to detect the
difference by accurate measurements.

We shall now consider the case ¥ < . From (20) and (25) we see
that dw becomes infinite when p= (u2—k2)2/p. Since p must be a positive
quantity this will only happen when #<g. For this value of p, the energy
of the intermediate state become equal to that of the initial state, a situation
quite similar to what happens in the case of resonance fluorescence. To
remove the infinity, one has to take into account the effect of radiation
damping as one has done in the case of resonance fluorescence. However,
the following consideration will show that the case # < cannot correspond
t@sphysical reality. According to conservation laws, the decay of #-meson
directly into a neutrino and a k-meson (ie., a quanta of the intermediary
meson field) would also be possible when # < . Since the coupling constant
fs is very small, this process should be more probable than the second order
p-¢ decay. The energy spectra of the electron produced by further decay
of the k-meson would no longer be continuous, in contradiction with the
experimental fact. Therefore we must exclude the case ¥ < u from our
consideration.

4. DiscussioNs

The divergence difficulty in quantum field theory is due to the incorrect
description of interaction at extremely high energies. In the case of electro-
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dynamics, the interaction at relatively low energies is determined from
experiment, Since we cannot yet perform experiments at extremely high
energies we must extrapolate our interaction function to the high energy
region. The occurence of divergence shows merely that the extrapolation
is not correct, and modifications must be introduced at very high energies
to make the integrals convergent. From this point of view, the success in
removing the divergence by charge and mass renormalizations is of great
significance. It means that the phenomena at relatively low energies are
really separated from those at extremely high energies. We cannot determine
the “structure” of the electron, which is synonymous with the behavior of
the electron at extremely high energies, by performing experiments at low
energies. Likewise the description of the phenomena at low energies will
not need the knowledge of the structure of the electron. The situation is
quite similar to the separation between quantum mechanics and classical
mechanics. The mechanics of a rigid body, for instance, was developed
without any knowledge of the quantum effect.

It will be difficult to believe that this separation is only accidental between
electrons and photons, and not generally true among other types of funda-
mental particles. It is therefore a sound philosophy in dealing with the
general problems of fundamental interactions, to accept only those theories
which can be free from divergent difficulties after charge and mass re-
normalizations. In the present paper we have considered four types of
B-disintegrations. This does not imply, however, that we have already con-
sidered all acceptable cases. Sometimes a program of renormalization much
more complicated than those already known to us is needed to remove the
divergence. The best example to illustrate this point is the case of pseudo-
scalar mesons with pseudo-vector coupling treated in a previous paper’, where
it was found that the program of renormalization used in electrodynamics
is not sufficient to remove the divergences, and a supplementary program of
renormalization has to be introduced.

Recent observations on #-edecay by Sagune, Gardner and Hubbard®
indicate that a theory which leads to a tensor-form Fermi interaction might
be in better agreement with the experiment. Their measurements are too
rough, especially in the high energy region, to make the assertion definite.
If their conclusion is correct, a vector intermediary meson field with tensor
coupling would be needed. Since we have not found yet a program of
renormalization which can successfully remove the divergence for this type
of meson field, the advantage of introducing an intermediary field over
the direct Fermi interaction is lost. However it should be stressed here that
owing to the types of interaction functions involved, successful renormalization
would still be more probable in present theory than in a theory of Fermi

type.

10. R, Sagune, W. L. Gardner and H, W, Hubbard, Phys, Rev. 82 (1951), 557.
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: The general results obtained in the present paper are by no means peculiar
only to the cases we have considered. It will not be difficult to see that for
any type of intermediary meson field and for any type of interaction function,
the following two-conclusions should be of general validity: (i) The life time
of the intermediary meson should be extremely short. (ii) The energy spectra
of the electron resulted from #-e decay should be shifted slightly to the high
energy side from a curve obtained from the corresponding Fermi interaction.
Thus apart from the consideration whether an-acceptable field theory should
be divergence-free after charge and mass renormalizations, the second con-
clusion may be used as a direct check of the present theory with the ex-
periment. /






