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ABSTRACT

A quantum-mechanical variational calculation s made for the molecule HF, based on the ionic
model, the fluorine negative ion being- polarized on the: whole by the proton. Brown’s numerical
results for the Hartree-Fock functions of the fuorine ion are used. The calculated results do not agree
well with the experimental results, which indicates that, even for this most polar molecule, the above
model serves only for a very poor representation of the motion of the electrons in the molecule.

Since we shall confine ourselves to internuclear distances large in com-
parison with the 1s orbit of the fluorine atoms, the two 1s electrons can be
grouped together with the fluorine nucleus.  We split the Hamiltonian
for the remaining eight electrons of the molecule HF into the following two
parts, in accordance with the ionic model:

-

H = H, tiv. e @D)

Here H, represents the Hamiltonian for the fluorine ion, while # denotes the
‘nteraction of this ion with the proton. If we denote the distance of the
j-th electron from the proton by 7}, and denote the internuclear distance by
R, we have, using atomic units throughout.

A Sl
Z)—T j—%’. (2)

SN

For the free fluorine ion the Hartree-Fock functions have been obtained
approximately by Brown', the radial functions for 1s, 2s and 2p are denoted

*Based on an M. Sc. Thesis, Tsing Hua University, 1950.
~ **Now at the Institute of Modern Physics, Academia Sinica, Peking.
1. Phys. Rev. 44 (1933), 223.
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by fi, f2 and f5. Regarded as an eight-electron system we simply take for
the wave function of the free fluorine ion the following determinant

— (8!)"12' delilli ot it e (3)
with
R e AL SRl
el e e
' #)
_ V3 s S cosf-B.

=t e sinﬂcos?-a,..,us—— D% /o=

Here the spin functions are denoted by @ and B as usual.. The various one-
electron functions are normalized and are mutually orthogonal, so the wave
function (3) is normalized to unity.

For the molecule HF we shall use the variational method and try to
take into account the polarization of the fluorine ion by the proton by using
a variational function of the following form:

S S=\711%—_‘;j?~, s= =51 cor . (5)

Here the parameter ¢ is to be determined by minimizing the energy. The
polar axis for the spherical coordinate is directed from the origin at the fluorine
nucleus to the proton. The bar on the top of a letter denotes the average
with the weight ¢2. Hence by symmetry s vanishes, so the ¢ of (5) is corrcctly
normalized to unity.

We shall refer the energy of the molecule to that of free ions at infinite
distance of separation. This is given by the minimum of the following
quantity

e<a)zj¢H¢dr-j@Ho¢;dr —[os2dzar
[0S H, S~ SH) i + [ 6,9 Hogdi— [0, Hopde.  ©

Here the last two terms will cancel each other exactly if $»is an exact eigen-
function for H,. Now ¢ is obtained only approximately by the Hartree-Fock
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method, these terms will not cancel exactly, leaving a difference which we
shall neglect in what follows. The- integral containing the commutator
between H, and S can be transformed by means of Green’s theorem, and

we get

fsa.,'S_(HoS—SH,,) g d — ﬁ%S_chp,s%z (212 = Py )gods -

a2

o

\
Thus we get for (6) the simple expression

with the abbreviation

Ao B—me—u G

The expression (8) reaches its minimum

R ; e B —+/ B2 +C A2
e=v+txAda=1u+ 50

at
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st B g he

()

®

®

(10)

b

The value of this parameter is needed for the evaluation of the dipole moment

of the molecule, for which we have

p= o R~ F g —R— 250,

because s and & vanish by symmct_ry.

12)

We note the following simple rules for expressing the average values
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~ of a symmetrical sum with the weight ¢ in terms of matrix elements in-
volving the one-electron functions #,:

Zl_af=2(nlaln>, : 13)
zx;aiﬁk——‘zz{("1[0“”0(nlﬁih)—(ﬂ]a]m)(mlﬁln)}, a4
: gzgaiﬁnﬁ SIZZ L UalD) @ | Blm) @ |T|n). (15)
i X ik i ! m n

The last summation in (15) includes the six permutations of /, m and »
for I/, m" and »’, with plus or minus sign for even or odd permutation.
Furthermore, for evaluating the one-electron matrix elements of 1/, we use
the following expansion into Legendre’s polynomials

- /ARE N Heor << RS

I S i oty e B ={ (16)
4 I=o \ R/ ¥+1 for » > R,

In this way we get, after some calculation,

=1 _["eAtemad, an
— s Censmen 2 (om0 | 00
Asy 1 %J':O(ng R RS —g—-ﬁofzfsr drj:ofzﬂ 81 dr, 9

e B=1 —%jj@f% + 6 /%) 12 (4, +—%—62) dr
+ 2 [nra [ e +2[ f3rdr [ f36,+ oo dr
& %fﬁf’s rdr J:ofz fir (5, + %62) dr

—"gi{fﬁf”d" }2f{f§8,,+f§ @+ 2 5) }dr. (20)
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Here integrals of the following types occur:

L=R [ @At6Rrdr, L= R f2+ 62 sk dr;

Jh= R"’lijzfs ridrs;

= R-'—lj:fzfs i

Li= R'1 Jng L R"‘IJ: fonkdr.

Those which we need are calculated by numerical integration, using the
numerical values for f, and f; given by Brown. The results are shown in

the Table below:

TABLE 1, Values for various integrals
R Io I Iy I'-y Jo J1
1.0 3.567 1.756 kil 2795 —.4301 —.3117
182 3.771 1.685 1.012 1.912 —.4653 —.3210
1.4 3.776 15527 .8716 1.324 —.4698 —.3015
1.6 3.671 1.345 .7305 .9301 —.4575 —.2704
1.8 3514 1.167 .6036 .6640 —.4366 —.2418
- 2.0 3.334 1.005 .4960 4827 —.4123 —.2142
22 S 5l .8640 .4071 .3568 —.3873 —.1889
255 2.890 .6907 .3049 .2326 —.3521 —.1567
3.0 2.510 4852 .1922 .1210 —.3009 —1153
3.5 2.201 3465 1252 .0667 —.2607 —.0875
4.0 1.952 .2549 .0842 .0380 —.2291 —.0680
R Js T2 Lo Ly ‘ L'+ L'~
|
1.0 —.1840 —.2464 .4205 .2007 ; 3516 .1783
1.2 —.1708 —.1664 4417 .1927 | 2504 .1352
1.4 —.1488 —.1108 .4430 1766 | 1881 . .1021
1.6 —.1252 —.0730 4332 .1582 [ 1319 .0771
1.8 —.1032 —.0481 .4176 .1401 ! 0974 .0583
2.0 —.0842 —.0319 .3991 .1231 4 .0728 .0448
252 —.0683 —.0213 .3798 .1078 .0551 .0344
2:5 —.0501 -~ —.0113 .3513 .0885 [ .0369 .0238
3.0 —.0299 —.0043 .3087 L0641 .0197 .0126
325 —.0182 —.0015 2722 .0471 | .0110 .0073
4.0 —.0115 —.0005 2425 .0353 % .0063 .0032

As R —> o, we have Ip —> 21-422 R-3,
J,—> —0-9196 R,

Ji—> —1-101 R-2,

, L, —> 3-110 R-3.

From the numerical values given in Table 1 for the various integrals we get,
by (17)—(20) and (10)—(12), the following results for the energy of the
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molecule and its dipole moment as a function of the internuclear distance R,
as shown in Table 2:

TABLE 2. Energy and dipole moment for the molecule HF

REY v A B Aa/2 € T
1.0 .638 —1.395 6.061 —.0751 .563 =il
1.2 .150 —1.445 5.653 —.0852 .065 —.009
1.4 —.100 —1.450 5.278 —.0910 o .125
1.6 —.226 — il 40 - 4,952 —.0923 —.318 .286
1.8 T —291 —1.346 4.708 —.0876 — ) .485
2.0 =37 —1.261 4.518 —.0801 — 5 711
2.2 —.326 —1.174 14.369 = 0722 — 20 .946
2.5 = 33 —1.046 4.204 —.0603 —.383 1.313

s 3.0 — B —0.862 4.031 —.0435 — 25 1.946
3.5 =067 —0403 3.954 —.0300 =997 2.595
4.0 =) —0.580 3.917 —.0208 — il 3.229

C =5.524

By interpolation from the values given in Table 2, we get the following
calculated values for the molecular constants shown in Table 3, where com-
parison with the experimental values is also made.

TABLE 3. Constants for the molecule HE '

R & Ho 0,
Calculated
values in 2.11 -.399 B S (.2755) -
atomic units
Calculated
values in 1.11 A -10.84 ev 2.13 debyes 2797 cm—*t
usual units
Fxperimental 2 :
values® 0.92 A -15.66 ev 1.91 debyes 3962 cm=2

In Table 3, 5, denotes the vibrational frequency of the molecule, but the
calculated value in atomic units refers to the curvature at the equilibrium
distance, i.e. (d*¢/dR?) at R—=R, where de¢/dR vanishes. Finally I wish to
thank Professor H. W. Peng for suggesting the problem and for his guidance
throughout the work. ’

2. See Landolt-Bornstein, Physikalisch-Chemische Tabelen (1935), and Smyth and Hannay,
[. dm. Chem. Soc. 68 (1946), 171.






