B R T U SREEEHE

X WA
SEELY

A RHNE A Rt P8 1) (Th, von Karmin) 682 HizeH). (RBRRA MK
B PR H AU 0, BRURSBERE. 3t (S Way)R 2 ol e
AT T TE S ST T SR S I A 4 el 51 (S, Levy) B =
BB AE T AR il 5 R, S RS (e g
ST, BRI A PO SR B T SR, § BB TR 1
TC. PR R 4] St FREEDY 1A (perturbation method) T HTHEER T SEMIMIE, 23
HIT I TR, A AT T I

(1) BeEIIn SR, , |

(2)  TAENE I sl 55 0k R SLAB AT BT,

(5) A 1 5 500 o UL P B 90 3.

AN TR 24 A R I SR AR P A — B, Jh 4 B 13

* 19524611 127

(32 1] Th. von Kirmin, The Engineer Grai)ples with Non-linear Problems, Bull.
Amer, Math. Soc., 46 (1940), 615-683.

(3t 2] S. Way, Bending of Circular Plate with Large Deflection, A. S. M. E. Trans-
actions, Applied Mechanics, 56 (1934), 627-636.

[zt 3] S. Levy, Bending of Rectangular Plate with Large Deflections, N.A.C.A. Report,
No. 737, 1942. )

[3t 4] Wei-Zang Chien (&8f§¥Jk ) Large Deflection of a Circular Clamped Plate under
Uniform Pressure, Chinese Journal of Physics, vol. 7 no. 2, Dec., 1947.

11Q



2.9 MK DHAWTRERERIIAEENMD n

(AL ORISR, Qo 525 ¥/ M AT LA 2 BE a0 BOTREIED SR
A5 @, PAEAS b, JEEERS A ARBIRSEFEART BTN b RS R A
2%, ARG FUBE AR L RSB B L B 4B IR RS
AT Qu AR RIS Lo LA A P A 35 2 A Qo AT FHIASR
B P =27bQy B, Il 1 Al 2 BB A SE 2RI

& 1

SRR G502 6] (C. A, Anexcees) JBIRIEE HAFE T SaAAHI
RO L, ATLAC A% S RTS8 0t P e 5 T
S5 B S 2 . [R5 P SR D AT R T, SRR A B IV i, T DAZR
FIARTEAC 2 Wb, AR SR I 0T e R T — 5 0 I DA S b,

T SR ¥k AT W VE OB OK B K R X
TP onsi ) B PGB RBBIE o R AL

J

1 4 d 1 4 dw 1 4 dw
Dr drdr 7 dr ! dr T 7 dr (rN’T)""” 1
d 1 d 5 Eh ( dw\? '
dr r d 2N + = (7} =5 @

Jot B RBITMERE. D= yiie s A G 508 8 B (lexunl
rigidity), p JEHIZR L, © EEFHERE (ateral deflection), N, 2 EEBEEG LS - B
fﬁ[’ﬁjﬁ}ﬁﬁ%ﬁ (radial membrance stress), ¢ SL4% AV ER B S5 EH-

22 5] C. A. Azekcees, xomsneolpasnas yupyras memOpama 1o} feficremem Nonepevnoil CHIX, 1pEIo-
EHHOM K JKECTKOMY IeHTPAIBIO DACHONOKEHROMY THCKY, unenepndid coopnuxk. T. X, 19_51.



112 t o & # / 9 %

MAGER (1) REL rdr R MFE r BT, TR 3
d 1 4 dw \
e A Ll S @)

S 7 S EEHE A r BB (shearing force).  EMERAT V= v B

R 2 FR, B 7 = 5. EREARR () TR :
d d _d d P ,
Ddr?drrd(: =N d_(z+2n'r' )

EEBRMWEHER @) M (4) SR ERRERX, 5IETHINEHSE:

§=I—, r=_4§, y='l/5(1"".uz)%’ §=3(1—ua® N/E R,
a

(5)
2
I S I} I LA g
© 0 N, BRI ~ BT, EE T S TEKE « MEK.
BAERRX @) @) fn (3), RMBUTIIHHE R
dar = L ®
1 2 '
da @)+ 5 (42) =0 | G
FE RS R
’g r=a B#f
w:‘o,—‘f.ig:o dN’+(1—-y)N =0 ®)
’g r=b B#:
‘ ‘;‘;’ =0, rddl‘r’f-l- (1 — )N, =0, ©)



2 0 EHE : BHEBEW TREWR R X NME 113

Fol Ll B et AR R Rakers. A (8), (9) W 558

o =10%,

y=0, “ =0, 21295 y5=y, (10)
l‘étl'x;—a B#’
,d-,y, — o3 ‘7(lS .
A =0, 2/ . + 8§ =0. (11)

= B WMk

HIfE oM R e (10) fn (10 F, ISk 4 82K (6), (7). sk

P PR A p BRI S Yoo M. Yo, JE% ¢ = b 05
HAE WAL BB ) B E, WL P AT

. ey, (0
Yu=vy3(1—u?) wl =) (12)
r=b

B g
p=nYutyYi+ -,

y=yl@) Y+ ys (@) Y+ -, (13)
S=8 ) Yir+ -,
oy e ESHEG yuys DAR S SSARED « EEL I (13) \PAER A
Fraks (6), (7) A SRl (10) Ao (1) 1h, AKER Yar IR, WA TTR B IR Mg -
e, TEMTTAEBI— BT v 1 Ser va s SR SRR 3 A 0 A A 45
Tk
S v R oy BAMARE AN RS A T

(14)




114 i e 2 1% 9 %
FHEERX (14) Byfpgid:
d}’l — . loo _i
e =N loax—l-A(i x)’ (15)
yi=nzlogr + (4 —y)x— dlogx +y1 — 4, (16)
Foip
j— alog
1= 3 A=""‘/§”7
d=(1—aP —a(loga)?
ZHA So, ML TFIM A B A 5 R e
d? Lrdy 2
der @+ g (G1) =0 (18)
AR (18), BMEH:
A gy = l(d 1)24 ! 20
dz T ), Vdg) esth (20)
=1 oAy, m ~
8= 7;./ ‘“L (o) Al 20
(l&S‘g o 1 1 1 d_’}’l 2 N1 1 1 dyl 2
dz = fo “’,L, (o) ="+ Qxf (50) a2 ==
o L, m LRI E B
ledS)+S)=——J J '/ (4rsy dr”+7/‘ Y g 2m
e/ x!
oz Sl f ) e e
Ql—1f‘l ’f ) dx"+lf dﬂ x’—(u._l)% (22)



2 49 B P v B EORW OPIRE &R KK MK 115

HIEB SR (19) &R (22), A

B or=1,
1 — (@) —1ym=0; (23)

# r=a

1 N2
}—1J‘ f ,AZ,IL "aal 4 /: (Ll[”ll) (lr—(Ql—l)%+l. (24)

AR (23) A (24), JRAIAZH 1 F0 m R4

— l _ o 7 (Zyl .
'"‘2%4‘(21_1)(1—0:) Za f f dz’ +

A t/: ({fzzl )2 d I]‘ (25)

FURTEA B, HFEK (25) TTARRifs:

1 o 1—2) [1rdy\?
Kty Sl Y L ¢ [‘r,f: () az+

RGO NC O

o«

=2(2},_T)(1-a)j:l[“L(%_])%] (%%’)2‘“’ (26)
som [ () 0 [ (4 a2
__f d?) dt+l+~§. @7)

FIRARR (15) 305 470 RASFER (26) Fn (27), TRPVGH]



116 L) m ) Hi 9 &
3 A 7, 3 A?
8y = ——-—-x(logx) +71(4 1 _ﬁz) alogaw — (é—yl——TA}/l + 7 )x+
+ %(logz)"‘ —(dy—ANlogx + B—C+ —g—‘—b%‘-}- —(1—:02—;\')—; , (28)
Frp
7 Ay 3 3\ 1 5 o )
B—(8‘+7+—>}’1+('2*7v—"4‘—)A71+(Z—'§—'A)A, (29)
5 1
_({_1 [(—-« >(1——a)7/1+—-(7 E)Aylloga+
+ (122 4 1) 21ogal. (30)
t 2 =

EHA 73, s IR AR FER:

(l2 x{]}/o,_S dy1+7

d2*" dx  Tdx x’ (31)
dys(1 1
rs() =220y 0) = L2lD g, (52)

i (31), Z&MI45H:

dx’ + y3log x + N,

d?’s__f Sq

d vy [ d (2 _
([;= fdxf 8o )’1 dx”+;~+y310gx+1], (33)

JV:' dxl
Y3 =
1

?
d l'”

d
o (d;:}’) dx'"" + vlogx + y3(xlogx — x) +

+qx+ U, (34)

e N, g, U fn v RS B



2 4 BODA GG 0 M M MW T RO WO KRR MW 17

AL, £ d o e 1
Boo=10E, oy ="7% =0, B
ntr=0 (35)

U+ 11—y =0. (36)

d
gr—aﬂ:—’j‘: 3’3 y3 07

-—f dxf 5 ~5 dx’+~—— + ysloga + 1, (37).
O ¢ dx l dy] dz' 1 1
dx x,, 2" +rloga + y3(celoga — a) +

. + e+ U, (38)
' AR (35) fn (30),
p= —r,
s 7y == A -4 ‘)‘,

W LmEy © F0 e ACAGFEX (B37) Fin (38) th, sy

_ e To(dr '
[’_Jj ([.r']: Sg(;z—;,—)dx, (39)

= 4z ", dy, 7
) (mJ; Sg(:ix?})dx. (40)
BEAAE:
—2—(a+aloga—1)+ Uloga + I; =0, 41y
ne—Nloge + (1 +aloga—a) U + I, = 0. (42)

FAFER (41) 0 (42), TRMSEL



118 ] 1 £ e 9 &

n=oaf(aloge — a4 1)1 —logal,)/ 4, (43)
=[(aloga +a—1)I, — (¢* — a)loga I; )/ 4. (44

BamIEFIR A FER (54), (39) Fn (40) rPM&%fﬁﬂ&F‘%ﬁii’i U,n v e
SRR AR (34), BT AL il S BR, SR e R

= 772% 2 (log ) + (1‘1454' A — @2 )x3 (log z)* —
- ('2‘7’:1;—;—25‘/17‘1’ A(;i )x3logx+
+ (it =g AR+ g 7= 1)+ Al 2 oga -
—-GgAﬁ-§wﬂny%bg@2+
[%A7%—§A271+§?+ 4(3—6)71] x?log x +
+[187A bg! 25/171—'17‘6‘4“""“(3 C)(4 —-971)]x2+

3

1 Cy 2 A4 2
+5 (Tt =) wloga +

24C(1—M)—2Cy
127

+] —AB -2y + & ] zlogz —

— ) — 3
___[ 4~AC(11 _LQ)L 5Cy —2/13—5/42}’14—-5—/13]:&‘-{— /13(10gx)3

1 g
+7;[ i(/ %](1001) + 75(zlogxr — 2x) + Dx + Elogz + F, (45)



&

R : BHEBAWTREBEITR B EN®

4+ —
¢4

+1_Cz (20— 1) 4+ 3 (eloga — 20 + 2) +

-+ (2—5? 24;11()7 u*) A7+ (—157(?“ — isa — Z) A7 +

3 a o (log«)* | 5. g
g -+*A+_—6—‘—J‘d /1+[€‘+T—-4T(X+

= =
g — -5

e )] 4t =B =AU+ @+ 2]+

A‘-’lov ¢
LB 4 1B,

Ty g B -
+ [ U=+ Gl -] 47

37 3 91 N .. 8 19  a® 1
b —— )A"}’“ [ — —-»'——S—a(loga)z]Aayl—]A

=648 1T Ty

72188

11
——»a (loga) ———~(5+Iogo:)]f14
1 o o
+ B0 =L ~BeA -+ @)dn] +

€ oo (#5—1) 1+t (1 1) o).

119 993 751 281
i AR+ g An— g A+

) 44CUH =0 —=53Cp
+24B— T

(46)

(47)

1
LB O =27 +

(48)



2 3k 9 &

120 t e
+AB— ) : (49)
(1)

Feys+E+L—MW.

v A (B—C), C, 73, 15 B, D A0 F MIEHARRE - (u = 0300) #Fifes:

Uiy, 30y o% JERTIREREINIE 7 WYfH.

M. B E B AKX

T RS R B ) FE A e 4
N,=nho!, Ny=ho], (52)

Ny= — ( Np)s (53)

Ez (dﬂw u dw) o — P2 (_1_ dw_l_‘udﬁzt)) (54)
+ 2 ,

" - =
Tl —uP\drr o dr t 1 — u? dr dr

. Pw , B dw o 1 dw d2w p
M,=—~D (5% +77), My = D(r = +ul 7)), (55)

BN, JEIER T R FERE ) (tangential membrane stress), 07, of LR () fnGlER
mEEIME D), 2 L Eh o R EEE, D7, My JEAS IR RVGIER 75 g 4 ik g .
P D IEMERS < MIRED 2 o, of 0 of, off N, Wikt

o, =0+ 0, op=0 4 ol (56)
M AKX (5), A% L4 7 R i A R R T, T3
SE (57)

Ny = B — s



121

ZHEBRW TRREAR B ENME

E YR

2

§05 | 6180GT | 609099~ | 996631 | 9ST6ST/TI— |TG9T0L99— | L6'G6S0T | SOTHST— | 650691 | 0%°0
698 | 990°98g 299199~ | OgbHe— | ovSece— |0OTI80F — | 009°96TT | TOgeE — | 1evzé | 020
8¢ | o869 | OVgHSIE— | 61CTLO9N— |88K99%0T— |69¥6sy — | TS6THG | S9ROL — | IR | 090
00T | o9 YSTOSET ~— | 9B6WACE — |@OV499 — |&LruL | $80U9 | v3gh — | TG | 090
1980 | 85T YEHSE — | ohL9I — (W9Ees  — |[Tevr — | 976 | ST — | 66w | OVD
9er0 | 60TT rrer — | 19912 — legote  — |eszor  — | 96981 T — | cmvb | sg0
Y90 | 860 Loy — | @s8gy  — [00Ver — |1egL  — | sovel | €@l — | 060% | 90
0090 | 880 86626 — | Wg9s — |o6vIL — |akee  — | 86LTT | GG0T — | 69T | %0
0690 | 980 Geer — | 96691 — |0:89 —|9gre  —| 899°0T | @980 — | L&% | 680
»Y0 | S0L0 Wwo0r — | 9we  — laow  — |05z — | 9968 8000 — | 165 | 0g0
Yo | 9890 o169 — | eTv  — |9ged  —lsowr  — | oaes 890 — | 1% | 850
0650 | 6990 swve  — | L8  — |ogT  —|egr  —| log9 180 — | oG | 90
5eg0 | €190 86T  — 190800 — |[sz20 —|so60 — | 66g9 gesn — | 0S5% | %50
0g0 | eov0 00T — | /680 860 — |90  —| c09% ngo — | 1908 | w50
o850 | 8TO ¥90  — | 8% B850 — oW — | o6e ¥50 — | o687 0
1800 | 9910 bLT0 ¥85°0 0 0 295t 0 000'F 0
o e I a T o o-g v 1 -
I 3



122 tn b2 o] C O

9 %
3 ' .
N,=?(—1%W(S+2x—g—g—)=hot’, (58)
_ Ert I 2y dy <
R Ty el i LA DL - MO
_ Ent By dy
M, = 6(1 —u?) /301 — u?)a [Qﬂx_jxy +(+ y)d—x]' (60)
L ER? L2y dy AR
= a@ysasme LraE e gr] (=) @
ER d d? k
IR TP ey [+ R Q”x?_rxf]’ (=3) ®
BM4S
) z e 2\ a2
3, =2logle g (63)
— u2) o2
2::————“———5(1 E}‘I;‘B)O‘ U;, N (64)
> == ‘/;?,(Lzl SRL (65)
2:1 - (1 —p?) 1/E'5]E21:!4_2)i2 o, (66)
RABER THIR SRR
3. =S5, (67)

(68)



2m ERY : BPHERW TEEAR R ESNHE

EHRR (13), (15), (28) 0 (45), RTRE 5>

L% mRTA

123
2"—9::93 +(1+y)%~, (69)
Si=( WSl oy Ly (70).
(B RS, TR R SRR A

FEASBY, W) 2 =1,
3. (=81, (70)
D (1)_s<1>+2d5(‘) (72)
S () =222, (73)
Z:’(n:gyd%‘). (74)

TERIBIE, RED = = o,

3 @) =S(a), (75)
Z: (@) =8{a)+ 2a =" dS(a) (76)
S @) =2aTX@, (77)
3 @) =2uetX@, (78)



124 ] I L) ki 9 %

¥
dS _ y2 dSs _yal Aoy (B dn _
—;——Y —YM[—-4(1ogx)+(4— 5 )logx

2 1
...(Zl A?’l _|__._A__)+A711°g (471~A2);+

2 22 2t a2

&2 &2y B " 7n '
L=y TR - S n v (L B) v { ~ g log e+ )
+ (Zﬁl——d—ﬁ)x(logx)?—(ézyg 2‘/172+—1—A271)x10gx+
3 4 72 3 7T 4 ,

57 A8 A '
+ ( 57 73— 72/171.,_4571 o )x+ —“‘y—%(logx)3+

5 3 £ 1 . -
+Z-A71(A—-71)(logx)2+[—S—Aﬁ—A‘71+T+-2—(B—C)]1°gx+

+/[%(B—C)( 21)+ — AR ¥ — Ayl——i;f—]+4 g

C}’l o A3 102;2? 2140(1—1;)—-0}’1_ ; _
+ (72l + - 5) 25+ | -y 4B

‘ A% 1 A3log x A (log z)2 AC A3 1
— A2 LRl — —_ —
R e o et (r gt E)

AC . A3 Nlogx . 73 :
’_(]——2),4— 2 ) x> +:c} (80)



2.1 FEA U L B OR W F R B N E oA E M 1%

_:ﬁ..‘ ;ﬁT il

TRAIFE RUTH ELAE 8 HY AR S0 Ry S TSRS R 25 5. A PSR — 9 52
J5E O 8 10 S AR T R G A AR EE R O Vg B AR R

’ p=nYu+yYi (81)
T 9 G AR i
=Y (82)

T Yor B, 7E (1) SKIUPMITLRE 71 Vor 4 BT R, 135 Vo
SRS, 75V, TR AREET. TRANRIERAR p-Var AP TE
SRR, BB RE Vo SRS, (81) RATMRER p =74 ¥ PiDATlTAl Ji e
A (82) K B

B 5 0 + R TE ROV & . p B0 Yor BBHOMAR, 115 2R
BHR 757} B, m@g@m,wwmftﬂ FERTRR S . BT T e
KEHEB IR LB 5, FIEHE - 3, BB A0 Ao PO A 10
PSRRI, -}kﬁﬂé&ni‘é’(ﬁf&flﬁ%‘l@ﬁ#‘ AT SR DA B B, 1R
BRI RRBEIE SRR T, - SIS, 7 G i R
0 AT 5 ﬁmmalamfaﬁﬁT, I B R S A S R BB A %
BT, BUE LT, TP FE R

RN, SRR, PSRN S5

...................

B —~—0 e, SEEREP AR T, SRR ESHE SiRaE|En

B3 PR 6, Zliicfﬁﬁ%-%ﬁ%{iﬁﬂﬁﬂ%%%%‘é%-
(3t 6] Hu Hai-chang (##8 ), Large Deflection of a Clamped Circular Plate under
Central Concentrated Load. -unpubBlished.



9 &

4
[~}
I3 e
al= N S aa
< 1
1z =T
Qs} r'd
“a // /
I S g
LS e
/ ~——— AAEKCEEBE#ER
0 v | b-n3 |
z ) 6 ) 10 2 “
1 20 a2P
p=g B =P S
E 3
4
’P”“ " -
r 3 e "
3| (,«"'ﬂ" // '
a\ Y ,’4" . L
Tz o
< / ;-,(-’ =0,16
(s ; / AN X B4
o B S .
S Vi / I ARERCE b e
= |
P ]
o 2 4 ] 8 0 2 /4

1 . P
= . — u2y18/2
T (3{1 - )] o

\ : B4



2 4 ERK : BHEBRT TEEIEXREERE 127
08
06 . — g
= l g ’,—“”’-‘::_’J
04 g A . _—
ad
bt s ] — AR
// ————— ANEKCEEB 4% y
0z .
/
/
old ]
o4 08 1.2 1.6 20 zZ4 28 32 36
Yo Vs
w5’
08
06 =
//
= ! B 04 //
=
N
02
0
4 .8 /2 16 20 - 24 28 32
Y1



128 t G ﬁ ®_ o

I 6 Fes on BB L il T 7 SRR - F T B p WA

577 4T B VB RS PR T DA Vo S B BT O PR 3

DRI EE L SERASC AR, A0 TR DR AT B U, Sk SUBRE, B33
LA DI,

40

36

)
h

3 (1 — u?)
n
D
™.

Yor
I~~~
N

-
AN
\\\\\\?\ N
9

L2

/4

2 4

olo-
[}
©
)

{

N

W\
\
\

o
(s ]
3
0y
R

1 w a2 P
p=z0BU- M’)-J”m

W7



24 EME o BEBREFTREREASKXKBEENE 129

t

LARGE DEFLECTION OF A CIRCULAR PLATE WITH A
CIRCULAR HOLE AT THE CENTER*
YEH KAI-YUAN
Tsing Hua University

ABSTRACT

The equation for the large deflection of thin plates established by
Th. von KaArman has been well known for many years. But so far there
are only a few problems been studied with numerical certainty. S. Levy
was the first to apply this equation to solve the problem of a clamped
plate under uniform pressure by the method of power series. After this,
S. Levy got the solution of the simply supported rectangular plate also
under uniform load by the method of double trigonometric series. These
two methods used nearly the same procedure of determining the numerical
value of the coefficents. But their numerical works are too cumbersome.
Lately, W. Z. Chien treated Way’s problem again by means of the per-
turbation method and obtained excellent results.

In this paper, the problem of large deflection of a circular plate with
a circular hole at the center is treated with the perturbation method.

Recently, C. A. Anexcees worked out the same problem with the
membrance theory, but his results differ greatly from the practical case
of a thin plate. The reason of this is chiefly due to his neglecting the
effect of bending. The results obtained in this paper are compared with
those of Axexcees and discussed. We conclude that under concentrated
load, the bending effect is momentous and therefore it cannot be neglected.
The problem can be extended to other boundary conditions with the
maximum deflection Y,; as parameter.

* Received November 27, 1952,



