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ABSTRACT

A variational method for the determination of the phase, originally developed by Hulthén, is applied
here to a two nucleon system, the nuclear potential being taken as a superposition of Yukawa potentials
of different ranges. Hulthén’s method is also generalized to include a Coulomb potential when necessary.
Formulae are obtained in the form of power seriss which are useful for energies less than 40 Mev,

1. HULTHEN'S VARIATIONAL METHOD'

In this paragraph we shall describe briefly Hulthén’s variational method -
for the determination of the phase, and add some remark which greatly
simplifies the practical calculation.

The mathematical problem is to determine, for the equation

LuE{ j:z — “l;l) +/e2—-U}u=0, (@h)

where U(r) falls off at infinity faster than ', the phase § which occurs in
the asymptotic expansion of that solution # of (1) which vanishes at the
origin.. ‘That is, if normaized to unit amplitude, we have #=0 at »=0,

and # ~ sin(kr +%ln+6) as r —>» o0,

©
Hulthén introduces the variational integral I’ ==J #' L’ dr, where the

[4
trial function #’ for # satisfies the same boundary condition at the origin and
possesses similar asymptotic expansion as the exact solution #, the phase &
being now regarded as a parameter to be varied. In addition #' may contain

*Contributions from the Institute of Modern Physics, Academia Sinica, Series A, No. 8.
1. Hulthén, K, Fysiograf. Saellsk. Lund Foerhandl. 14 (1944), No. 8 and No, 2178
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other parameters to be varied, which we denote by ¢y, v=d4 1, 42,--- Hulthén =
has shown that the parameters ¢, and § are determined by the following
conditions:

I e Sty ) e @)
66'1)

If U(r) is a short—fangc potential which falls off rapidly for 2 »>1 Hulthén 3

advises to use, for the trial function #/, the following expression 3
W =00+ce? +ce ™+ ) F(r) cosd

+ A F+cme?+ o)A — e G(r) sing, 3)

where

R (%nkr)* T ) oo (e = % 5y,
)

G(r) = (%n'/er)é (=) J=i=t (kr) ~ cos (kr — %lk} 3

are the asymptotic solutions of the equation (1) with the potential U omitted. =

We note that the conditions (2) can be made to appear in a symmetrical
form by writing Cy/C, for ¢y, v=41,42, .. . and considering the variational
integral I = C3 I’. 'Then (2) becomes, as is casily verified,

a"gm S0 e S

If trial function of the form (3) is used, the variational integral I can be ,:'
directly obtained from the trial function

uw=C,u' =fF + Gg, ©6)
f= 2 @ e_"?‘r cosd, €= i C__me""zf (1 - e—)-r)21+1 siné . (7) .‘

by integration, viz. I = Jm uLudr. It is therefore of the form of a homo- l;

o
geneous quadratic form in the C,, say
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I = 2 2 Cm Imn C,, s (8)

so the condition (5) leads to the homogeneous linear equations

00

2 Imn Cﬂ = 0, m — 0, + 1’ 4+ 2’ 550 (9)

7n=—00

Since not all C, are zero, we must have
det | Iny | =0 (10)

which determines the parameter § as an approximation to the phase. That
the determination of the phase as above is ambiguous is of no practical
disadvantage, as Hulthén already explained, because the accuracy of the
variational method is in any case to be tested by examining how far the
following identities are verified for the final trial function and the phase, viz.

i usanlif :
C,cos&——llj)nF+kLGUudf,

o

| s an
C,sind = ——}’:—L FUudr.

These are identities satisfied by the exact solution # of (1), as can be proved
by eliminating Ux by means of (1) and then integrating by parts, using
meanwhile the relation

G ‘fif =R ‘ff S onsto , 12)

Substituing (6) for # in Lu, we get for the variational integral

L e
[=["u{p 2L+ ¢ 24 240 L -2 08 2 Uubdr. (13)

Integrate once by parts the terms containing second derivatives, then substitute
(6) for # and use (12). The variational integral becomes
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I=—6hLH—1,,
J (f dg e dr)Ad”
L IRCET or)- o {8 ve)

+2FG{Z'—,{’ %JF Ufg}]dr

(14)

The first part can be integrated by using ¢4 as a new variable of 1ntcgratlon
thus we get

o 2, e IF'(m+n)I (2 +2)
I1 = £ siné cosa{C,,-}—mzzl ”Z::a 2n B ) G= C,,}. (15)

For the second part, we shall consider the case of a superposition of Yukawa
potentials, say

= -&, Ar
Um 5 Va2 S a6)

a

where A is so chosen that none of the &, is smaller than unity, in order
that the whole potentials falls off rapidly for A »>1 as assumed above. We
then get, for the second part of the variational integral,

[o=24 cos? & i i GG {mn R (0,1, m+n)+ 2 wqy R (0,0, m+n+$a)}
= .

m=on=0

o0 0
+2sinZ6 > X G- G-,y {ﬂlﬂ T@# +2,1,m+ n)

m=0on=0

—(2[-(-1) (m+n) T (4+1,1, 711-*-n+1)+(21+1)2 T @1, m+n+2)
+ 3w T W+2,0,m+n+6q)}
a

. +24cosdsind 3} 3 Cn Cp {mn S @I+1,1, m+1)

m=on=0

—Q@+D)nSCLL, m+n+1)+ X we S (2+1,0, 711+7l+5a)} (17)
a
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with R, S and T defined as follows
R (S, % x) =y joo (]_ = e—ar)s (R,.)t—l e—xﬂ.r F2 2 dr :

Sl j T — M) Q)le A GRdr, S (18)

T i) = j “ @ = Ay (Ar)Le=Hr G2 A dr

2. CASE OF PROTON-NEUTRON SCATTERING

To evaluate the above integrals with F and G given by Bessel’s functions,
we use the following series copied from § 5.41 of Watson’s ‘Bessel Functions’

©

; L8 (—)P 2H+V+20 (y + p + o+ 1p
Ju ~)Jv(2)—pz=‘b 204V+20 G\ (w+ o+ 1F (v + p+ 1) )

with the notation (u),=p(p+1)---(e+p—1), and (p)=1. We then get the
following series

S Cr@ipslbn e
R0 x)—p% 2+E o T2 (I p+3) (/1 ) G e 2, )

_ g (02T (ot Dpr o (hyea
S(S; L, x) =5 pgb 22p+1 o F(l+p+—§) r(—/+p+-§) 2 ) [(S, t+2p+l, x), $(20)

f : % o (_)p(_2[+p)pn- i =2l+2p -
166,09 = 3 o5 AT T EV LG =21 20,9,

all in terms of the integral (s being always an integer = 0)
I tw) = [ (= hy Gry-teiaar. 1)

The integral converges for s+ z>0, when it can be evaluated with the help
of the theory of analytic functions, noting that for z>0 we have, by expand-
ing the factor (1—¢™*)* by binomial theorem,

>

16,60 =2 () G+ T ®. @)
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This result is therefore valid, by the theory of analytic continuation, for all
values of # so that the real part of s +2>0, except when # is a negative integer
or zero. In the exceptional case, a limiting process leads from (22) to the
expression

s =i
I(s, ¢t o) = go: (=) (j) (7 + @) I”((+—t) log (j+w), (f=negative integer), (23)
if we note in this connection the identity

i =Y (‘;) (j+a)t=0, (s+¢>0, t=negative integer). (24)
i=o

The series (20) converge for (k/2)?<1, and thus are useful for the scatter-
ing of a proton by a neutron at rest, provided the energy E of the proton is
less than 2#42 22/ M which is about 40 Mev.

Combining (15), (17) and (20) we get for the variational integtal 3

—I=Fsind coss y~t 2 2 G (o, et By Vil limn )i G s (25)

m=—0 p=—00

with the following abbreviation

2l +1
v=pergrp (1) | ot 2]

Oy = i (__)p (21+P+2)pr2(1+%) %)2’)‘1(2[,)’

pP=o 2P pl IP(U+p+3) (m=0, n=0)

£ I m+n)I 2+2)
Pemn=Bum =t = o o oty © L Orm |

S (=P (p+1),n ke
-+pz=:a 205 T U+ o+ DT (T F5D) A) b (20),

€1))

= &2 G20 kP
Pomer = 3 e gt re e e (1) © )

where
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aW)=mn [0, v+2+3,m+n)+ 2 wa I (0, v+2]+2, m+n+E&g),
a

b@)=mnl@ +1,v+2,m +n)—(21+l)n[(Zl‘,v+2,m+n+i)
+ X wo I 2+1,v+1, m+n+&y), ) (28)
a

¢ W)=mn (4142, v—2I41, m+n)—QI+1) (m+n) [4+1,v—2I+1, m +n+1)
+ QI+12 L (4, v—2+1, m+n+2)+ 3 we [(4+2,v—2], m+n+E&q).
(24

J

The a,,: Bl fot m n othes than those indicated in (27) all vanish.
The condition (10) for the determination of the phase § is therefore of the

form (we assume for example that only C_, Cy, C; and C, are different
from zero) ; :

T—-l, —13 2 B-—lsu y + T—l;OJ B—l:l Y, ﬁ—l)z y
b 00 S e G 9%t ﬁoo Y+ Yoo, 0o W S Bol Yot cox YL Doa,
=0
B, -1, a0 9% + Bro s o 9% O1z2 y?
Bas—1 ¥, - O 32 + B ¥, i 5% Oan ¥? (29)
. or in view of the fact that y=0,
T—I)—l, B._l.o y + T—I,O’ ﬁ-—l,l, ﬁ—lyz
Bos—1 ¥ +Toym1, 0o 2=t Boy ot Yoo, lon Vit Box, . Q) 1B
=)}
319—1, apy + .on, i1, Oz
ﬁz,—n\ 030 + ﬁzo, : Olay (2373 (30)

This represents a quadratic equation in y, with coefficients expressible as
power scries in (k/2)% The solution for y is therefore also expressible as a
power series in (k/A)? for small values of (k/a). To decide between the
two solutions for y we have to test the identities (11). Because we have
introduced only a finite number of parameters C, , these identities will not
be satisfied exactly. So we denote the ratio of the right-hand-side to the left-
hand-side by 1+4-¢6.,, or by 1+&,, for the first or the second identity of (11),
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the deviation €., and &;, ought to be small. For our variational wave
function (cf.(6) and (7)) the identities arc of the following form ]

L

S By +7.0C =0 - @1

m=—0

with only the following non-vanishing coefficients

SN

i ()P (p+1)pm by
ﬁm:COB—E 22p+1p!r(l+p+%)r(_1+p+%) (x> % wa1(0:29+1,7’1+5a)
i (1 + ecos) Omso s (m = 0),

S (=)P (—2l+p), = hVPs i 3

T—m;cos_p=a 22p+2 p! rz(—l+p+%)r2(l+%) ( )\) %wal(Zl—}-l,Zp 2/,m+§a).
+ —21—1—1 5 (m=0),

S et e .

ﬁm, sintia= p2=a 2p p!.rz(l'{‘pp'i‘%) l) % Wa i (O: 29+21+2, m‘*‘&'a) )
(m=0),

— © - (—)PH (7r+1)p7r i 2P :

Tom sn= 24 041 1T+ p+5) [(—/+p+4) A> el 120 2l rned

e (1 9P Esin) ey @ i X <m = 0) $ (32) .:

The parameters C,, can be eliminated from the identity (31) with the help
of (9), resulting in a determinantal equation like (30), but with the second *
row replaced by 7_1, By + 70, Br and B, which is a linear equation in y. =

3. CASE OF PROTON-PROTON SCATTERING

In the case of proton-proton scattering, the mathematical problem is 1
to determine, for the equation 1

L= {2 - 1xD re—L _ulu—o(5 -2~ =2k;;)<33)-?

the additional phase-shift & due to the shortrange potential U. This occurs 4
in the asymptotic expansion of that solution of (33) which vanish at the =
origin as indicated by 3
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% ~ sin (kr—zjlogZIer—%ln+a+8) ;

_where -

o=argl ([ +1iy) (34)

gives the Coulomb phase. The general consideration given in the first
paragraph holds good throughout, provided that we take for F and G the
exact solutions for the Coulomb potential (ie. they satisfy (33) with U
omitted), normalized to unit amplitude in the asymptotic expansions

.

F~sin(kr-—7]log2kr——%-l7r+a) :
35)

G ~ cos (kr — ylog 2kr — % In + o)
Following Yost, Wheeler and Breit?, we have the series expansion

P = () conm & 4,000,

j=i+1

B = (—A’i)*D A= 3 4, ()i b G0

i=-1

AN 2 A
+(5) D0+ plogh) )+t 3 A; Grymit,

i=l+1

Here we have used, for abbreviation,

I_ 2 AN +3 i o ik 1
b= o (T) (st D o e

p=QI+1) C2 (=1 n-1
@ (212-2;1)1 R {<2/11R )2 i (lx—k)z} - (’27117)2 i @)2}

2. Yost, Wheeler and Breit, Phys. Rev. 49 (1936), 174. We note for comparison that our
coefficients’ 4 and 2 differ from theirs by powers of k/A. Also we haye omitted the subscript I
throughout.

N

B,k
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21+1 1 Iv (_iﬂ) —%
Q=p[27‘—§1?+2 32+ o R = T D]+ plog

Gl gt o2 )

) s @7)

$=0

where 7= 05772 . . . is Euler’s constant, while Re and Im denote respectively
the real and i 1magmary parts of the expressions following these symbols. The
A; and the a; are to be determined from the recurrence formulae

A;i=00G</+0), dm=1,

4; (f+1)(i—1—1){ A= (Y 4,0}, G> 1+ 1)

0 D e a0, } (38)

1 1 [N :
a; = GEDIG=1=1) {AR dj—l—(—i”) aj—z—(zl"l)DAj,}
G>— gkl 1)

With (36) the integrals (18) can be expressed in terms of the integral =‘
(21) and its first and second derivatives with respect to z, namely 3

10 (s, 1) = -2 1, 6,0) = [ (L — o2 ()= (og dry e~ 2dr.  (39)

Thus we get for the variational integral again the expression (25), now
with the following abbreviation :

57 2P+ (124D 2n7 b \2H+1 : 7
y= C%cot d = VESHE ] (—) . cotd, (40) =

A
Omen — 2 f’l) a (”) g
V=o

e F,,( +ta) @2 +2)
5—-7»,:: = Bu,m n (7}2 BTEg e 21 S 2) e 6—m,n

] : s L b ©)Hfy 06 (0 +2+1)+f 8" (0+-21+1)] (41>;

Ty == (21+1)2 2 {gvc(v)+2hv 0'c (+21+1)+fy 02 c v+4/+2)

£2F, 0 pc (w+4+2)+fy 12 (v+4l+2)} :
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Here 4 (v), b(v) and ¢(v) are as given above, (28), and ¥ (v), ¢’ (v) and
¢” (vyare obtained from (28) by differentiation with respect to v. Further
we have introduced for abbreviation :

0
fv= 2 A; A21+2+V—j ’

I=[+1

0

o0
[ = 2 aja-sV-j, hy= 2 AJ (LEZTEN S

i==1 i=l+1

=0 (42)

From the alternate expression for-p we see that p is of the form of a
power series in (k/4)’. Hence, by the recurrence formula (38), the 4;
and the @;, hence also fy, gy and 4, are all power series in (%/ W)z =ilihe
solution for y is thus a power series in (k/4)% complicated further by the
appearance of logarithm terms contained in Q.

The identities are again of the form (31), now with

Brseor = 5t 3 3 wa {1 (0,01, m+6)+fy 01 O, v+2+2, mtEa)
VY=o

+fod O+ 20 +2m+ )} +1— A + o) Gmp, . (m=0)

1 1 2
T-m,cos= 2[+1 3P (21+1)2 1)2=0 % Wa {ng(ZI + 1, Vi=— 21, m + §a)

+2hy Q1 (2 +1,v+1, m+E&g)+f 0 I (20+1,v+2]+2, n_z-i—éa)

+2fp 0 p I’ (2141, v+2/+2, m+Ey)+1fv 02 I (21+1, v+21+2, m+$a)} %
(m = 0)

VY=o

B, sin = i S wa ol (0,0 +20+2,m+ &), (m=0)
a

o0

1 /s
T-—m,gin = 2/+1 vZ:a % wa{hu[(21+ 1, v + 1, m + &'a)

+fOILQl+2,m+Ey) + fupl’ QL+ 1,0 +2+2,m+ sa)}
+ (1 + &sin) O—ms0 5 : (m=0). (43)
If we take the limit as » approaches zero in all the formulae considered

in this paragraph, we arrive again at the same result as obtained above for
the case of proton-neutron scattering.






