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ïÄ¤J. 3I	, 1998 c, Bern

� [1] �ã
4��Ì����Ä�g�, l Hopf

©
�)ÅnÑu, æ^�Å²ïCq�{ïÄ

¼��Ì�Cq)����{; 1999 c, Oueini

Ú Nayfeh[2] �O{ü���5��Æ³�
]
:ù����Ä; 2000 c, Berns � [3] æ^�Ý�
�5��ì¢y4��Ì���"��; 2005 c,

Angulo � [4] ÏL�O·��=���ì|^�1
w©
nØïÄ
1w²¡XÚ4����)!
Ì�9Ù­½5���; 2006 c, Tang Ú Chen[5] �
O�«²��á���5��ì, |^õºÝ{ï
Ä
 van de Pol �f±9Ïk� van de Pol �f�
4��Ì���, ©O��
Ì� - OÃ���§.

3IS, 1999 c, 4�ÀÚ�©m [6] JÑ
²¡X
Ú Hopf ©
¤�)�4��Ì����¿©^�,

æ^��5G��"��5³� Hopf ©
Úå

�g-�Ä¶3 2005 cÚ 2007 c, a�ìÚÎ©
Q [7], /f�Ú�» [8] ©Oé van der Pol-Duffing

XÚÚÍÜ� van der Pol �fæ^�Ä{Úõº
Ý{ïÄ
4��Ì���. 4�u9Ü�öï
Ä
o� Qi XÚ� Hopf ©
����Ì���
¯K [9,10], 'u Langford XÚ, ��
�
��X
Ú�ïÄó�, �) Hopf ©
y�©Û9Ù�5
�"�� [11]!·b�� [12]!±Ï)��g Hopf

©
ØC����� [13]. �©�é Langford X
Ú Hopf ©
4��, ïÄÙÌ���5�"��
¯K.

ëXê Langford XÚ�

ẋ1 = (µ − a)x1 − bx2 + x1x3

+cx1(1 − x2
3),

ẋ2 = bx1 + (µ − a)x2 + x2x3

+cx2(1 − x2
3),

ẋ3 = µx3 − (x2
1 + x2

2 + x2
3). (1)

Ù¥ a, b, c ©O���¢ê, µ�XÚ�©
ëê.

N´��, éu?¿�©
ëê µ, XÚ (1) kü�
²ï: S1 = (0, 0, 0) Ú S2 = (0, 0, µ); Hopf ©

: µ = µ0� [14]

* I[g,�ÆÄ7 (1OÒ: 10672053) ]Ï��K.

† E-mail: cuiyan0320@sohu.com

c© 2012 ¥¥¥IIIÔÔÔnnnÆÆÆ¬¬¬ Chinese Physical Society http://wulixb.iphy.ac.cn

100202-1



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 10 (2012) 100202

(i) XJ c = 0, K µ0 =
1
2
a;

(ii) XJ c 6= 0 Ó� c < a <
1 + c2

c
, K µ0 =

1
c

(
1 −

√
1 − ac + c2

)
.

2 n���5XÚ��ì��O9Ù
4��Ì�'X

� O � � 5 G � � " � � ì u(x, µ) =

(u1, u2, u3)T, �\�n���5XÚ ẋ = f(x, µ)

¥, =

ẋ = f(x, µ) + u(x, µ), (2)

� � ì u(x, µ) Ø U C X Ú ẋ = f(x, µ) �
² ï :, � Ø U C Ù Hopf © 
 �, A ÷ v ^
� u(x0(µ0), µ0) = 0. [�O��ì u(x, µ) �
�¹¤k²��Úá���õ�ª/ª:

up =
3∑

i,j=1

Ap
ij(xi − xi0)(xj − xj0)

+
3∑

i,j,k=1

Bp
ijk

×(xi − xi0)(xj − xj0)(xk − xk0), (3)

Ù¥ p(p = 1, 2, 3) L«��ì¤�\�fXÚ,

x0(µ) = (x10, x20, x30) ´�XÚ���²ï:,

Ap
ij Ú Bp

ijk ©O´²����OÃÚá����
OÃ, =

Ap
ij =

1
2
(Ap

ij + Ap
ji), (4)

Bp
ijk =

1
6
(Bp

ijk + Bp
ikj + Bp

kij

+Bp
jik + Bp

jki + Bp
kji), (5)

N´�y, up(x0(µ);µ) = 0 � up(x0(µ0);µ0) = 0,

=��ìØUC�XÚ²ï:Ú Hopf ©
�.

éÉ�XÚ (2) ��5C� x1 = y1, x2 = y2,

x3 = µ + y3, ��Xe5�.

ẏ = J(µ)y + Q(y, µ) + ũ(y, µ), (6)

Ù¥ J(µ) Ú Q(y, µ) ��XÚ ẋ = f(x, µ) �=
C/ª, 
 ũ(y, µ) = (ũ1, ũ2, ũ3)T ¡�=����
�ì, §dÉ�XÚ (2) ¥��5��ì u(x, µ) =

�
5. 3 µ = µ0 ?XÚ (6) äkXeIþ/ª:
ẏ1 = −ω0y2 + Q1(y1, y2, y3, µ0) + ũ1,

ẏ2 = ω0y1 + Q2(y1, y2, y3, µ0) + ũ2,

ẏ3 = λ3(µ0)y3 + Q3(y1, y2, y3, µ0) + ũ3,

(7)

Ù¥ ũp(p = 1, 2, 3) �L«�

ũp =
3∑

i,j=1

Cp
ijyiyj

+
3∑

i,j,k=1

Dp
ijkyiyjyk(p = 1, 2, 3), (8)

Ù¥ Cp
ij Ú Dp

ijk ©O´��ì (3) ²�5C�

���²��Úá����OÃ, � (4) ªÚ (5) ª
aq, k

Cp
ij =

1
2
(Cp

ij + Cp
ji), (9)

Dp
ijk =

1
6
(Dp

ijk +Dp
ikj +Dp

kij +Dp
jik +Dp

jki +Dp
kji).

(10)

d X Ú (7), � � É � X Ú (6) � A � þ X
e [15]:

g20 = go
20 +

1
2
(C1

11 − C1
22 + C2

12

+i(C2
11 − C2

22 − C1
12)), (11)

g11 = go
11 +

1
2
(C1

11 + C1
22 + i(C2

11 + C2
22)), (12)

G110 = Go
110 +

1
2
(C1

13 + C2
23 + i(C2

13 −C1
23)), (13)

G101 = Go
101 +

1
2
(C1

13 −C2
23 + i(C2

13 + C1
23)), (14)

G21 = Go
21 +

1
4
(3D1

111 + D1
122 + D2

112 + 3D2
222

+i(3D2
111 + D2

122 − D1
112 − 3D1

222)), (15)

w11 = wo
11 −

1
2λ3(µ0)

(C3
11 + C3

22), (16)

w20 = wo
20 +

1
2(2iω0 − λ3(µ0))

(C3
11 − C3

22 − iC3
12),

(17)

Ù¥, �kþI “o” �A�þ��Au���XÚ
�A�þ, dd, ?�Ú��­ÇXê σ1 ���ú
ª [14]

σ1 = σo
1 + Re{ψ} + φ, (18)

Ù¥ σo
1 ����XÚ�4��­ÇXê; “Re” L

«� ψ �¢Ü, ψ Ú φ ©O�

ψ =
wo

20

4
(C1

13 − C2
23) +

wo
20

4
(C2

13 + C1
23)i

+
go
11

4ω0
(C1

12 + iC2
12) −

go
11 + go

20

4ω0
(C2

11 − iC1
11)
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+
go
11 − go

20

4ω0
(C2

22 − iC1
22)

− Go
110

2λ3(µ0)
(C3

11 + C3
22)

+ Go
101(λ3(µ0) + 2ω0i)(C3

22 − C3
11)

+ Go
101(λ3(µ0)i − 2ω0)C3

12

/4(4ω2
0 + λ2

3(µ0)), (19)

φ =
1
8
(3D1

111 + D1
122 + D2

112 + 3D2
222)

+
wo

11

2
(C1

13 + C2
23) +

1
4ω0

(C1
22C

2
22 − C1

11C
2
11)

+
1

8ω0
(C1

12(C
1
11 + C1

22) − C2
12(C

2
11 + C2

22))

− 1
4λ3(µ0)

(C3
11 + C3

22)(C
1
13 + C2

23)

−λ3(µ0)C3
12 + 2ω0(C3

22 − C3
11)

8(4ω2
0 + λ2

3(µ0))
(C2

13 + C1
23)

+
C3

12 + λ3(µ0)(C3
22 − C3

11)
8(4ω2

0 + λ2
3(µ0))

(C1
13 − C2

23). (20)

éu µ < µ0 ½ µ > µ0, � |µ − µ0| ¿ 1, 4���
Ì�'X�

r
.=

√
−α′(0)(µ − µ0)/σ1. (21)

�â­ÇXê σ1 ��úª (18), �3éÌ��
�k�^�OÃ�, K��ì ũp �d (8) ª{z�

ũ1 = D1
111y

3
1 + D1

122y1y
2
2 + C1

11y
2
1 + C1

22y
2
2

+C1
12y1y2 + C1

23y2y3 + C1
13y1y3,

ũ2 = D2
222y

3
2 + D2

112y
2
1y2 + C2

11y
2
1 + C2

22y
2
2

+C2
12y1y2 + C2

23y2y3 + C2
13y1y3,

ũ3 = C3
11y

2
1 + C3

22y
2
2 + C3

12y1y2.

(22)

3 Langford XÚ4��Ì�Cq)�
A�þO�

Langford XÚ (1) 4��Ì��°()�±�
�, ,
, 3éXÚ¢�����  �Ø�ÙÌ
��°(), �UCq¦). éÉ�XÚ�4��
�Ì�'X¦), I�Äké�XÚ?1Ì�Cq
¦), ���XÚ��
A�þ.

Ú\�5�IC� x1 = y1, x2 = y2, x3 =

µ + y3, KXÚ (1) �²ï: S2 = (0, 0, µ) £��

:, XÚ (1) =z�Xe5�.

ẏ1 = (2µ − a + c(1 − µ2))y1

−by2 + Q1(y, µ),

ẏ2 = by1 + (2µ − a

+c(1 − µ2))y2 + Q2(y, µ),

ẏ3 = −µy3 + Q3(y, µ),

(23)

Ù¥ 
Q1(y, µ) = (1 − 2cµ)y1y3 − cy1y

2
3 ,

Q2(y, µ) = (1 − 2cµ)y2y3 − cy2y
2
3 ,

Q3(y, µ) = −y2
1 − y2

2 − y2
3 .

(24)

ÏL Qp(y, µ)(p = 1, 2, 3) 3 Hopf ©
: µ = µ0

��, ��XeA�þ [15]

go
20 = go

11 = Go
21 = 0,

Go
110 = 1 − 2cµ0, G

o
101 = 0,

wo
20 = 0, wo

11 = − 1
µ0

(25)

Ù¥þI “o” �L�Au��XÚ (1) �A�þ,

KXÚ (1) �­ÇXê σ0
1 � [15]

σ0
1 = −1 − 2cµ0

µ0
. (26)

d	, XÚ (1) 3²ï: S2 = (0, 0, µ) � Jaco-

bian Ý
k�éJêA�� λ1,2 = 2µ − a + c(1 −
µ2)±ib, Ù¢Ü� α(µ) = 2µ−a+c(1−µ2), K α(µ)

é µ 3 µ = µ0 ?��ê�

α′(0) = 2(1 − cµ0). (27)

ò (26) Ú (27) ª � \ 4 � � � Ì � C q

)Û) r
.=

√
−α′(0)

σ1
(µ − µ0) ��, � µ > µ0

� |µ − µ0| ¿ 1 �, XÚ (1) 4��Ì��Cq)
Û)

r0
.=

√
2µ0(1 − cµ0)

1 − 2cµ0
(µ − µ0). (28)

4 Langford XÚ4��Ì����5
��

4.1 ������555������úúúªªª

[ � O � � 5 � " � � ì u(x, µ) =

(u1, u2, u3)T X (3) ª, Ù ¥ (x10, x20, x30) �X
Ú (1) 3 µ = µ0 � � ² ï : S2 = (0, 0, µ),

= x10 = 0, x20 = 0, x30 = µ0; ��ì u(x, µ)
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ØUCXÚ� Hopf ©
� µ0 Ú²ï: S2. É�
XÚ�

ẋ1 = (µ − a)x1 − bx2 + x1x3

+cx1(1 − x2
3) + u1,

ẋ2 = bx1 + (µ − a)x2 + x2x3

+cx2(1 − x2
3) + u2,

ẋ3 = µx3 − (x2
1 + x2

2 + x2
3) + u3.

(29)

éÉ�XÚ (29) �²£C�, K3 µ = µ0 �, É�
XÚ (29) =z�Xe5�.

ẏ1 = −ω0y2 + Q1(y, µ) + ũ1,

ẏ2 = ω0y1 + Q2(y, µ) + ũ2,

ẏ3 = λ3(µ0)y3 + Q3(y, µ) + ũ3,

(30)

Ù¥ Qp(y, µ)(p = 1, 2, 3)��XÚ (1) ��5��
5�.=z�, � (24) ª, ��ì u(x, µ) =���

ũp =
3∑

i,j=1

Apijyiyj

+
3∑

i,j,k=1

Bpijkyiyjyk(p = 1, 2, 3). (31)

d=����ì ũp ����OÃ� Apij ,

Bpijk ±9�XÚ�A�þ (25), ��É�XÚ (29)

­ÇXê

σ1 = σ0
1 +

(
1

2µ0
− c

)
(A311 + A322)

− 1
2µ0

(A113 + A223)

+
1
4b

(A122A222 − A111A211)

+
1
8b

A112(A111 + A122)

− 1
8b

A212(A211 + A222)

+
1

4µ0
(A311 + A322)(A113 + A223)

+
µ0A312 + 2b(A311 − A322)

8(4b2 + µ2
0)

(A213 + A123)

+
A312 + µ0(A311 − A322)

8(4b2 + µ2
0)

(A113 − A223)

+
1
8
(3B1111 + B1122 + B2112 + 3B2222), (32)

ª¥ σ0
1 ��XÚ (1) �­ÇXê, � (26) ª; Tª

�n�XÚÊ·5L�ª (18) �'��{z�õ;

ª¥,
��OÃ�m�,�3�½�ÍÜ'X.

É�XÚ (29) 4���Ì�'X (=4��Ì
����OÃ�m�Cq)Û'X)�

r
.=

√
−2(1 − cµ0)(µ − µ0)/σ1. (33)

��, ­ÇXê σ1 ´ýÿÚ��4��Ì
����­�Ï�; 3ý����5õ�ª��
ì (3) ¥, Ø´¤k���OÃ�ÑéÌ���å
�^. �3�3u­ÇXê σ1 ��úª¥���
OÃ�, í�ÃÃuÌ�����, Ký����
ì (3) {z�

ũ1 = A111y
2
1 + A122y

2
2 + A112y1y2

+A123y2y3 + A113y1y3

+B1111y
3
1 + B1122y1y

2
2 ,

ũ2 = A211y
2
1 + A222y

2
2 + A212y1y2

+A223y2y3 + A213y1y3

+B2222y
3
2 + B2112y

2
1y2,

ũ3 = A311y
2
1 + A322y

2
2 + A312y1y2.

(34)

k���ì (17) 3/ª|¤þ�én�XÚ
Ê·5��ì�O��â (22) ª�Ó. é (17) ª�
��²£C�, ���\uXÚ (1) ���5��
ì 

u1 = A111x
2
1 + A122x

2
2 + A112x1x2

+A123x2x3 + A113x1x3

+B1111x
3
1 + B1122x1x

2
2,

u2 = A211x
2
1 + A222x

2
2 + A212x1x2

+A223x2x3 + A213x1x3

+B2222x
3
2 + B2112x

2
1x2,

u3 = A311x
2
1 + A322x

2
2 + A312x1x2.

dþãúª, 3�½Ì���8Ie, ÄkO
�­ÇXê σ1 ���, 2�â (32) ª, `zÀ��
�OÃ, ?
(½��ì up, ¢y Langford XÚ4
��Ì��`z��.

4.2 ������555������úúúªªª���AAA«««{{{zzz���///

��Äé Langford XÚ��½ü��§?1
��, �±��þã��úª� 6 «{z�/, §�
�±3é�§Ýþ�B Langford XÚÌ���¯
K�äN)û. ��«~, ±e�Ñ 2 «{z�/.

��� /// 1 ũ(y, µ) = (ũ1, 0, 0)T, Ù ¥ ũ1 =

100202-4
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3∑
i,j=1

A1ijyiyj +
3∑

i,j,k=1

B1ijkyiyjyk.

d�, Apij = Bpijk = 0 (p = 2, 3), d (32) ª�
�{z�­ÇXê σ1 ��úª

σk
1 = σo

1 − 1
2µ0

A113 +
1
8b

A112(A111 + A122)

+
1
8
(3B1111 + B1122), (35)

�â��úª (35), �KéÌ���Ã�^�OÃ
�, K��ì ũ(y, µ) = (ũ1, 0, 0)T {z�

ũ1 = A111y
2
1 + A122y

2
2 + A112y1y2

+A113y1y3 + B1111y
3
1 + B1122y1y

2
2 , (36)

Ï L ² £ C �, � � � \ u � X Ú � � �
ì u(x, µ) = (u1, 0, 0)T,

u1 = A111x
2
1 + A122x

2
2 + A112x1x2

+A113x1x3 + B1111x
3
1 + B1122x1x

2
2. (37)

���/// 2 ũ(y, µ) = (ũ1, ũ2, 0)T, Ù¥

ũ1 =
3∑

i,j=1

A1ijyiyj +
3∑

i,j,k=1

B1ijkyiyjyk,

ũ2 =
3∑

i,j=1

A2ijyiyj +
3∑

i,j,k=1

B2ijkyiyjyk.

K­ÇXê

σ1 = σo
1 − 1

2µ0
(A113 + A223)

+
1
4b

(A122A222 − A111A211)

+
1
8b

(A112(A111 + A122)

− A212(A211 + A222))

+
1
8
(3B1111 + B1122 + B2112 + 3B2222).

(38)

��ì ũ(y, µ) = (ũ1, ũ2, 0)T {z�

ũ1 = A111y
2
1 + A122y

2
2 + A112y1y2

+A113y1y3 + B1111y
3
1 + B1122y1y

2
2 ,

ũ2 = A211y
2
1 + A222y

2
2 + A212y1y2

+A223y2y3 + B2222y
3
2 + B2112y

2
1y2.

(39)

��ì u(x, µ) = (u1, u2, 0)T�

u1 = A111x
2
1 + A122x

2
2 + A112x1x2

+A113x1(x3 − µ0) + B1111x
3
1

+B1122x1x
2
2,

u2 = A211x
2
1 + A222x

2
2 + A212x1x2

+A223x2(x3 − µ0) + B2222x
3
2

+B2112x
2
1x2

(40)

5 ��5��úª�A^

��A^þã{z���ì�O�â!4�
�­ÇXêúª±94��Ì����Cq)Û
ª�±é�B/¼� Langford XÚ4���Ì�
��.

5.1 ééé������úúúªªª{{{zzz���/// 1 ���������AAA^̂̂

�â 4.2 !¥�{z�/ 1, ë� (37) ª, �O
��ì� u(x, µ) = (u1, 0, 0)T, Ù¥

u1 = k1x
3
1, (41)

ùp k1 ���OÃ. Uì�/ 1 �O�Ú½, Äk
��5�. (30) e���Æ ũ(y, µ) = (ũ1, 0, 0)T,

Ù¥ ũ1 = k1y
3
1 , ��A^ (35) ª¿�\ (26) ª, �

�­ÇXê�

σ11 = 2c − 1
µ0

+
3
8
k1. (42)

Ïd, 3 µ > µ0 � |µ − µ0| ¿ 1 �4���Ì�
'X�

r
.= 4

√
− µ0(1 − cµ0)
−8 + 16cµ0 + 3µ0k1

(µ − µ0), (43)

� k1 = 0 �, Cq) (43) òz��XÚ (1) �
4��Ì��Cq) (28). w,, éu3 µ > µ0

� |µ − µ0| ¿ 1 ��S�, µ �, 4���Ì��
X��OÃ k1 �Cz
Cz. �â­ÇXê σ11 <

0, í�4��­½�^�´ k1 <
8
3

(
1
µ0

− 2c

)
.

(i) � a = 1, c = 0 �, é u µ > 0.5

� |µ − 0.5| ¿ 1, 4��Ì�'X�

r
.= 4

√
1

16 − 3k1
(µ − 0.5). (44)

(ii) � a = 3, c = 0.2 �, éu µ > 1.6834

� |µ − 1.6834| ¿ 1, 4��Ì�'X�

r
.= 2.6147

√
1

1 − 1.9325k1
(µ − 1.6834). (45)
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ã 1 É�XÚ (29) (u1 = k1x3
1, u2 = u3 = 0) ���OÃ - Ì� (k1-r) ­� (a) µ = 0.52; (b) µ = 1.72

ã 2 É�XÚ (29) 3��ì u1 = k1x3
1 (u2 = u3 = 0) �^e�ê��[ (k1 = −10) (a) a = 1, b = 1, c = 0; µ = 0.52;

(b) a = 3, b = 0.25, c = 0.2; µ = 1.72
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ã 1���OÃ - Ì� (k1-r) ­�, §�N

É�XÚ (29) 3��5��ì u1 = k1x

3
1(u2 =

u3 = 0) �^e��OÃ�4��Ì�)�m�
'X. ��¡, ���OÃ k1 �÷��O\�, 4
��Ì�O\; ,��¡, 3 k1 �Ñ��lÙmà
4���, Ì�'X (44), (45)(^¢�L«) �ê�
) (^J�L«) ÎÜéÐ, ��X k1 �÷K�C
z, ÎÜ§Ý�5�p, �´, 3 k1 �ýé�é�
�, §éÌ�UC�N!�^Ø�.

3á���ì u1 = k1x
3
1 (u2 = u3 = 0) �

^ e É � X Ú (29) (k1 = −10) � ê � � [ X
ã 2¤«.

5.2 ééé������úúúªªª{{{zzz���/// 2 ���������AAA^̂̂

�â 4.2 !¥�{z�/ 2, ë� (40) ª, �O
��ì� u(x, µ) = (u1, u2, 0)T, Ù¥ u1 = k2x

3
1 + k3x1x

2
2,

u2 = k4x
3
2 + k5x

2
1x2,

(46)

k2, k3, k4 Ú k5 þ���OÃ, KÉ�XÚ�

ẋ1 = (µ − a)x1 − bx2 + x1x3

+cx1(1 − x2
3) + k2x

3
1 + k3x1x

2
2,

ẋ2 = bx1 + (µ − a)x2 + x2x3

+cx2(1 − x2
3) + k4x

2
1x2 + k5x

3
2,

ẋ3 = µx3 − (x2
1 + x2

2 + x2
3).

(47)

Äk��5�. (30) e���Æ ũ(y, µ) =

(ũ1, ũ2, 0)T, Ù¥ ũ1 = k2y
3
1 + k3y1y

2
2 ,

ũ2 = k4y
3
2 + k5y

2
1y2,

(48)

��A^ (38) ª¿�\ (26) ª, ��­ÇXê�

σ112 = 2c − 1
µ0

+
1
8
(3k2 + k3 + 3k4 + k5). (49)

Ïd, 3 µ > µ0 � |µ − µ0| ¿ 1 �4���Ì�
'X�

r
.= 4

√
− µ0(1 − cµ0)
−8 + 16cµ0 + µ0(3k2 + k3 + 3k4 + k5)

(µ − µ0), (50)

þ ª � ± J ø õ « � � ë ê � À � � Y. �
- k2 = k3 = k4 = k5 �, Ì�'X{z�

r
.=

√
2µ0(1 − cµ0)

1 − 2cµ0 − µ0k2
(µ − µ0). (51)

(i) � a = 1, c = 0 �, é u µ > 0.5

� |µ − 0.5| ¿ 1, Ì�'X (51) ªU��

r
.=

√
1

1 − 0.5k2
(µ − 0.5), (52)

4��­½�^�� k2 < 2.

(ii) � a = 3, c = 0.2 �, éu µ > 1.6834

� |µ − 1.6834| ¿ 1, Ì�'X (51) ªU��

r
.= 2.6147

√
1

1 − 5.1535k2
(µ − 1.6834), (53)

4��­½�^�� k2 < 0.1940.

� k2 = k3 = k4 = k5 �, ÏL��Î�IC
�, �±��É�XÚ (47) 4��Ì��°()�

r2 =
−1 + 2ac − 2c2 − cµ + k2(2a − 2c − 3µ + cµ2) + |cµ − 1|

√
Ψ

2(c + k2)2
(k2 6= 0), (54)

Ù¥

Ψ = 1 + 4c2 − 4a(c + k2) + 6k2µ + k2
2µ

2 + 4c(k2 + µ). (55)

(iii) � a = 1, c = 0 �, Ì�°() (54) ª{z�

r2 =
−1 + k2(2 − 3µ) +

√
1 − 4k2 + 6k2µ + k2

2µ
2

2k2
2

(k2 6= 0). (56)

(iv) � a = 3, c = 0.2 �, Ì�°() (54) ª{z�

r2 =
3 − 5µ + 5k2(28 − 15µ + µ2) + |µ − 5|

√
−31 + 20µ + 25k2

2µ
2 + 10k2(−28 + 15µ)

2(1 + 5k2)2
. (57)
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ã 3 É�XÚ (42) (k2 = k3 = k4 = k5) ��OÃ�Ì�'
X (k2-r) ­� (a) µ = 0.52; (b) µ = 1.72

w,, É�XÚ (47) (k2 = k3 = k4 = k5) Ì�
���°() (54) ª'ÙCq) (51) ª�E,�

õ, �é5`, Cq)�BuA^, AO´3 Hopf

©
�SCqØ�é�. ã 3 ¤«���OÃ�Ì
�'X (k2-r) ­�©O�â°() (56), (57) ª±
9Cq) (52), (53) ª
±�, ¢�L«Cq), J
�L«°(). dã 3 ��, éu Hopf ©
� µ0

��� µ �, 34��­½���OÃ k2 À�
«mS, Ì�'X�°()ÎÜ�éÐ. ���O
Ã k2 ÷��Cz�, 4��Ì�O\.

6 ( �

�©ïÄ
 Langford XÚ Hopf ©
4��Ì
����5�"��¯K, Äk�â¥%6/½n
Ú5�.ü�nØ, í�n�É�XÚ4��Ì�
'XL�ª, ,�, �é Langford XÚ, ����{
z�­ÇXê��úª±94��Ì�'Xª; ê
��ý�y
nØ©Û(J��(5. �©Jø�
Ì����{�;���ì�O�_85Úó,
5, ¦��8I�¢y�B!k�.
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Abstract

The control of amplitude of limit cycle emerging from the Hopf bifurcation in Langford system under a nonlinear feedback

controller is investigate in this paper. Explicit nonlinear control formulae and amplitude approximations in terms of control gains are

derived by utilizing the center manifold theory and normal form reduction. Gain-amplitude curves for controlled systems are drawn and

verified by numerical simulations. The formulae and expressions for the Langford system present a convenient approach to obtaining

an effective analytical control in this system.
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