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1 Ú ó

du©f9$Ä, 0�¥��âÉ�0�©f
é§��Å-E, l
�) Brown $Ä. Langevin
@� [1] �â30�¥É��Ü	å�)FÝ³
|å −U ′(x), {Zå −γẋ, �Åå ξ(t), 	Ü&Ò
å F (t) �. Ïd, dÚî1�½Æ ma =

∑
F , �

� Langevin �§

mẍ = −γẋ − ∂U(x)
∂x

+ F (t) + ξ(t). (1)

3L{Z�/e [2], (1) ª¥�\�Ý� mẍ �±
�Ñ, �.�±{z�

γẋ = −∂U(x)
∂x

+ F (t) + ξ(t). (2)

20 ­V 80 c�, Benzi � [3] 3ïÄ1oV�
¥í�XA¯K�uy, 3�½rÝ�D(N!e,
íÿ�±Ï�A�	\�f±ÏZ6¬¢yÓÚ,
ù«y�l��þù´&Ò!D(Ú��5XÚ
�m��Ó�^, ¡���Å��.

ïÄ�Å��~^�XÚ´ÄuV­� [4−6]

� Langevin �§, ³¼ê� U(x) = −a

2
x2 +

b

4
x4,

	Ü&Òå F (t) = A cos(2πft). �Å��nØ@
�, 3·��^�e, D(éuXÚ�ÑÑ&D'
kÈ4�Uõ�^.

�C�õc5, ©ê��È©nØÉ�4�'
5 [7,8], 3Å�5á�!ÚD(!·b, ±9�~*
Ñ [8,9] �y��ïÄ¥��
2�A^. <�5¿
�, �~*Ñ3�mþäkPÁ5, 3�mþäk
�ÛÜ5, 
©ê��È©äk�mPÁ5Ú�§
�m�'5, ®�y²U
'�ê��\°(/£
ãkPÁÚ¢D!´»�65��ÔnL§Ú)
z�AL§ [10]. î8, <�é�«ØÓ��Å��
y�?1
2�
�\�ïÄ [4,5,11−13], �ù
ï
Ä�õÄu�ê��È©êÆ�., 
é©ê��
.%mk�9. �©Ú\©ê� Langevin �§, (
Ü�~*ÑnØÚ©ê��È©�PÁ5�ïÄ

L{Z�/e©ê� Langevin �§��Å��.
ÏLê��[, ©Û
�êÚ�Z�Å����D
(rÝ±9&D'�'X, ¿uy©ê�e�&D
'OÃ²wÐu�ê�.

2 ©ê� Langevin �§

2.1 ©©©êêê������ÈÈÈ©©©

½½½ ÂÂÂ 1[14,15] ë Y ¼ ê f(t) : R+ → R

� Riemann-Liouville ©ê�È©½Â�

aIα
t f(t) =

1
Γ (α)

∫ t

a

(t − t′)α−1f(t′)dt′,
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α > 0, (3)

ª¥ a Ú t ©O�È©e�Úþ�, �ê α �±�
��ê�, Γ (·) ´ Euler Gamma ¼ê.

½½½ÂÂÂ 2[14,15] ëY¼ê f(t) : R+ → R �
Caputo ©ê��ê½Â�

a
CDα

t f(t) = aIn−α
t

[
f(t)(n)

]
,

n − 1 6 α < n, n ∈ N. (4)

2.2 ©©©êêê��� Langevin ���§§§999ÙÙÙÔÔÔnnn¿¿¿ÂÂÂ

éu Langevin �§ (2), �§�à{Z��±

�� γẋ = γ

∫ t

0

δ(t − t′)ẋ(t′)dt′, =3xD(�¸

e Brown âfÉ��{Zå��âf�c�Ýk
', Ù$Ä;,´�� Markovian L§; 
3�þ
!0�¥, Ï~âfÉ��{Zå�{¤�Ýk',
Ù$Ä;�´� Markovian � [1]. �Ò´`, �^
3âfþ�{Zå±ØÓ��­�6uL���
��Ý, ù«�­Ly�kPÁ�{ZØ¼ê, £
ãù«y��´2Â Langevin �§ [16,17]∫ t

0

γ(t − t′)ẋ(t′)dt′ = ax − bx3

+A cos(2πft) + ξ(t), (5)

Ù¥�Å� ξ(t) �{ZØ¼ê γ(t) ÷vÞáÑÑ
½n [18,19], = 〈ξ(t)ξ(t′)〉 = kBTγ(t − t′), Ù¥ kB

� Boltzmann ~ê, T ´0�§Ý.
3ý¢�ÔnÚ)z�¸¥, 0�é�ÝÏ

~äk�ÆPÁ5, å�c���C, PÁ5�r;
å�c����, PÁ5��. 32Â Langevin �
§ (5) ¥, �{ZØ¼ê γ(t)�

γ(t) =
1

Γ (1 − α)
|t|−α

, 0 < α < 1. (6)

ã 1 α �ØÓ��� γ(t)

ã 1 � α �ØÓ���¼ê γ(t). dã��,
γ(t) äk�ÆPÁ5, �X�m t �O\U t ��
gÅìP~, α ��ÙP~�¯, α ��ÙP~�

ú. r (6) ª¥ γ(t) �\ (5) ª�à{Z�, ¿�â
½Â 1 Ú½Â 2 k

1
Γ (1 − α)

∫ t

0

(t − t′)−αẋ(t′)dt′ = C
0D

α

t x(t), (7)

Ù¥�f C
0D

α
t L« Caputo ¿Âe� α �©ê�

�ê. dd��L{Z�/e�©ê� Langevin �
§

C
0D

α
t x(t) = ax − bx3

+ A cos(2πft) + ξ(t), 0 < α < 1.

(8)

d Caputo ©ê��ê�½Â��, Brown âf
3V­³²¥� £ x(t) �©ê��ê��ué
Ù�Ý ẋ(t) ���\�È©, å�c���C ẋ(t)
�����, 
å�c����K����. Ù�
�~��'Ç�©ê��ê��g α k'. AO
�, ��ê α → 1 �, {ZØ¼ê γ(t) òz�ü
 À-¼ê δ(t), ��PÁ5, ©ê�=z��ê
��ê, 3Ð�� 0 ��¹e, ¦��(J�u�
Ý ẋ(t). ��ê α → 0 �, Ø¼êòz�~ê 1,
é�����Ý�PÁ5���Ó, ¡�äkn�
PÁ [20], ¦��(J�u £ x(t). ù��'©
z [20—22] é©ê��ê�PÁ5��êÆL�
´ÎÜ�.

2.3 ©©©êêê��� Langevin ���§§§������ÅÅÅ���������nnn

Goychuck Ú Hanggi[23] 3ïÄ­½V��#
L§�.¥�� Markovian L§�, uyùa�
~*ÑL§¥�¬Ñy�Å��, ¿��DÚ
� Markovian �Å��XÚ�', ù«XÚéÑ
Ñ&D'k��§Ý�Uõ.

© ê � Langevin � § (8) £ ã � ´ � � k
³ | Ú	Ü & Ò å � j * Ñ L § [18], 3 v k
³|Ú	Ü±Ïå��¹e, �§�) x(t) ÷
v

〈
x(t)2

〉
∝ tα, 0 < α < 1. Ïd, ^�§ (8) 5

�x�þ!0�¥É�Ê¢{Zå� Brown âf
�$ÄL§Ú�Å��y�´Ün�. 3�ÑD(
��¹e, �Ä©ê��©�§

C
0D

α
t x(t) = ax − bx3

+A cos(2πft), (9)

(9) ª�)�±L«� [6]x(t) = R̄ cos(2πft− φ̄), Ù
¥ R̄ Ú φ̄ ´��m t Ã'�~�, � x(t) �´±
Ï�, �±Ï�Ñ\&Ò�Ó, �¦Ñ?¿��±
Ï T0 =

1
f

S x(t) �È©� x̄.
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ã 2 ØÓ�êe�§ (9) �) (a) �ê 0—1; (b) �ê 0.2—
0.3; (c) �ê α = 0.3, 0.4, 0.5, 0.6, 0.7

ã 2 ´3ëê a = b = 1, A = 0.3, f = 0.02 �
�§ (9) 3ØÓ�êe�). (a) ã´ α ∈ (0, 1] �
�§�)­�, lþ�e�ê±Ú� 0.1 l 1 4~
� 0.1; (b) ã´�ê α ∈ [0.2, 0.3] ��), lþ�
e�ê±Ú� 0.01 l 0.3 4~� 0.2; (c) ã´�ê
3 α = 0.5 �mCÄ��§)­�Ì��é'. l
ã 2(a) Ú (b) ã�±w�, �X�ê3 (0, 1] �m4
~, âfk´±ªÇ f 3²ï: x = 1 ½ x = −1
?�ÛÜ±Ï$Ä, � α �����.� αc �,
âfm©��³^ x = 0 �)�[. du³¼ê
�é¡5, ��âf��³^, K± x = 0 �¥%
3 x = ±1 m�±Ï$Ä, d�âf�$Ä;,3
��±ÏS�È©� x̄ = 0, âd, �±¦Ñ�.
� αc = 0.26. ��, ��ê α �u�.� αc �
�ÿ, Brown âf�U3��³²p�ÛÜ±Ï$
Ä, I�D(��Ó�^âU�Ñ³^pÝ�[�
,��³², l
�)�Å��. ��ê�u�.
� αc, K Brown âfØI�	.D(Uþ�-y

ÒU��³^, Ï
Ø¬�)�Å��. ã 2(c) L
², 3�ê (0, 1] ��S,α = 0.5 �)­��Ì�
��, =âf��Ý��, Ïd, Brown âf9$Ä
²þÄU��, K°Äâf��³^¤I��U
þ�r.

3 �ý¢�9©Û

Langevin @� Brown âf30�¥É��å
Ì�küa, �a�Ê¢{Zå, ,�a´��
Ú��ÑØäCz, �þ��"��Åå, =D
( ξ(t), �öÏLÞáÑÑ½néX3�å. Brown
âfÉ���Åå
u0�©f9$Ä�)�Ã
5-E [5], ù«�Åå¡�SÜD(, 
d	ÜÑ
\½d	Üëê���Ã5KÞá¡�	ÜD(.
3ïÄ�Å����ÿ, D(  5
u	Ü�\
��ÅZ6, �XÚ�ÑÑÃ', Ø÷vÞáÑÑ
½n. Ïd, 3?Ø©ê� Langevin �§�Å��
��ÿ, Ì��Ä���	ÜD(,�{üå�, =
?Ø Gauss xD(��/.

�Ä©ê� Langevin �§
C

0D
α
t x(t) = ax − bx3 + A cos(2πft)

+ξ(t), 0 < α < 1, (10)

Ù¥ 〈ξ(t)〉 = 0, 〈ξ(t)ξ(t′)〉 = 2Dδ(t−t′). D�D(
rÝ, D(���

√
2D. ëê a = b = 1, A = 0.3,

f = 0.02, æ�m��� h = 0.02, Ð©^��
� x(0) = 0.

Benzi � [3] 3ïÄ�Å���uy, �XD(
rÝ�O\, ÑÑõÇÌ3&ÒªÇ?�Ì¸�
�O\. Fauve Ú Hesolt[24] ��½Â&D'�&
ÒªÇ?Ì¸�Ú�µD(�'�, ù�½Â¤�
²;�Å��nØ¥�~^��{, �^êÆ�{
£ã�

SNR =

2

[
lim

∆ω→0

∫ Ω−∆ω

Ω−∆ω

S(ω)dω

]
SN (Ω)

,

Ù¥ S(ω) L«&ÒõÇÌ�Ý, SN (Ω)�D(3
&ÒªÇ«�S�rÝ��.

ã 3 ´ØÓ�êe�&D'ã. î�I�D(
rÝ D, p�I´&D' SNR. :êâ´¢�(
J, ¢��[Ü­�. ��, 3�ê α > αc = 0.26
��ÿ, ©ê� Langevin XÚU
�)�Å��.
3�)�Ó�A�«�S, 3D(Uþ�-ye,
Brown âfm©��³^, �XD(rÝ�O\,
ÑÑ&D'ØäO\, �D(���½�rÝ, ±
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Ï&Ò!D(!Ú��5XÚ�m��Ó�^�
��Z, d�¡��Z�Å��. d�, �XD(
rÝ�?�Ú\�, &D('qm©Åì~�. �
ê α < αc = 0.26 ��ÿ, duØI�D(Uþâ
f®Ul��³²�[�,��³², ÏdØ¬�
)�Å��, &D'�XD(rÝ�O�üN~�.

ã 3 Ø Ó � ê e X Ú � Ñ Ñ & D ' (a) α = 0.9;
(b) α = 0.6; (c) α = 0.3; (d) α = 0.2

XÚ&D'OÃ�N
XÚéÑ\&Ò�&
D'Uõ�¹. ½ÂXÚ�OÃ�ÑÑ&D'ÚÑ

\&D'�'�

SNRgain =
SNRout

SNRin
.

ØÓ�ê�©ê� Langevin �§, �)�Z�
Å����ÑÑ&D'!&D'OÃÚD(rÝ
´ØÓ�. ã 4(a) �Ñ
�Z&D'��êØÓ�
Cz­�, ã 4(b)�ØÓ�ê�, u)�Z���
�D(rÝ. lã¥�±wÑ, �X�ê�O\, �
Z�Å����ÑÑ&D'üN~�, ©ê�XÚ
�ÑÑ&D'Ðu�ê�XÚ. 
u)�Z���
�D(rÝKk´O\, 3�ê α = 0.5 ����
�, ,�m©eü, ù�ã 2 ¥ (c) �©Û´���.
Brown âf�$ÄÌ���, ¿�Xâf9$Ä²
þÄU��, �Ñ0��Ê¢{Zå¤I	ÜD(
rÝÒ��, l
âU��&Ò!D(!Ú��5
XÚ�m��Z�Ó�^, ±-yâf��³^�
)�Z�Å��.

ã 4 �Z�Å����&D'!D(rÝÚ&D'OÃ
(a) �Z�Å����&D'; (b) �Z�Å����D(rÝ;
(c) �Z�Å����&D'OÃ

ã 4(c) �Ñ
ØÓ�ê�, �Z����&D
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'OÃ. ��©ê�XÚ�&D'�Uõ§Ý²w
Ðu�ê�XÚ, ¿�&D'OÃ3 α = 0.5 ��
���.

ã 5 �Z��� Langevin �§�Ñ\ÑÑÚªÌÌ�'�
(a) α = 0.5 ��Ñ\ÑÑ; (b) α = 0.5 �Ñ\ÑÑªÌÌ�

ã 5 �Ñ
u)�Z�Å���, �ê� α =
0.5 �XÚ�Ñ\&ÒÚÑÑ&Ò, ±9Ñ\&Ò
ÚÑÑ&Ò�ªÌÌ��é'. ��, ÑÑ&Ò'

Ñ\D(\±Ï&Ò�±Ï5�\²w, ÑÑ&Ò
�ªÌÌ�3Ñ\&ÒªÇ f = 0.02 ?�óÀ�
²wpuÑ\&Ò3T?�óÀ�, Ï
ÑÑ&Ò
�&D'��wÍJp.

4 ( Ø

î8��, 'u�Å���ïÄ�Ü©EÄ
uDÚ�ÚOÔnnØÚ�ê��È©êÆ�..
,
, g,.¥�3�þ�E,XÚ, Xõ�'Y
XÚ, àÜÔXÚ¥�-yÄåÆ, Øþ!0�¥
�ë6*Ñ, ü©f1Ì�, §�3�mþLyÑ
²w�����'5, 3�mþLyÑéL�G
��PÁ5�. ù
L§Ø¨^DÚ�*ÑnØ,
½öDÚ�êÆ�{?1£ã, Ï
�©òDÚ
��Å��nØí2�©ê�+�, ïÄ
©ê
� Langevin �§��Å��.

ÄkÏLé2Â Langevin �§{ZØ¼ê
� · � À �, 3 L { Z � � / e, í � Ñ © ê
� Langevin �§. ¿(Ü�~*ÑnØÚ©ê
��ê�PÁ5�, ?Ø
©ê� Langevin �§
�Ôn¿Â, ?
, �Ñ©ê� Langevin �§�)
�Å����n±9�ê���. ��, ÏLïÄ
ØÓ�êe©ê� Langevin �§�ÑÑ&D', ±
9�)�Z�Å����D(rÝ�m'é�©
Û, �Ñ(Ø, 3�ê 0.26 < α 6 1 ��S, ©ê
� Langevin �§�±�)�Å��, ¿�&D'O
Ã²wÐu�ê��/.
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Overdamped fractional Langevin equation and
its stochastic resonance∗
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Abstract
By choosing an appropriate damping kernel function of generalized Langevin equation, fractional Langevin equation (FLE) is

derived in the case of overdamped condition. With the theory of anomalous diffusion and the memory of fractional derivatives, the
physical meaning of FLE is discussed. Moreover, the internal mechanism of stochastic resonance about FLE is obtained. Finally, the
numerical simulation shows that in a certain range of the order, stochastic resonance appears in FLE, and it is evident that the SNR gain
in fractional Langevin equation is better than that of the integer-order situation.
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