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1 Ú ó

g l þ  V 70 c � Bekenstein[1,2]

Ú Hawking[3] JÑçÉ��'uÀ.¡È±5, ’t
Hooft[4] Äu°Ü�ÿØO�n (HUP) JÑ “<p”
�.�±éçÉ��ÚOå�Ñ�«)º. T�
.ÏLO�çÉ	Üþf�ê8, ���À.¡È
¤�'��. �´�
;�uÑ, T�.I�Ú\
�äÏf [5−8]. ��<�r “<p” �.U?� “�
�” �. [8−11]. �5<�rNõãåÝ\�
u
Ð2ÂØ(½'X (GUP). HUP I�É�ÚåK�
�*:Äkd Mead[12] JÑ, ��ó, GUP ´ï
á3ò HUP �þfnØ!ÚånØ(Üå5�Ä
:þ, �ÏLuØ!�é´AÛ!àÜÔ (polymer)
þfz [13] ��{¼�. �«�þfÚåk'�n
Ø [14−16], XuØ!�/�éØ±9çÉnØ�Ñ
w«
3ÊK�ºÝ7LÚ\ GUP �5�?�.
GUP é�I�Äþ�m�é´'X�)?�, ÙA
^Ly3§�«
��Ø=�3��ºÝÚ��
Äþ, �´�ëY5� [17]. ��J��´, GUP
Ó�é�
þf��nØ�Ñ
?�, X¥�fD

Â!Lamb  £!Landau U?!×£��w�º
¥���>6 [18−20]. Cc5, ïá3 GUP Ä:þ
�çÉ���
2��ïÄ [21−26], Ù�:�):
1) ò���zÛ�3À.¡NC���ºÝS,
lO�b	�ä, ù�Òw�ég,; 2) ïá
É GUP K��#���Ý�§, ¿ÏL��ëê λ

�� Hawking �; 3) @� Hawking §ÝÚL¡Ú
å�m�3�5'X, d5�3?���¡��3
?Ø [27]. éçÉ�?1���.�ïÄ�k�u
þfÚånØ��ª(á. ÄuÚå|�þfÞá,
y3<�ÊH�&�3ÊK�þ?����mº
Ý. du��ºÝ��3, IÚ\ GUP é��Ý�
§�?�. 3��mNÈ� d3xd3p p, ?��Ê
K��Ý?¿��þf�ê8 (�ê/ª) � [28]

dg(ω) = e−λp2 d3xd3p

(2π~)3
, (1)

Ù¥ x Ú p ���m¥2Â�I�Äþ, ~ ��z
ÊK�~ê, ω �Iþâf�Uþ, g(ω) �þf�
�Ý, λ �L�Úåé2ÂØ(½'X?��~ê,
3êþ?þ�uÊK�¡È, p2 = pipi, pi Ú pi �
Äþ�_C�C/ª. XJ��3�ÊK��ÝÄ
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�, K (1) ª�� [29]

dg(ω) = d3xd3p[(2π)3(1 + λp2)3]−1.

�
?�Ú
)çÉ��5�, �©ò3c
<ïÄ�Ä:þ, ÏL±þJ��n��:, �
	���z� Reissner-Nordström-de Sitter (RNdS)
çÉ�. ÄkÏL Klein-Gordon �§Ú Wentzel-
Kramers-Brillouin (WKB) Cq��2ÂÄþL�
ª, ,�|^2ÂØ(½'X?����Ý�
§��gdU, 2ÏLgdUÚ��'X�ª�
� RNdS çÉÚOåÆ��L�ª.

2 RNdS çÉ���À.¡ÚL¡Ú
å

æ^g,ü � c = G = ~ = 1, c �1�, G

��kÚå~ê. RNdS çÉ���

ds2 = −f dt2 + f−1dr2 + r2
(
dθ2 + sin2 θdφ2

)
,

(2)

ª¥ f = 1− 2M

r
+

Q2

r2
− 1

3
Λr2, M �çÉ�þ, Q

�çÉ¤�>Ö, Λ(> 0) ��»Ïf, t, r, θ, φ �
o���¥�I.

òÝ5 (2) ª�\"¡�§ [30]

gµν ∂H

∂xµ

∂H

∂xν
= 0, (3)

Ù¥, H �o���¥�n��¡¼ê, gµν �
_CÝ5, xµ, xν �o��I. �n�� RNdS çÉ
��¥�¯�À.÷v

1 − 2M

r
+

Q2

r2
− 1

3
Λr2 = 0. (4)

Ò��ó, (4) ªko�ØÓ��, r− �K�, Ã
Ôn¿Â; ri ������, éAuçÉSÀ.; rh

������, éAuçÉ	À.; rc �����,
éAu�»À.. §�©O� [31,32]

rc = −µ + ν + τ,

rh = µ − ν + τ, (5)

ri = µ + ν − τ.

ùp

µ =
1√
6χ

[
1 −

√
1 − 12Q2χ2 cos

(a

3
− π

3

)]1/2

,

ν =
1√
6χ

[
1 −

√
1 − 12Q2χ2 cos

(a

3
+
π

3

)]1/2

,

τ =
1√
6χ

[
1 +

√
1 − 12Q2χ2 cos

(a

3

)]1/2

, (6)

a =arccos

[
−

1 − 18χ2
(
3M2 − 2Q2

)
(1 − 12Q2χ2)3/2

]
,

χ2 =
1
3
Λ.

Ó��±�� RNdS çÉn�.¡�L¡Úå

κi =
Λ

6
r−2
i (ri − r−) (rh − ri) (rc − ri) ,

κh =
Λ
6

r−2
h (rh − r−) (rh − ri) (rc − ri) , (7)

κc =
Λ
6

r−2
c (rc − r−) (rc − ri) (rc − ri) .

RNdS çÉo�A�)çÉS	À.Ú�»À.n
�À.¡��z. =

S = Si + Sh + Sc. (8)

3 RNdS ç É � � ¥ � Klein-Gordon
�§

äk m �þ�Iþâf3 RNdS çÉ��¥
� Klein-Gordon �§�

1√
−g

∂

∂xµ

(√
−ggµν ∂Φ

∂xν

)
− m2Φ = 0, (9)

Ù¥ Φ �Å¼ê, g ��CÝ5 gµν �1�ª. ò
Ý5 (2) ª�\ (9) ª, ���

− f−1 ∂2Φ

∂t2
+

(
2
r
− 2M

r2
− 4

3
Λr

)
∂Φ

∂r

+ f
∂2Φ

∂r2
+

1
r2 sin θ

∂

∂θ
(sin θ

∂Φ

∂θ
)

+
1

r2 sin2 θ

∂2Φ

∂ϕ2
− m2Φ = 0. (10)

æ^ WKB Cq, - Φ = e−iωt e iS(r,θ,ϕ), S ��A
u²;åÆ��^þ. �\ (10) ª, �

ω2

f
− f

(∂S

∂r

)2

− 1
r2

(∂S

∂θ

)2

− 1
r2 sin2 θ

(∂S

∂ϕ

)2

− m2 = 0. (11)

- pr =
∂S

∂r
, pθ =

∂S

∂θ
, pϕ =

∂S

∂ϕ
, �\þª, �

ω2

f
− fp2

r −
1
r2

p2
θ −

1
r2 sin2 θ

p2
ϕ − m2 = 0. (12)

4 RNdS çÉ�����ÝÚ�

|^ (12) ª��

p2 =pip
i = g11prpr + g22pθpθ + g33pϕpϕ

=fp2
r +

1
r2

p2
θ +

1
r2 sin2 θ

p2
ϕ
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=
ω2

f
− m2, (13)

p2
r =

1
f

(
ω2

f
− m2 − 1

r2
p2

θ −
1

r2 sin2 θ
p2

ϕ

)
. (14)

|^ (1) ªÚ (13) ª�O�Ñ RNdS çÉ¥Iþ|
���Ý

g+(ω) =
1

(2π)3

∫
e−λp2

drdθdϕdpr dpθ dpϕ

=
2

(2π)3

∫
e−λp2

drdθdϕ

∫
1√
f

[ω2

f

− m2 − 1
r2

p2
θ −

1
r2 sin2 θ

p2
ϕ

] 1
2
dpθ dpϕ

=
2
3π

∫
r2

√
f

(
ω2

f
− m2

)3/2

× e−λ
(

ω2
f +m2

)
dr. (15)

þª¥, eIÎÒ + L«SÀ. i!	À. h Ú�
»À. c.

RNdS çÉ��¥, Ï� f 3À.¡�4�

�", 3«m [r+, r+ + ε+],
ω2

f
− m2 �±Cqw

�
ω2

f
, KIþ|�gdU

F+(β) =
1
β

∫ ∞

0

dg+(ω) ln(1 − e−βω)

= −
∫ ∞

0

g+(ω)dω

eβω − 1

= − 2
3π

∫
e−

λω2
f

r2

f2
dr

∫ ∞

0

ω3dω

eβω − 1
, (16)

Ù¥ β = 1/κT , T �çÉÀ.¡§Ý. d2ÂØ(
½'X, �m��ål�

√
eλ/2[26], e �g,éê

�.. ·���ÄÀ.NCéAþÝ
√

eλ/2 ��
� [r+, r+ + ε+] ��z, ò g00 3 r+ ��VÐm:

g00 ≈ g00(r+) + g′00(r+)(r − r+). (17)

L¡Úå� [33]

κ = −1
2

lim
r→r+

√
g11(−ĝ00)

∂

∂r
ln (−ĝ00) , (18)

ùp ĝ00 = g00 − g2
03/g33, éu RNdS çÉ, (18) ª

z�
κ = −1

2
lim

r→r+

∂

∂r
(g00) . (19)

d g00(r+) = 0 Ú (19) ª,

g00 ≈ −2κ(r − r+). (20)

ε+ � λ �3Xe'X:√
eλ

2
=

∫ r++ε+

r+

1√
f

dr

=
∫ r++ε+

r+

√
g11dr =

∫ r++ε+

r+

1√
−g00

dr

≈
∫ r++ε+

r+

1√
2κε+

dr =

√
2ε+

κ
. (21)

RNdS çÉÚOåÆ��

S+ =β2 ∂F+

∂β

=
2β2

3π

∫ r++ε+

r+

e−
λω2

f
r2

f2
dr

×
∫ ∞

0

eβωω4dω

( eβω − 1)2

=
2β−3

3π

∫ r++ε+

r+

e−
λω2

f
r2

f2
dr

×
∫ ∞

0

exx4dx

( ex − 1)2
. (22)

þª¥, - x = βω, 'u r �È©�∫ r++ε+

r+

e−
λω2

f
r2

f2
dr

=
∫ r++ε

r+

(
− r2

f ′

)(
− 1

f2

)
f ′ e−

λω2
f dr. (23)

r2

f ′ ^�V?êÐm

r2

f ′ =
r2
+

2κ
+

r+κ − M

2r+
+

3Q2

2r2
+

− 1
6
Λr2

+

κ2

× (r − r+) + o((r − r+)2). (24)

(23) ªC�∫ r++ε+

r+

e−
λω2

f
r2

f2
dr

= −
r2
+

2κ

∫ r++ε+

r+

(
− 1

f2

)
f ′ e−

λω2
f dr

= −
r2
+

2κ

∫ f−1(r++ε+)

f−1(r+)

e−λω2 1
f d

( 1
f

)
=

r2
+

2κλω2
e−

λω2
2κε+ . (25)

u´, çÉ��±{z�

S+ =
2β−3

3π

∫ ∞

0

r2
+

2κλω2
e−

λω2
2κε+

exx4dx

( ex − 1)2

=
4π

24π3

r2
+

λ

∫ ∞

0

e−
x2

2 eπ2
exx2dx

( ex − 1)2

=
C+

6π3λ

A+

4
. (26)

þª¥ C+ �È©~ê, |^ê�È©�±O�Ñ

C+ =
∫ ∞

0

e−
x2

2 eπ2
exx2dx

( ex − 1)2
≈ 2.90. (27)
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·�/À���, ¦ λ =
C+

6π3
≈ 0.0513, �\ (26)

ª, �Ñ RNdS çÉ�

S =Si + Sh + Sc

=
Ai

4
+

Ah

4
+

Ac

4
=

A

4
. (28)

Ù¥ A+ = 4πr2
+ ´ RNdS çÉÀ.¡È.

5 ( Ø

d (1) ª�±wÑ, λ ����Ý�ªCu",
�ØÓu²;�¹; � λ = 0 ���Ý£�²;�
¹. d·�O�Ñ5�(J λ ≈ 0.0513, ë�Ù¦
�ö3ØÓçÉ���µ¥�Ñ� λ � [24−26], �
��Ä
 GUP ±�, é²;��ÝJÑ
��4
��?�. (28) ªL², RNdS çÉ��¥Iþ|�
ÚOåÆ��TçÉÀ.o¡È¤�', ù�æ^
Ù¦�{¤��(J�� [34−36], �|^ GUP Ø

I�<�/Ú\�ä, ùw«
çÉ��ÙÀ.N
Cþf�A�éX.

·�±þ�O�Ñ´Äu��¹, �k��
öÏLê�O�L², � RNdS çÉ�Ý�u 6, ¿
�çÉ¤��>Ö�u�.��, Ù��´Ø
½� [37]. aq��/X Einstein-Gauss-Bonnet �
� [38], Lovelock çÉ [39], çÉuÚ� [40] �. éu
p����/eçÉ��O�, ·���{Ø·
Ü.

,	, �©¤?Ø��Û�u�4à RNdS ç
É. 4àçÉ¿Ø´�4àçÉ�4��/, Ï�
��4àçÉªu4��, ��Cz´�ëY�.
ép�pÝ{Z�Oâf Reissner-Nordström (RN)
Ú RNdS çÉ1Ì?ØL², �
�±1ÌªÇ3
4��äk{ü��êéê/ª, Ù4àçÉ��
U�", ù���¿Âþ� Bekenstein-Hawking �
´vkÚO¿Â� [41].
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Statistical entropy of reissner-nordström-de sitter
black hole by generalized uncertainty principle∗
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Abstract
Statistical entropy of scalar field outside Reissner-Nordström-de Sitter black hole is computed by the equation of state density

corrected by the generalized uncertainty principle and by Wentzel-Kramers-Brillouin approximation method. The result shows that the
entropy is proportional to the sum of the internal, the external and the cosmological horizon areas, which accords with these calculated
by other methods. It shows internal relation between the entropy of black hole and horizon area. The entropy of black hole is the
entropy of quantum state on horizon, which is a quantum effect.

Keywords: generalized uncertainty principle, Reissner-Nordström-de Sitter black hole, state density, statistical
entropy
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