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1918 c, �Iå�Æ[ Noether[1] Äkuyé
¡5�Åðþ�mäk�½�S3'X, �´, �
�¿vkÚå�õ<�­À. �� 20 ­V 70 c
�, ©ÛåÆ.âm©@£� Noether nØ��Æ
d�. Ù�Æd�Ò3uÏLïÄÄåÆXÚ�
é¡5�±ÏéXÚ�Åðþ, ldé¡5�Å
ðþ�ïÄ��%ÇuÐ, ¿��
�X�­�
¤J [2−21]. Ù¥;Í [5] �ïÄ�����¡, �
)
 Noether é¡5!Lie é¡5Ú Mei é¡5±
9nö���Ñ�ÅðþÚ�pm��Ñ�Åð
þ©�5©z [15, 16] uy Lagrange XÚ� Mei

é¡5Ú Lie é¡5�����«OuDÚÅð
þ�,	�
#�Åðþ©±þù
¤J�Ñ
´/ÏuÄåÆXÚ� Lagrange ¼ê!Hamilton

¼êÚ Appell ¼ê5¦XÚ�Åðþ©Ù¢3
©ÛåÆ¥kõ«$Ä�©�§, X Lagrange �
§!Nielsen �§!Appell �§Ú Tzénoff �§�,

Ù¥��{$�´ Tzénoff �§, ���ÑXÚ
� Tzénoff ¼ê, ïÄXÚ�$Ä5Æ´'��B
�©8c, 'u Tzénoff �§�é¡5�Åðþ�
ïÄ��, ��k
�
ÐÚ¤J [22−26]. Ù¥©
z [25] r©z [15] é Lagrange �§�ïÄ�{í
2���XÚ� Tzénoff �§, �Ñ
��åÆX
Ú Tzénoff �§� Mei é¡5���Ñ�,�«#
Åðþ©±þ(JÑ´�é~�þXÚ�, �vk
�9��E,�C�þXÚ©
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þXÚ�ÄåÆnØg,·Üu~�þXÚ©C
c5, C�þåÆXÚé¡5�Åðþ�ïÄ��
�
�
?Ð [27−30]©�©èãéÑC�þG�
e���åÆXÚ� Tzénoff �§, ,�?�Ú&
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Äù«G�e� Lie é¡59Ù���Ñ�Åð
þ, å¦�ÑC�þ���XÚ Tzénoff �§ Lie

é¡5��â�§9ÙÅðþ�L�ª, ��Þ~
`²ïÄ(J�A^, ¿©Û�~¥�ÑÅðþ�
Ôn¹Â©

2 C�þ���XÚ� Tzénoff �§

b�åÆXÚd N ��:|¤, 3�� t, 1 i

��:��þÚ ¥©O� mi Ú ri, 3�� t+dt,

d�:©l (½¿\) ��â�þ� dmi©b�å
ÆXÚ� /d n �2Â�I qs(s = 1, · · · , n) 5
(½, XÚ�$ÄÉ g �V¡n� Chetaev .��
��å:

fβ(t, q, q̇) = 0 (β = 1, · · · , g), (1)

∂fβ

∂q̇s
δqs = 0. (2)

3����¹e, �:��þ��2Â�I!2Â
�ÝÚ�m�¼ê, =

mi = mi(qs, q̇s, t) (i = 1, · · · , N ; s = 1, · · · , n).
(3)

- T =
1
2
miṙi · ṙi, S =

1
2
mir̈i · r̈i, ©O�XÚ�Ä

U!\�ÝUþ©XÚ� Tzénoff ¼ê�

K =
1
2
(T̈ − 3T̈0) − Qsq̈s, (4)

Ù¥ Qs ´�1 s �2Â�I qs éA�2Âå, T̈

´XÚ�ÄUé�m t ����ê, T0 � T ¥r
2Â�Ý��~ê��L�ª, = T0 = T (qs, q̇s =
~ê, t), ÏXÚ��þ��m
C, ¤±

T̈ =
1
2
m̈iṙi · ṙi +2ṁṙi · r̈i +mr̈i · r̈i +mṙi ·

...
r i, (5)

Ṫ0 =
∂T

∂qs
q̇s +

∂T

∂t
, (6)

T̈0 =
d
dt

(
∂T

∂qs
q̇s

)
+

d
dt

(
∂T

∂t

)
. (7)

Ps ��1 s �2Â�I qs éA�2Â�íå, Ps

deª(½ [5]:

Ps =ṁi(ui + ṙi) ·
∂ri

∂qs
− 1

2
ṙi · ṙi

∂mi

∂qs

+
d
dt

(1
2
ṙi · ṙi

∂mi

∂q̇s

)
. (8)

éuC�þ���XÚ, d©z [31], k
d
dt

(
∂T

∂q̇s

)
− ∂T

∂qs
− Qs

=
∂Ṫ

∂q̇s
− 2

∂T

∂qs
− Qs =

∂S

∂q̈s
− Qs = Ps + λβ

∂fβ

∂q̇s
,

du�3'X
d
dt

(
∂T

∂q̇s

)
− ∂T

∂qs
− Qs =

∂Ṫ

∂q̇s
− 2

∂T

∂qs
− Qs

=
∂S

∂q̈s
− Qs =

∂K

∂q̈s
,

KC�þ���XÚ� Tzénoff �§�
∂K

∂q̈s
= P s + λβ

∂fβ

∂q̇s
(s = 1, · · · , n). (9)

�XÚ�ÛÉ, �d (1) Ú (9) ªk¦�¦f λβ =
λβ(t, q, q̇), �ò (9) ªL«�

∂K

∂q̈s
= Ps + Λs (s = 1, · · · , n), (10)

ª¥
Λs = Λs(t, q, q̇) = λβ

∂fβ

∂q̇s
.

lL¡þw, ÏL (1), (9) ªAU¦Ñ2Â\\�Ý
...
q s = βs(t, qs, q̇s, q̈s), (11)

� é u � � ¢ S � å Æ X Ú, d (4)—(7) ª
� Tzénoff ¼ê´�«õ�ª, Ù¥

...
q s o´Ù¥¦

È�
1
2
miq̇s

...
q s �Ïf, �ÏL (1),(9) ª���¦

Ñ�Ø´2Â\\�Ý, 
´2Â\�Ý

q̈s = αs(t, q, q̇) (s = 1, · · · , n). (12)

�,, XJI��ÏL (12) ªé�m¦��� (11)

ª©
e�E Tzénoff ¼ê�

K̃ =
1
2
(T̈ − 3T̈0) − (Qs + Ps)q̈s, (13)

KC�þ���XÚ� Tzénoff �§òk�{ü�
/ª

∂K̃

∂q̈s
= λβ

∂fβ

∂q̇s
. (14)

Ù¢, C�þ���XÚ�ü« Tzénoff �§ (9)

Ú (14) ª´�d�, ¤���2Â\�Ý (12) ª�
Ó©

3 C � þ � � � X Ú Tzénoff � §
� Lie é¡5�Ñ�Åðþ

��mÚ�I�+�Ã��C�

t∗ =t + ∆t,

q∗s(t∗) =qs(t) + ∆qs (s = 1, · · · , n), (15)
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½ÙÐmª

t∗ =t + εξ0(t, q, q̇),

q∗s(t∗) =qs(t) + εξs(t, q, q̇), (16)

Ù¥ ε ��Ã��ëê, ξ0, ξs �Ã��)¤�. u
´k

dq∗s
dt∗

=
dqs + εdξs

dt + εdξ0
= q̇s + ε(ξ̇s − q̇sξ̇0) + O(ε2),

d2q∗s
dt∗2

=q̈s + ε[(ξ̇s − q̇sξ̇0)• − q̈sξ̇0] + O(ε2),

d3q∗s
dt∗3

=
...
q s + ε

{
[(ξ̇s − q̇sξ̇0)• − q̈sξ̇0]•

−
...
q sξ̇0

}
+ O(ε2),

K∗ =K

(
t∗, q∗,

dq∗

dt∗
,
d2q∗

dt∗2
,
d3q∗

dt∗3

)
=K

(
t, q,

dq

dt
,
d2q

dt2
,
d3q

dt3

)
+ εX(3)(K)

+ O(ε2), (17)

Λ∗
s =Λs

(
t∗, q∗,

dq∗

dt∗

)
=Λs(t, q, q̇) + εX(1)(Λs) + O(ε2), (18)

f∗
β =fβ

(
t∗, q∗,

dq∗

dt∗

)
=fβ(t, q, q̇) + εX(1)(fβ) + O(ε2). (19)

(17)—(19) ª¥

X(3)(K) =
∂K

∂t
ξ0 +

∂K

∂qs
ξs +

∂K

∂q̇s
(ξ̇s − q̇sξ̇0)

+
∂K

∂q̈s
[(ξ̇s − q̇sξ̇0)• − q̈sξ̇0]

+
∂K

∂
...
q s

{
[(ξ̇s − q̇sξ̇0)• − q̈sξ̇0]• −

...
q sξ̇0

}
,

X(1) =ξ0
∂K

∂t
+ ξs

∂K

∂qs
+ (ξ̇s − q̇sξ̇0)

∂K

∂q̇s
.

����å (1) ª3C� (16) ªe�ØC58(�
�å���§

X(1){fβ(t, q, q̇)} = 0 (β = 1, · · · , g). (20)

duC�þ���XÚ� Tzénoff �§¤U���
��´ (12) ª
Ø´ (11) ª, qdu Lie é¡5
´�©�§3+�Ã��C�e��«ØC5 [5],

¤±, �â½Â��C�þ���XÚ Tzénoff �
§ Lie é¡5��â�§

X(2)
{∂K

∂q̈s

}
= X(1)(Ps + Λs), (21)

½

X(2)
{∂K̃

∂q̈s

}
= X(1)(Λs), (22)

ª¥

X(2) =ξ0
∂

∂t
+ ξs

∂

∂qs
+ (ξ̇s − q̇sξ̇0)

∂

∂q̇s

+
[
(ξ̇s − q̇sξ̇0)• − q̈sξ̇0

] ∂

∂q̈s
.

5¿� (12) ª, (21), (22) ªÑ����

X(2){q̈s − αs(t, q, q̇)} = 0, (23)

=

ξ̈s − q̇sξ̈0 − 2ξ̇0αs

=ξ0
∂αs

∂t
+ ξk

∂αs

∂qk
+ (ξ̇k − q̇kξ̇0)

∂αs

∂q̇k
. (24)

u´k
½Â XJÃ��C� (16) ª�)¤� ξ0,

ξs ÷v (21) ½ (22) ½ (24) ª, �÷v�å��
�§ (20) ª, K¡Té¡5�C�þ���X
Ú Tzénoff �§� Lie é¡5.

½n XJC�þ���XÚ Tzénoff �§
�AÏ Lie é¡5 (ξ0 = 0) �)¤� ξs ÷v�
â�§ (24) ªÚ�å���§ (20) ª, ��3¼
ê µ = µ(t, q, q̇) ¦�

∂αs

∂q̇s
+

d̄
dt

lnµ = 0, (25)

K Tzénoff �§� Lie é¡5���Ñ Hojman Å
ðþ

IH =
1
µ

∂

∂qs
(µξs) +

1
µ

∂

∂q̇s

(
µ

d̄
dt

ξs

)
= const.

(26)

ª¥�Î

d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
.

ùpI�`²�´, ·�Ø�UlC�þ�
��XÚ Tzénoff �§ Lie é¡5¤�Ñ�Åð
ª (26) ª����wÑÙ¤�L�Ôn¹Â, ��
éÑÅðª (26) ª¤L«�Ôn¹Â, �7LäN
�¢S�C�þÄåÆXÚ¥. �éØÓ�C�þ
XÚ, lÅðª (26) ªQ�±�Ñ¢SXÚ¤äk
�ÄþÅð!�ÄþÅð!ÄUÅð!Å�UÅ
ð!oUþÅð�ù
Ôn¿Â�~²w�Åð
5Æ, ��±�ÑÄåÆXÚ�*�3�vk²w
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Ôn¹Â�Åð'X, ¿��ö��¹�é~�.

Åðª (26) ªÄ¾U�Ñ�oa.�Åð5Æ, �
äN�C�þÄåÆXÚ9¤À�2Â�Ik'.

4 A^~f

®�C�þ���åÆXÚ�ÄU�

T =
1
2
m(q̇2

1 + q̇2
2), (27)

Ù¥�þ��m�Cz÷v±e5Æ:

m = m0 e−γt (m0Ú γ �~þ),

�â©l��é�Ý�

u = −ṙ = −(q̇1i + q̇2j), (28)

¤É����å�§�

f = q̇2 − tq̇1 = 0, (29)

XÚ�2Âå�

Q1 =
ṁtq̇1 − mq̇1 − ṁq̇2

t(1 + t2)
− 3

2
ṁq̇1,

Q2 =
ṁtq̇1 − mq̇1 − ṁq̇2

1 + t2
− 3

2
ṁq̇2.

(30)

Á¦TåÆXÚ� Tzénoff ¼êÚXÚ� Lie é
¡5���Ñ� Hojman Åðþ, ¿©ÛÙÔn¹
Â©

) dXÚ�ÄU (27) ª, ÏL (5), (7) Ú (30)

ª, �â½Â (4) ª���TXÚ� Tzénoff ¼ê

K =
1
2
m(q̈2

1 + q̇1
...
q 1 + q̈2

2 + q̇2
...
q 2)

− 1
2
m̈(q̇2

1 + q̇2
2) + ṁ(q̈1q̇1 + q̈2q̇2)

− q̈1

t(1 + t2)
(ṁtq̇1 − mq̇1 − ṁq̇2)

− q̈2

1 + t2
(ṁtq̇1 − mq̇1 − ṁq̇2). (31)

d (28) ª ¿ � â (8) ª � � P1 = 0, P2 = 0,

r Tzénoff ¼ê (31) ª�\C�þ���åÆXÚ

� Tzénoff �§ (9) ª, k

mq̈1 + ṁq̇1 −
ṁtq̇1 − mq̇1 − ṁq̇2

t(1 + t2)
= −λt,

mq̈2 + ṁq̇2 −
ṁtq̇1 − mq̇1 − ṁq̇2

1 + t2
= λ. (32)

d (29) Ú (32) ª)�

λ =
m

1 + t2
(q̇1 − γq̇2 + γtq̇1), (33)

ò (33) ª�\ (32) ª�

q̈1 = α1 =
1
t
(γq̇2 − q̇1), q̈2 = α2 = γq̇2. (34)

C�þ���XÚ Tzénoff �§ Lie é¡5��
â (24) ª�Ñ

ξ0 = ξ1 = 0, ξ2 = (q̇2 − γq2)2. (35)

w,)¤� (35) ªÓ��÷v�å���§ (20)

ª, �TC�þ���XÚ� Tzénoff �§äk Lie

é¡5. d (34) ª�§ (25) ª�Ñ

µ = t e−γt. (36)

r (35), (36) ª�\ (26) ª� Hojman Åðþ

IH = 2γ(γq2 − q̇2) = const. (37)

lÅðþ (37) ª�±wÑ, XÚ��þ�,��m
Cz, �XÚ�2Â�I q2 � γ ��T��2Â
�Ý���%´Ø��mCz�~þ©

5 ( Ø

�©�Ñ
C�þG�e���åÆXÚü
«/ªØÓ�¢��d� Tzénoff �§, ?�Ú&
Ä
ù«G�e� Lie é¡59Ù���Ñ�Åð
þ, �Ñ
C�þ���XÚ Tzénoff �§ Lie é
¡5��â�§9ÙÅðþ�L�ª©TïÄ(
Jé?�Ú&ÄC�þXÚ¤�Ì�Åð5Æä
k�½�nØd�©
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Lie symmetry and their conserved quantities of
Tzénoff equations for the vairable mass

nonholonomic systems∗
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Abstract

The operational system of the spacecraft is general a variable mass one, of which the symmetry and the conserved quantity imply

physical rules of the space system. In this paper, Tzénoff equations of the variable mass nonholonomic system are derived, from which

the Lie symmetries of Tzénoff equations for the variable mass nonholonomic system and conserved quantities are derived and are

researched. The function expressions of conserved quantities and the criterion equations which deduce these conserved quantities are

presented. This result has some theoretical value for further research of the conservation laws obeyed by the variable mass system.
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