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1 Ú ó

{¬)����«;.��²ïg|�y�,
��´và�Ôn��ïÄ�K��. ½�v�
Eâ®�2�A^uy�k?á����, n)Ù
|�üz5Æéu¢S)�äk����^. 3
L�A�c¥, �é½�v�¥.¡/m9A�º
��üz5Æ®²mÐ
�þïÄ, ¿ïá
��
¤Ù�nØNX, X¤©LenØ [1]!M-S ½5
nØ [2] 9 Warren-Langer �. [3] �. ,yknØ
�.þÄu96���¬NJ`���±���
^��þ, �3¢S½�v�L§¥�ö�U¿Ø
Ü, d�{¬ò±��G)�, {¬¢S)��
� V ¿Ø�¬NJ`�� a Ü, ´ uJ`
���§ÝFÝ���m [4], Xã 1 ¤«, G �§
ÝFÝ. ��)��, {¬kàÇ��:�{�
��Ø��)���, �{¬ÌZ9�g:ÑLy
ÑØé¡5. Øü�{¬	, ��)��{¬�S
��g{¬må�����{¬kwÍØÓ [4,5].
ù
�É¦�DÚ�{¬)�nØ¿Ø·^u�
�{¬)�, Ïdk7�éÙ)�Ån?1�\ï

Ä. ,	, 3½�v�ü¬���À¬L§¥, J`
��{¬��J`��{¬m�¿�)�´À¬
���Ä:9¼���ü¬á��cJ. Cc5,
±½;� [6−8] ïÄuy, 3$�½�v�^�e,
�UÑy�J`��{¬=�J`��{¬��
~=�y�, ù�y�Ñy����Ï8cÿØ
�Ù. Ïd, �\ïÄ½���{¬)�5Æ9¿
�1�äk��nØ¿Â9¢SA^d�.
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du��{¬)��E,5, 8cÿÃ£ãù
�L§�nØ�., �õêïÄó� [4,5,9−11] Ñ´
Äuß²kÅÔ�¢�*ÿ. �,ÏLù
¢�*
ÿ®é��{¬�)�1���
�½§Ý�@
£, �éÙ)�Ån9üz5ÆÑ�"y�\�n
). �|{´Cc5uÐå5�ïÄ�*|�üz
L§��«kåóä. �é½�v�L§¥�|�
üzL§®²mÐ
�þ��|�[ïÄó�, 3
)º|�/müz5Æ9Ån�¡��
�X�
�ïÄ¤J [12−16]. ,8c�ó�Ñ´Äu¬N
J`���96����^�e��[, �é��
{¬)�, AO´��{¬����{¬�¿�)
�L§�"yïÄ. Äuþã�Ä, �©òÏL�
|{ïÄ½�v�L§¥ü���{¬���)
�1�9ü«ØÓ��{¬�®à)���¿�
=�1�, &?ÙS3Ån9|�üz5Æ.

2 õ�|�.�ïá

2.1 ���|||���§§§ÚÚÚMMM���***ÑÑÑ���§§§

� Ä � « © Ø Ó � � ¬ â � I �, � © æ
^ Steinbach � [17] 9 Kim � [18] JÑ�õ�|
�., ± φ1 �L��, φ2, φ3, · · · , φn �LØÓ��
�¬â. �|üz�§�

∂φi

∂t
= − 2

n

n∑
j 6=i

SijMij

[
δF

δφi
− δF

δφj
+ ∆gij

]
, (1)

Ù ¥ Mij � � | Ä å Æ X ê, Sij � � F ¼ ê,
φi > 0 � Sij = 1, φi = 0 � Sij = 0, N �!:
?¤k�"�|Cþ��ê, δF/δφi Ú ∆gij �L
�ª©OXe:

δF

δφi
=

∑
j 6=i

[
ε2

ij

2
∇2φj + ωijφj

]
, (2)

∆gij =



0 (i 6= 1, j 6= 1)

6φ1(1 − φ1)∆S(Tm − T − mcL)

(i = 1, j 6= 1)

−6φ1(1 − φ1)∆S(Tm − T − mcL)

(i 6= 1, j = 1)

(3)

Ù¥ ∆S �Lz�, T �§Ý, Tm �á�L:, cL

���ßÝ, m �����Ç, εij �FÝUXê,
ωij �V²³U�pÝ, � i � 1 �, εij , ωij �L

�/�.¡�ëê, P� εSL Ú ωSL, Ù¦^�e�
�/�.¡ëê, P� εSS Ú ωSS. §��.¡U σ

Ú.¡þÝ 2ξ �m÷vXe'X:

εSL =
4
π

√
ξSLσSL, ωSL =

2σSL

ξSL
, (4)

εSS =
4
π

√
ξSSσSS, ωSS =

2σSS

ξSS
. (5)

ÏLN��/�.¡U σSL Ú�/�.¡U σSS �m
�'�, �¢yØÓ�¬.d��¹. æ^�.¡
©Û, ����|ÄåÆXê�.¡ÄåÆXê�
m�'X. �©�[^�e, du)��Ý�$, �
�Ñ.¡ÄåÆ�A, =ò.¡ÄåÆXê�� 0,
���|ÄåÆXê�

MSL =
Vm

RT

σSL

(1 − k)2

√
2ωSL

c
e
Lε3

SLζSL

, (6)

Ù¥ Vm ���NÈ, R �íN~ê, k �M�©�
Xê, c

e
L ��²ïßÝ, ζSL ����9��²ï

ßÝ�'�Xê.
3�Ñ��*Ñ�O\�M��3�±�Ø

�ý¢.¡�A�¹e, ßÝ*Ñ|�§�
∂c

∂t
=∇φ1DL∇cL + ∇

(
εSL√
2ωSL

(cL − cS)

×
√

φ1(1 − φ1)
∂φ1

∂t

∇φ1

|∇φ1|

)
, (7)

Ù¥ DL ���*ÑXê, cS ���ßÝ.
�Ä��/�.¡U���É5, �/�.¡F

ÝUXê εSL �¤

εSL =ε0(1 − 3γ4)

[
1 +

4γ4

1 − 3γ4

× (∂φ1/∂x′)4 + (∂φ1/∂y′)4

[(∂φ1/∂x′)2 + (∂φ1/∂y′)2]2

]
, (8)

Ù¥ γ4 ���É5Xê, x′ Ú y′ ´²1uJ`�
�����I¶, d�©� x ¶Ú y ¶�IXÏL
^= α0 �Ý��, �÷v

∂φ1

∂x′ = cos α0

(∂φ1

∂x

)
+ sinα0

(∂φ1

∂y

)
, (9)

∂φ1

∂y′ = cos α0

(∂φ1

∂y

)
− sinα0

(∂φ1

∂x

)
, (10)

2.2 ÔÔÔ555ëëëêêê

± Ni Äp§Ü7�ïÄé�, �Ä�Ù¤©
�E,5, éÙ?1��Ü7�5Cq, =òØ Ni
	�Ù¦¤k��8��a, �b½©�XêÚ�
���Ç�~ê. ¤IÔ5ëê [19] XL 1 ¤«.
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du�/�.¡�5�é{¬v�1�, AO´é{
¬kà1�vkK�, ÏdùpÃIé�/�.¡5
��î��½, �©b½ σSS = 2.5σSL, ξSL = ξSS,
MSS = 0.1MSL, Xd�½��y3²ï^�e¬
.���d�, �ÎÜ¬.�Ä5$u�/�.¡�
Ä5���5Æ.

L 1 á�Ô5ëê

���§Ý TL/K 1609

���§Ý TS/K 1593

²ï���� m/(K/wt.%) −10.9

²ï©�Xê k 0.48

��¥�M�*ÑXê DL/m2·s−1 1.0 × 10−9

f[�Ý d0/m 3.0 × 10−10

§ÝFÝ G/K·mm−1 30

2.3 êêê���OOO������{{{

éõ�|�.���§ (1) Ú (7) ªæ^Äu
þ!���k��©{¦). ü���{¬�^
�e, ²1u§ÝFÝ���ü�>.æ^±Ï
5>.^�, ®à)�^�eæ^é¡>.^

�, Ù¦ü�>.þæ^ÃÏþ>.^�. �mÚ
� ∆x = ∆y = 0.4 µm, O���mÚ�ÉßÝ|

O���, = ∆t 6 (∆x)2

4D2
L

. 3O�¥, �½.¡þ

Ý 2ξ = 5∆x, ��É5Xê γ4 = 0.04, ¿ÏL3�
|���§¥\\D(5Úuý�©|�/¤.

3 (J�?Ø

3.1 {{{¬¬¬���������ÝÝÝ

¢�*ÿ [4,5,10] L², 3½�v�L§¥, �
¬NJ`�� l§ÝFÝ���, {¬�)��
� uJ`���§ÝFÝ���m, �É�{¬
må λ 9)��Ý V �K�. �©ÄkïÄ[ü�
��{¬���)�����Ý�	.^��C
z5Æ, ÏL�[(J�¢�(J�é'©Û5�
y�.���5.

ã 2 ��[¤���{¬)����96�
�Y� α �J`�� α0 �Cz5Æ. dã 2 ��,
��{¬¢S�)��� uJ`���§ÝF
Ý���m, �{¬ý�©{� α0 �ÅìO�
¥y²wØé¡5, ù�¢�(J [4,10] �Î.

ã 2 V = 60 µm/s, λ = 120 µm �{¬)���� α0 �Cz (a) α0 = 0◦, α = 0◦; (b) α0 = 10◦, α = 7.9◦;
(c) α0 = 20◦, α = 16.9◦; (d) α0 = 30◦, α = 25.6◦

ã 3 ØÓ α0 ^�e α/α0 �må Péclect ê�Cz5Æ

½Âmå Péclect ê� Pe =
λV

DL
, ã 3 ¥ê

â:�J`�� α0 ©O� 20◦ Ú 30◦ �O�¤
� α/α0 � Pe �Cz�¹. �±uy, �X Pe �
O�, α/α0 Åìªu 1, = α Åìªu α0, ùL²
{¬)��¢S���Ý�X�g{¬måÚÄ
.�Ý�O�O�, =Åìl§ÝFÝ���J
`���� =, ù�¢�(J [11] ��. Pocheau
� [11] �ÏLé�þ¢�(J�o(, ��Xe²
�úª:

α/α0 = 1 − 1
1 + aPeb

, (11)

Ù¥ a Ú b �[Üëê. ã 3 ¥��´dþã
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²�úª©O[Ü α0 = 20◦ Ú α0 = 30◦ ��[
(J�, Ù¥ α0 � 20◦ Ú 30◦ e[Üëê©O
� a = 0.54, b = 1.56 Ú a = 0.41, b = 1.94, �±w
�, �[(J�²�úªÎÜ�Ð.

3.2 kkkàààLLLeeeÝÝÝ

3½�v�¥, kàLeÝ���éAu.¡
 ��p$, Ïd��û½XØÓ��¬â®à)
���=�'X. DÚ� Walton-Chalmers[20] nØ
@�, ��{¬�
3¶�þ�	.Ä.�Ý�±
��, Ù¢Skà�Ý��uÄ.�Ý, é��
�{¬ó, �)��Ùkà�Ý�uÄ.�Ý.
dup�kà)��ÝéA��kàLeÝ, Ïd
��{¬�kàLeÝ�u���{¬, =cök

à �$u�ö, ���{¬¬����{¬{	
=�. �¢Sþù�kàÄåÆ5Æégd{¬v
�¤á, �é½�{¬)�ó, ÙkàLeÝ¿
���ÝO�üNO�. nØ9¢�*ÿ [21] þL
²�Ä.�Ý�$�, ½�{¬kàLeÝò�Ä
.�ÝO�~�, �Ä.�ÝO���½§Ý
�kàLeÝâ��ÝO�O�. e¡�©ò?
�Ú�	��{¬)�L§¥{¬kàLeÝ�
���Ý9�gmå�Cz�¹.

ã 4 � Ä . � Ý � V = 150 µm/s 9 m å
� λ = 120 µm ^�e��)�/��{¬J
`���96��Y� α0 �Cz�¹. dã 4 �
�, �X α0 �O\, kà �Øäü$, ùL²k
àLeÝ�X α0 �O\ØäO\.� � � � � � � � � � � � � � �

ã 4 ��)�/��{¬J`���96��Y��Cz (a) α0 = 0◦; (b) α0 = 10◦; (c) α0 = 20◦; (d)
α0 = 30◦; (e) α0 = 40◦

ã 5 ?�Ú�Ñ
ã 4 ¤«�{¬kàLe
Ý� cos α0 �Cz5Æ. dã 5 ��, kàLeÝ
� cos α0 �O\¥y~�ª³. ù´Ï���)�
��X cos α0 �O�, M�÷)����*Ñål
Øä~�, Ïdl�/�.¡üØ�M�*Ñ��|
�é�N´, ¦�ÙkàßÝ�$, ¤©Le��.

½�v�¥��{¬)��kàLeÝØ=
É���)����K�, ���g{¬måk�
½�'X. nØ©Û [4] 9¢�ïÄ [22,23] þL²,
3�½Ä.�ÝÚ§ÝFÝe, {¬�gmå¿Ø
ü�, ´�3�����#N��. 3ØÓ�{
¬måe, ��{¬m�M��p�^rÝØÓ,
l�UE¤{¬kàLeÝ�ØÓ. ã 6 �Ñ

 α0 = 20◦, V = 60 µm/s �ØÓmåe�{¬
��)�/�. �±wÑ, {¬kà ��X{¬
må�O�Ñ�,p, ¿Ñyý�©{, �{¬ü
ýØé¡5²w. ã 7 � α0 = 20◦ ���)�k
àLeÝ��gmå�Cz, ��, {¬kàLe
Ý��gmå�O\~�. �gmå�O\, k

|u{¬kà�î�*Ñ, ¦�{¬kàßÝ�X
�gmå�O\~�, kà¤©Le��~�,
ÏdkàLeÝ~�.

±þ©ÛL², ��{¬�kàLeÝ���
�Ý�O�O�, =3�Ó^�e��{¬kà
 �o´$u���{¬, ��ö��É�É�{
¬�gmå�K�.

ã 5 ��{¬kàLeÝ� cos α0 �Cz
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ã 6 α0 = 20◦ ���{¬)�/���gmå�Cz (a) λ = 80 µm; (b) λ = 93.3 µm; (c) λ = 106.7 µm;
(d) λ = 133.3 µm; (e) λ = 160 µm

ã 7 α0 = 20◦ ���)�kàLeÝ�må Péclect ê
�Cz

3.3 ®®®ààà¿¿¿���)))���

½�v�¬â=�L§���)�k��é
X, äkØÓJ`���¬â3��)�L§¥�
¿�=�1�´À¬L§�Ä:. Walton-Chalmers
nØ©Û@�, é®à)�ó, ¬NJ`���
96���C�J`{¬¬=�¬NJ`���
96�� l����J`{¬. ,, �C��

¢� [6−8,19] L², Ø
²;nØýÿ�(J�
	, ,
�¹e�J`{¬�¬=�J`{¬, �
éÙ�ÏÿØ²(. �d�©�[
ØÓÄ.�Ý
e®à¬â�¿�)��¹.

ã 8 � Ä . � Ý � � � (V = 300 µm/s,
λ = 75 µm) ¬â A, B �®à)��¹. �±w
�, �¬â A ���{¬ a1 �¬â B �{¬ b1 k
à���, b1 �{	 a1 UY)�, d� a1 �m
ý{¬ÌZC1w, Ãý�©|�k²w��,
ù´duü{¬u)�p�^Úå�. � a1 � b2

���, b2 qÉ� a1 �{	, b2 ��ìv, ù�D
Ú� Walton-Chalmers �.(J [20] ��. ��L§
¥, ¬â B ¿Ø¬�¬â A =�, ��Ø¬=�¬
â A, ü�¬âò��m��. *	ã 8(b) Ú (c) �
±uy, �{¬ b2 �C a1 �, a1 �Cmý�{¬
ÌZC1w, �� a2 �kà �Ä��±��, ù

`²{¬ b2 é a1 �K�Ø�, =�öm�M��
p�^��, {¬ b2 �=�Øv±K�{¬ a1 �
kà)�1�. ã 9 �Ñ
ØÓ��e{¬ a1, a2

kàßÝ c ��©Ù, dã 9 ��, �^�e{
¬ a1 kà�ßÝ©ÙA�vkCz (=kàßÝ
ÑkO�).� �

� � �� �� ��� � � ��� � � � 	� � 	� � 	
� �� � � �� � � � � �
 � 
 � 
 � 
  
 � 
 � 
 � 
 � 
 � 
 �

ã 8 V = 300 µm/s ��®à)� (a) |�/m;
(b) t = 4.0 s �{¬kà«�M�|; (c) t = 5.5 s �
{¬kà«�M�|

ã 9 V = 300 µm/s �, ØÓ��e{¬ a1, a2 kàßÝ
�©Ù
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ã 10(a) ?�Ú�Ñ
Ä.�Ý��� (V =
60 µm/s, λ = 125 µm) ¬â A, B �)��¹. d
ã 10(b) ��, t = 14.0 s �, {¬ b2 �uÐ�Øv
±K�{¬ a1, d�{¬ a1 Ú a2 kà ���. �
X{¬ b2 �C a1, �öm�M��p�^Åì\
r, ¦�{¬ a1 kà�M�|u)Cz, {¬ a1 Ú
{¬ b2 �mî�M�*ÑØÑ�, �)M�L8,
K�{¬ a1 �)�. t = 22.5 s �, {¬ a1 �kà
á�u{¬ a2, Xã 10(c) ¤«, ùL²du{¬ b2

�C, {¬ a1 �)�É�
³�, ù��{¬ a1

��=�ME
^�. ã 11 �Ñ
ØÓ��e{
¬ a1, a2 kàßÝ�, �±w�, t = 22.5 s �, d
u{¬ b2 ��C, {¬ a1 �kàßÝ�·ÝC
�, MÝFÝC�, Ïd{¬)��°ÄåC�, ¦
Ù)�C�, á�u{¬ a2. 3{¬ a1 )�C��
�ã, {¬ b3 k�U�L a1, l¦�J`{¬k

=�J`{¬��U5.��� � � � � �� � �� �� � �� 	�� 	�� � � � � 	 � �� � � 	 � �
 � 
 � 
 � 
  
 � 
 � 
 � 
 � 
 � 
 �
ã 10 V = 60 µm/s ��®à)� (a) |�/m; (b) t = 14.0 s
�{¬kà«�M�|; (c) t = 22.5 s �{¬kà«�M�|

±½;� [6−8] 9 Souza[24] �Ñ, 3ïÄØÓ
��¬â�¿�)��, Ø
kàLeÝ�	, �
7L�Ä�MÝ|��p�^. þã�[¥, 3Ø
Ó��¬â�C�, ¬.?ü�{¬�M�|u)
U, AO´3$�e, �ò��MÝFÝu)U
C, l¦J`{¬LyÑ
)�¢�5. �,3
�©�[¥vkÑyJ`{¬�=��y�, ��
[(J�w«
3$�^�e�J`{¬=�J
`{¬��U5. �©�[(J¥�Ñy�J`�
�{¬=�J`��{¬, Ù�U�Ï´: ��¡
du�©�[¥�½�Ä.�ÝE,��, ÙM�
*Ñ�Ý�á, {¬m�M��p�^E,�é�

f, d��J`��{¬=�J`��{¬´��
�~û��L§, Ïd3k��O��mSéJ*
ÿ��~=�y�; ,��¡, du8c�©�[
3��^�e?1, d�¬.?�J`{¬=��
��J`{¬��, 3¢S�n��m¥, ¬.
?�J`{¬ò�õ��J`{¬��, ÏdM�
�p�^ò�r, �J`��{¬=�J`��{
¬�´u). ,	, {¬m��p�^Ø
þãÏ
�	, ��UÉ�{¬���Ý!§ÝFÝ9*Ñ
Xê�K�. {¬���Ý��, §ÝFÝ��, �
�{¬kà�m�ålÒ��, Ù�p�^�r.
du*Ñ�Ý LD = D/V , Ä.�Ý��, M�*
ÑXê��, K*Ñ�Ý��, {¬m��p�^
�r, K�U�N´u)J`��{¬�=���
~y�.

ã 11 V = 60 µm/s �, ØÓ��e{¬ a1, a2 kàßÝ
�©Ù

4 ( Ø

æ^õ�|�.ïÄ
½�v�^�eü�
��{¬���)��¢S)���ÚkàLe
Ý�üz5Æ, ±9ü«ØÓ��{¬�®à)�
��¿�=�1�. (JL², ��{¬�¢S)
��� u§ÝFÝ�¬NJ`���m, ¿�X
Ä.�ÝÚ�g{¬må�O�Åìl§ÝF
Ý���J`���� =, �[¤� =1��
¢�²�úª�Î; ��{¬�kàLeÝ�X�
��Ý�O�O�, =�Ó^�e��{¬kà
 �o´$u���{¬, ��ö��É�É�{
¬�gmå�K�; ®à)�L§¥, �Ä.�Ý
�$�, �J`{¬�CJ`��{¬, ¬¦J`
��{¬kà�ßÝFÝC�, )�°Äå�C�,
{¬)�C�´�, E¤{¬m�M��p�^O
r, l����J`��{¬=�J`��{¬.
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Phase field modeling of the growth and competition
behavior of tilted dendrites in directional

solidification∗

Wang Ya-Qin Wang Jin-Cheng† Li Jun-Jie

( State Key Laboratory of Solidification Processing, Northwestern Polytechnical University, Xi’an 710072, China )
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Abstract

The multi-phase field model is employed to simulate the growth of tilted dendrites during directional solidification. In this

simulation, the evolution of a single oriented dendritic array and the overgrowth behavior between two converging grains with different

orientations are studied. The simulated results show that the dendritic tip undercooling increases with the tilt angle, which means that

the tip position of tilted dendrite is always lower than that of the non-tilted in the same condition. The favorably oriented grain always

blocks the unfavorably oriented one in the case of converging growth. However, when the pulling velocity is low, the growth of the

preferred crystalline orientation dendrites at the grain boundary is lagged by the immediate unfavorably ones because of the solutal

interaction, which may result in the fact that the unfavorably oriented grain overgrows the favorably oriented one.

Keywords: phase field method, directional solidification, tip undercooling, growth direction
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