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áf).

uyt + uxxy − 2vxx − (u2)xy = 0, (1)

vt − vxx − 2(uv)x = 0. (2)

2 �«9Ï�§� Bäcklund C��#
)

2.1 ��� ««« 999 ÏÏÏ ��� §§§ ��� Riccati ��� §§§ ���
[[[ Bäcklund CCC���

e¡�Ñ��«9Ï�§ (3) ÏLC� (4), =
z� Riccati �§ (5).( dψ(ξ)

dξ

)2

=
(
ψ′(ξ)

)2

=aψ2(ξ) + bψ3(ξ) + cψ4(ξ), (3)

ψ(ξ) =
ρ2(ξ) − a

b − 2
√

cρ(ξ)
, ρ(ξ) = 2z(ξ), (4)

z′(ξ) =z2(ξ) − 1
4
a. (5)

2.2 Riccati ���§§§���)))��� Bäcklund CCC���

2.2.1 Riccati �§�)

©z [1—17] |^ Riccati �§ (6) �e�Ê�
), �E
õ«��5uÐ�§�#°().

z′(ξ) = z2(ξ) + R, (6)

z0(ξ) = −
√
−R tanh(

√
−Rξ), (R < 0), (7)

z0(ξ) = −
√
−R coth(

√
−Rξ), (R < 0), (8)

z0(ξ) =
√

R tan(
√

Rξ), (R > 0), (9)

z0(ξ) = −
√

R cot(
√

Rξ), (R > 0), (10)

z0(ξ) = −1
ξ
, (R = 0). (11)

2.3 Riccati ���§§§ (6) ��� Bäcklund CCC���

�¹ 1 e z(ξ) ´ Riccati �§ (6) �), Ke
¡�Ñ� z̄(ξ) �´ Riccati �§ (6) �)

z̄(ξ) =
p + qz(ξ) + mz2(ξ) + rz′(ξ) + nz3(ξ) + l

[
z′(ξ)

]2
A2 + B2z(ξ) + Dz2(ξ) + Cz′(ξ) + Fz3(ξ) + K

[
z′(ξ)

]2 , (12)

�¹ 2 e z(ξ) ´ Riccati �§ (6) �), Ke� z̄(ξ) �´ Riccati �§ (6) �)

z̄(ξ) =
−BR + Az(ξ)

A + Bz(ξ)
. (13)

Ù¥

p = R(−B2 + m + FR), q =
B2l

2 − (l2 + K2R)[m + r + (F + l)R]
Kl

,

A2 =
B2l − l2R − l(m + r + FR) − KR(C + KR)

K
, n =

1
K

(Fl − l2 − K2R),

D = −C +
1
K

(Fl − l2) +
1
l
(m + r + FR)K − KR; B2, C, F , K, m, l, r ´Ø��"�?¿~ê.

2.3.1 Riccati �§)���5U\úª
�¹ 1 e z1(ξ), z2(ξ) ´ Riccati �§ (6) �), Ke� z̄(ξ) �´ Riccati �§ (6) �)

z̄(ξ) =
iR

[
im

√
R +

(
m + iD

√
R + CR

)
z2(ξ) +

(
− CR + Dz2(ξ)

)
z1(ξ)

]
−
√

R3
(
D + Cz2(ξ)

)
+

(
m
√

R + iDR + C
√

R3 − imz2(ξ)
)
z1(ξ)

, (mD < 0), (14)

z̄(ξ) =
m + Dz2(ξ) +

1√
R

[
− iCRz1(ξ) + i

(
m + CR + Dz1(ξ)

)
z2(ξ)

]
D + Cz2(ξ) −

1√
R3

(
m
√

R − iDR + C
√

R3 + imz2(ξ)
)
z1(ξ)

, (mD < 0), (15)

�¹ 2 e z1(ξ), z2(ξ), z3(ξ) ´ Riccati �§ (6) �n�), Ke¡�Ñ� z̄(ξ) �´ Riccati �§ (6) �
).

z̄(ξ) =
R

[
− rz1(ξ) + (p + r)z2(ξ) − pz3(ξ)

]
−rz2(ξ)z3(ξ) + z1(ξ)

[
− pz2(ξ) + (p + r)z3(ξ)

] , (16)
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z̄(ξ) =
rz2(ξ)z3(ξ) − z1(ξ)

[
Bz2(ξ) + (−B + r)z3(ξ)

]
−rz1(ξ) + (−B + r)z2(ξ) + Bz3(ξ)

, (17)

z̄(ξ) = −
R

[
− Nz3(ξ) + [−L + mz3(ξ)]z2(ξ) + [L + N + nz2(ξ) − (m + n)z3(ξ)]z1(ξ)

]
nRz3(ξ) + [mR + Nz2(ξ) + Lz3(ξ)]z1(ξ) −

[
(m + n)R + (L + N)z3(ξ)

]
z2(ξ)

. (18)

ùp B, p, r,m, n,M,N,L ´Ø��"�?¿~ê.

2.4 ���«««999ÏÏÏ���§§§ (AAAÏÏÏ���¹¹¹) ���###)))

�¹ 1 � b = 0 �, ¼�
9Ï�§ (3) �Xe).

ψ(ξ) =


[−a

c
sec2[(−a)

1
2 ξ]

] 1
2
,

(
|ξ| ≤ 2kπ√

−a
, k ∈ Z, a < 0, c > 0

)
,√

−a

c
,

(
|ξ| >

2kπ√
−a

, k ∈ Z, a < 0, c > 0
)
.

(19)

ψ(ξ) =


[−a

c
sec2[(−a)

1
2 ξ]

] 1
2
,

(
|ξ| ≤ (2k + 1)π√

−a
, k ∈ Z, a < 0, c > 0

)
,√

−a

c
,

(
|ξ| >

(2k + 1)π√
−a

, k ∈ Z, a < 0, c > 0
)
.

(20)

ψ(ξ) =



[−a

c
csc2[(−a)

1
2 ξ]

] 1
2
,

(
|ξ| ≤

2kπ+
π

2√
−a

, k ∈ Z, a < 0, c > 0

)
,

√
−a

c
,

(
|ξ| >

2kπ+
π

2√
−a

, k ∈ Z, a < 0, c > 0

)
.

(21)

ψ(ξ) =


[−a

c
csc2[(−a)

1
2 ξ]

] 1
2
,

(
|ξ| ≤

2kπ+
3π
2√

−a
, k ∈ Z, a < 0, c > 0

)
,

√
−a

c
,

(
|ξ| >

2kπ+
3π
2√

−a
, k ∈ Z, a < 0, c > 0

)
.

(22)

ψ(ξ) =


[−a

c
sech2[

√
aξ]

] 1
2
,

(
|ξ| ≤ |arcsech(0)|√

a
, a > 0, c < 0

)
,

0,
(
|ξ| >

|arcsech(0)|√
a

, a > 0, c < 0
)
,

(23)

ψ(ξ) =
[a

c
csch2[

√
aξ]

] 1
2
,

(ξ 6= 0, a > 0, c > 0). (24)

�¹ 2 � c = 0 �, ¼�
9Ï�§ (3) �
Xe).( dψ(ξ)

dξ

)2

=
(
ψ′(ξ)

)2 = aψ2(ξ) + bψ3(ξ), (25)

²O�¼��§ (25) �Xe).

ψ(ξ) = −a

b
+

a
[
1 + exp(

√
a|ξ|)

]2
b
[
1 − exp(

√
a|ξ|)

]2 , (a > 0), (26)

ψ(ξ) = −a

b
−

a tan2
(√

−a

2
|ξ|

)
b

, (a < 0), (27)

2.5 ���«««999ÏÏÏ���§§§ (AAAÏÏÏ���¹¹¹) ��� Bäcklund
CCC���

�¹ 1 e ψn−1(ξ) ´9Ï�§ (3)(b = 0) �
), Ke� ψn(ξ) �´�§ (3)(b = 0) �)

ψ2
n(ξ) =

−2
√

3A1cψ
2
n−1(ξ) ± 6a[ψ′

n−1(ξ)]
2

c
[√

3A1 ∓ 9[ψ′
n−1(ξ)]2

] ,(
b = 0, a > 0, A1 = 4

√
a3

c2
, n = 1, 2, · · ·

)
(28)
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ψ2
n(ξ) =

−8a
√

3A1 − 2
√

3A1cψ
2
n−1(ξ)

4c
[√

3A1 ∓ 9[ψ′
n−1(ξ)]2

] ,(
b = 0, a < 0, A1 = 4

√
a3

c2
, n = 1, 2, · · ·

)
(29)

�¹ 2 e ψ(ξ) ´9Ï�§ (3)(c = 0) �),
Ke� ψ̄(ξ) �´9Ï�§ (3)(c = 0) �).

ψ̄(ξ) =
{
(−4aP 2 + b2F 2)

× [(4aP 2 + b2F 2)ψ(ξ)

+ 4bP 2ψ2(ξ) + 4bPFψ′(ξ)]
}

×
(
4aP 2 − b2F 2 + 4bP 2ψ(ξ)

)−2
, (30)

ùp F, P ´Ø��"�?¿~ê.

3 �{�0�

b��½���5uÐ�§�Xe (± (2 + 1)
���5uÐ�§�~)

H(u, ux, ut, uy, uxx, uxt, utt, uxy, uyt, · · ·) = 0,

(31)

·�r�§ (31) �)��e�/ª

u(x, y, t) = u(ξ) =F
(
gi(y, t), ψ′(ξ), ψ(ξ)

)
,

(ξ = p(y)x + q(y, t)) (32)

ùp (32) ª´ gi(y, t)(i = 0, 1, 2, · · · ,m) �Xê
� ψ′(ξ), ψ(ξ) �õ�ª½kn©ª. ψ′(ξ), ψ(ξ)
´9Ï�§ (3) 5(½. p(y), q(y, t), gi(y, t), (i =
0, 1, 2, · · ·,m) ´ y, t ��½¼ê.

ò (3), (32) ª � å � \ (31) ª,
- ψj(ξ)[ψ′(ξ)]r (r = 0, 1; j = 0, 1, 2, · · · )
� X ê � " � � � � p(y), q(y, t), gi(y, t), (i =
0, 1, 2, · · · ,m) ���þ��½�©�§|, ^Î
ÒO�XÚ Mathematica ¦ÑT�½�©�§|
�), 2r¦Ñ�z�|)©OÓ9Ï�§ (3) �
)� Bäcklund C�5(½�Ã¡S�)�å�
\ (32) ª, =�����5uÐ�§ (31) �Ã¡
S�a�f#°(). ù
)�)Ã¡S�1wa
�f)!;�áf)Úk¸a�f).

4 U?� (2+1) �ÚÑYÅXÚ�Ã
¡S�#°()

·�|^e�C� (33), �±rU?� (2+1)
� Ú Ñ Y Å X Ú (1), (2) = z � � � 5 u Ð �

§ (34)

v(x, y, t) = uy(x, y, t), (33)

uyt(x, y, t) − u2
xy(x, y, t) − uxxy(x, y, t) = 0. (34)

�§ (34) ²é y È©�g�C¤�e��§.

ut(x, y, t) − uxx(x, y, t)

− 2u(x, y, t)ux(x, y, t) = R(x, t), (35)

ùp R(x, t) ´ x, t �?¿¼ê.
·�ÀJ�§ (35) �Xeü«/ª)

u(x, y, t) = u(ξ)

=g0(t) + g1(y) + g2(y)ψ(ξ) +
g3(y)ψ′(ξ)

ψ(ξ)
,

(ξ = p(y)x + q(y, t)), (36)

u(x, y, t) = u(ξ)

=g0(y, t) + g1(y)ψ(ξ) +
g2(y)ψ′(ξ)

ψ(ξ)
,

(ξ = p(y)x + q(y, t)). (37)

ò (3), (36) ª � å � \ (35) ª,
- ψq(ξ)[ψ′(ξ)]r(r = 0, 1; q = 0, 1, 2, 3) � X ê
�"������½�©�§| (�u�Ì��
Ñ), ^ÎÒO�XÚ Mathematica ¦ÑT�§|�
Xe)

g0(t) =
∫

R(x, t)dt + F (x, y),

g1(y) = − g0(t) +
qt(y, t)
2p(y)

,

g2(y) =0, g3(y) = −p(y), b = 0; (38)

g0(t) =
∫

R(x, t)dt + F (x, y),

g1(y) = − g0(t) +
qt(y, t)
2p(y)

,

g2(y) =0, g3(y) = −1
2
p(y), c = 0; (39)

g0(t) =
∫

R(x, t)dt + F (x, y),

g1(y) = − g0(t) +
qt(y, t)
2p(y)

,

g2(y) = ∓ 1
2
√

cp(y),

g3(y) = − 1
2
p(y). (40)

ùp F (x, y) ´ x, y �?¿¼ê.
ò (38) ∼ (40) ª©O�\ (36) ª�, ��U

?� (2+1) �ÚÑYÅXÚ�e�/ª�°().
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u1(x, y, t) =

qt(y, t)
2p(y)

−
p(y)ψ′(p(y)x + q(y, t)

)
ψ

(
p(y)x + q(y, t)

) ,

v1(x, y, t) = (u1)y(x, y, t), (b = 0).

(41)


u2(x, y, t) =

qt(y, t)
2p(y)

−
p(y)ψ′(p(y)x + q(y, t)

)
2ψ

(
p(y)x + q(y, t)

) ,

v2(x, y, t) = (u2)y(x, y, t), (c = 0).

(42)


u3(x, y, t) =

qt(y, t)
2p(y)

−
p(y)

[
±
√

cψ2
(
p(y)x + q(y, t)

)
+ ψ′(p(y)x + q(y, t)

]
2ψ

(
p(y)x + q(y, t)

) ,

v3(x, y, t) = (u3)y(x, y, t).

(43)

ò (3), (37) ª�å�\ (35) ª, - ψq(ξ)[ψ′(ξ)]r(r = 0, 1; q = 0, 1, 2, 3) �Xê�"������½�
©�§| (�u�Ì��Ñ), ^ÎÒO�XÚ Mathematica ¦ÑT�§|�Xe).

g0(y, t) =
∫

R(x, t)dt + G(x, y), g1(y) = ∓
√

cqt(y, t)
4g0(y, t)

, g2(y) = − qt(y, t)
4g0(y, t)

, p(y) =
qt(y, t)
2g0(y, t)

; (44)

Ù¥ G(x, y) ´ x, y �?¿¼ê.

ò (44) ª�\ (37) ª�, ��U?� (2+1) �ÚÑYÅXÚ�e�/ª�°().


u4(x, y, t) = g0(y, t) ∓

[√
cψ2(ξ) ± ψ′(ξ)

]
qt(y, t)

4ψ(ξ)g0(y, t)
,

v4(x, y, t) = (u4)y(x, y, t),
(

ξ =
qt(y, t)
2g0(y, t)

x + q(y, t)
)

.

(45)

ùp g0(y, t) =
∫

R(x, t)dt + G(x, y),G(x, y) ´ x, y �?¿¼ê.

|^±þ���9Ï�§ (3) �)� Bäcklund C�±9/ª) (41) ∼ (43), (45), �±¼�U?
� (2+1) �ÚÑYÅXÚ�Ã¡S�a�f#°().

(1) Ã¡S�1wa�áf)
ò (4), (7), (12) 5(½�Ã¡S�°(), �\ (43) ���U?� (2+1) �ÚÑYÅXÚ�V¼ê

.Ã¡S�1wa�áf).




uj(x, y, t) =

qt(y, t)
2p(y)

−
p(y)

[
±
√

cψ2
j (ξ) + ψ′

j(ξ)]

2ψj

(
ξ
) , (ξ = p(y)x + q(y, t))

vj(x, y, t) = (uj)y(x, y, t).

ψj(ξ) =
p + qzj−1(ξ) + mz2

j−1(ξ) + rz′j−1(ξ) + nz3
j−1(ξ) + l

[
z′j−1(ξ)

]2
A2 + B2zj−1(ξ) + Dz2

j−1(ξ) + Cz′j−1(ξ) + Fz3
j−1(ξ) + K

[
z′j−1(ξ)

]2 ,

ψ0(ξ) =
ρ2
0(ξ) − a

b − 2
√

cρ0(ξ)
, ρ0(ξ) = 2z0(ξ),

z0(ξ) = −
√
−R tanh(

√
−Rξ), (R < 0, j = 1, 2, · · · ).

(46)

ò (4), (9), (12) 5(½�Ã¡S�°(), �\ (43) ���U?� (2+1) �ÚÑYÅXÚ�n�¼ê
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.Ã¡S�1wa�áf).


uj(x, y, t) =

qt(y, t)
2p(y)

−
p(y)

[
±
√

cψ2
j (ξ) + ψ′

j(ξ)]

2ψj

(
ξ
) , (ξ = p(y)x + q(y, t))

vj(x, y, t) = (uj)y(x, y, t).

ψj(ξ) =
p + qzj−1(ξ) + mz2

j−1(ξ) + rz′j−1(ξ) + nz3
j−1(ξ) + l

[
z′j−1(ξ)

]2
A2 + B2zj−1(ξ) + Dz2

j−1(ξ) + Cz′j−1(ξ) + Fz3
j−1(ξ) + K

[
z′j−1(ξ)

]2 ,

ψ0(ξ) =
ρ2
0(ξ) − a

b − 2
√

cρ0(ξ)
, ρ0(ξ) = 2z0(ξ),

z0(ξ) =
√

R tan(
√

Rξ), (R > 0, j = 1, 2, · · · ).

(47)

Ù¥ p = R(−B2 + m + FR),

q =
B2l

2 − (l2 + K2R)[m + r + (F + l)R]
Kl

, A2 =
B2l − l2R − l(m + r + FR) − KR(C + KR)

K
,

n =
1
K

(Fl − l2 − K2R), D = −C +
1
K

(Fl − l2) +
1
l
(m + r + FR)K − KR;

B2, C, F,K,m, l, r ´Ø��"�?¿~ê.
(2) Ã¡S�k¸a�áf)
ò (26), (30) (½�Ã¡S�°(), �\ (42) ���U?� (2+1) �ÚÑYÅXÚ�Ã¡S�k¸a

�áf).


uj(x, y, t) =

qt(y, t)
2p(y)

−
p(y)ψ′

j(ξ)
2ψj(ξ)

, (ξ = p(y)x + q(y, t))

vj(x, y, t) = (uj)y(x, y, t), (c = 0).

ψj(ξ) =
(−4aP 2 + b2F 2)[(4aP 2 + b2F 2)ψj−1(ξ) + 4bP 2ψ2

j−1(ξ) + 4bPFψ′
j−1(ξ)]

(4aP 2 − b2F 2 + 4bP 2ψj−1(ξ))2
,

ψ0(ξ) = −a

b
+

a
[
1 + exp(

√
a|ξ|)

]2
b
[
1 − exp(

√
a|ξ|)

]2 , (a > 0, j = 1, 2, · · · ).

(48)

ùp F, P ´Ø��"�?¿~ê.
(3) Ã¡S�;�áf)
ò (19), (29) (½�Ã¡S�°(), �\ (41) ���U?� (2+1) �ÚÑYÅXÚ�n�¼ê.Ã¡

S�;�áf).


un(x, y, t) =

qt(y, t)
2p(y)

− p(y)ψ′
n(ξ)

ψn(ξ)
, (ξ = p(y)x + q(y, t))

vn(x, y, t) = (un)y(x, y, t), (b = 0).

ψ2
n(ξ) =

−8a
√

3A1 − 2
√

3A1cψ
2
n−1(ξ)

4c
[√

3A1 ∓ 9[ψ′
n−1(ξ)]2

] ,

(
b = 0, a < 0, A1 = 4

√
a3

c2
, n = 1, 2, · · ·

)
,

ψ0(ξ) =



[
−a

c
sec2[(−a)

1
2 ξ]

] 1
2

,

(
|ξ| ≤ 2kπ√

−a
, k ∈ Z, a < 0, c > 0

)
,

√
−a

c
,

(
|ξ| >

2kπ√
−a

, k ∈ Z, a < 0, c > 0
)

.

(49)

ò (23), (28) (½�Ã¡S�°(), �\ (41) ���U?� (2+1) �ÚÑYÅXÚ�V¼ê.Ã¡
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S�;�áf).

un(x, y, t) =
qt(y, t)
2p(y)

− p(y)ψ′
n(ξ)

ψn(ξ)
, (ξ = p(y)x + q(y, t))

vn(x, y, t) = (un)y(x, y, t), (b = 0).

ψ2
n(ξ) =

−2
√

3A1cψ
2
n−1(ξ) ± 6a[ψ′

n−1(ξ)]
2

c
[√

3A1 ∓ 9[ψ′
n−1(ξ)]2

] ,

(
b = 0, a > 0, A1 = 4

√
a3

c2
, n = 1, 2, · · ·

)
,

ψ0(ξ) =



[
−a

c
sech2[

√
aξ]

] 1
2

,

(
|ξ| ≤ |arcsech(0)|√

a
, a > 0, c < 0

)
,

0,

(
|ξ| >

|arcsech(0)|√
a

, a > 0, c < 0
)

.

(50)

5 ( Ø

©z [1—22] |^9Ï�§{, 3 u(x, t) =
u(ξ), ξ = x + ωt ½ u(x, y, t) = u(ξ), ξ = p(y)x +
q(y, t) �C�e, �E
��5uÐ�§�k�õ
�#°(). ù
°()Ì�´1w�áf)Ú1
wa�f).

9Ï�§{Ì�²Lo�Ú½5¼���
5uÐ�§�°(). cü�Ú½¥ÀJ9Ï�
§!ÀJ��5uÐ�§�/ª)ÚÀJCþC
�, ùpNy
9Ï�§{��E5. �ü�Ú½
¥Ny
9Ï�§{�Å�z5A:. �©Ì�
�Ä9Ï�§{��E5, ÀJ
9Ï�§ (3).
ÏLC� (4) Ú Riccati �§ (5) �Ê«)Ú�A
� Bäcklund C�, �±¼���5uÐ�§�Ã¡
S�1w�áf°().

��5uÐ�§�;�áf)Úk¸�áf

)´1w�áf)�AÏ�¹. Ïd, �©3 b = 0
�¼�
9Ï�§ (3) �) (19)—(23). �âù
)
�ã/A:, �±�E��5uÐ�§�;�áf
°(). b = 0 Ú c = 0 �, 9Ï�§ (3) �) (24)
Ú (26) �±�E��5uÐ�§�k¸�áf°
().

©z [17],[21],[23—26] ¼�
U?� (2+1) �
ÚÑYÅXÚ�k�õ�1w�áf), ¿ïÄ

)��
5�±9�'¯K. �©�Ñ�9Ï
�§���5uÐ�§�ü«/ª)�(Ü��
{, 3nØþ¼�
U?� (2+1) �ÚÑYÅXÚ
�Ã¡S�a�f°(). 'X: ÏL Bäcklund C
� (46), (47) �±¼�U?� (2+1) �ÚÑYÅX
Ú�Ã¡S�1wa�áf). Bäcklund C� (48)
�±�EU?� (2+1) �ÚÑYÅXÚ�Ã¡S�
;�áf). Bäcklund C� (49), (50) �±¼�U
?� (2+1) �ÚÑYÅXÚ�Ã¡S�k¸a�á
f). ù
)�Ôn¿Âk�u?�ÚïÄ.
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A method of constructing infinite sequence soliton-like
solutions of nonlinear evolution equations∗
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Abstract

The auxiliary equation method is used to construct the finite new exact solutions of nonlinear evolution equations. To search

for infinite sequence soliton-like exact solutions of nonlinear evolution equations, characteristics of constructivity and mechanization

of auxiliary equation method are analyzed and summarized. Therefore, the quasi-Bäcklund transformation between new solutions

of a kind of auxiliary equation with Riccati equation is presented, then (2+1)-dimensional modified dispersive water-wave system is

taken as an applicable example to find infinite sequence soliton-like new exact solutions by choosing two kinds of formal solutions of

nonlinear evolution equations with the help of symbolic computation system Mathematica, where included are the infinite sequence

smooth soliton-like solutions, compact soliton solutions and peak soliton-like solutions.

Keywords: auxiliary equation, nonlinear evolution equation, Bäcklund transformation, soliton-like new exact so-
lution
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