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1 Ú ó

�Å���Vg´d Benzi � [1] 3þ­V 80
c��)º1oGXA¯K
ÄgJÑ�, d�
� 30 c5�Å���nØÚ¢�ïÄÚå
<
�4��,�. �7XØÓ�ÄåXÚÚD(, <
�é�«�Å��y�?1
�\�ïÄ [2−18].
DÚ��Å��´�XÚ�A�&D'�D(�
,
A�ëê (XD(�rÝ!�'Ç�) �üN
Cz�y�. 2Â��Å��Vg´d Gitterman
�JÑ�, =XÚ�A�,
¼ê (XÝ!g�'
¼ê!õÇÌ½&D'�) �XÚ�,
A�ë
ê (X-y�Ì!ªÇ½D(�rÝ!�'Ç�)
�üNCz�y� [5].

é�Å��y��@ÏïÄÌ�8¥3É±
Ï&ÒÚ\5D(-y���5�. [2−4]. �X
ïÄ�?�Ú�\, kÆöuyd¦5ÚD(Ú±
Ï&ÒéÜ°Ä��5XÚ [5−11], ½ö=d¦5
ÚD(°Ä��5XÚ [12,13] �¬Ñy�Å��y
�. �éÔnXÚ£X31Æ½�>U©Æ�*¿
ì¤¥~��±Ï&ÒN�D(, �kÆöm©�
ÄddaD(°Ä��5XÚ, ~X, Guo � [14] u

yd¦5!\5Ú±ÏN�D(�Ó�^��5
XÚ�3�Å��y�. Jin � [15] K?Ø
3¦5
ÚD(Ú±ÏN�D(�éÜ�^e, �5{Z�
f��A�ÌÚ��­�Ý�D(9XÚëê¤
Ñy�2Â�Å��y�. ���Å��´�ÅÄ
åÆXÚ¥�3��«��ÊH�y�, Ïd�Ú
å
<��ÊH'5Úßþ,�, ¿®2�A^u
-1Ôn!)ÔÔn!zÆÔn9ó§&Ò?n
�Ãõ+�. é�Å��y�9Ù���ïÄØ=
éÔnÆ�ïÄåX­���^, 
�éuó§¢
SA^�kAÏ�d�.

ØL, ±þ©z�Ä�\5½ö¦5�°ÄD
(Ì�´�5D( (=ÚD(��g�5¼ê), 

é°ÄD(´ÚD(���5¼ê�XÚ��Å
��y���w��. �¯¢þ, 3¢S���5
ÔnXÚ¥, °ÄD(~±ÚD(���5¼ê�
/ªÑy. 'X, 3-1"ËXÚ¥	Ü
�6Ä
�±��D(��g��5 [16], Zhang � [17] B?
Ø
�¦5D(´"ËD(��g¼ê�ü�-
1XÚéÌÝN�&Ò��A. �¦5D(�V�
D(��g¼ê�, Hector � [18] uy�5XÚ­
��A��Ì�D(rÝ�´�üNCz�, =�
32Â�Å��y�.
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�©�éd¦5�gD(Ú±ÏN�D(é
Ü°Ä��5L{ZXÚ, í�
XÚ�A��
�!��­�Ý±9XÚ­��A�ÌÚ���
)ÛL�ª, ©Û
ùaXÚ¤äk�´LÄåÆ
A5. uyXÚ�A�­��Ì9��þ�32Â
�Å��y�, ¿�¦5�gD(�XêéXÚ�
�Å��y�k�~��K�. Ïd, ·��±Ï
LN!�gD(�Xê, 3�½��S¢yé�5
L{Z�f��Å���k���. ù�é�Å�
�y�3f&Òuÿ¥�A^äk��¿Â.

2 XÚ�.

�©�Ääk¦5�gD(Ú±ÏN�D(
	-y��5L{ZXÚ, §��Å�©�§�±
��:

γẋ = − ω2
0x −

(
a1ξ(t) + a2ξ

2(t)
)
x

+ Rη(t) cos(Ωt), (1)

Ù ¥ γ > 0 � { Z X ê, ω0 � X Ú � � k ª
Ç,a1ξ(t) + a2ξ

2(t) ´du�f�kªÇëêÞ
áÚå�¦5D(�,Rη(t) cos(Ωt) ´±ÏN�D
(�, R �w�±Ï&Ò��Ì. ùp,ξ(t) Ú η(t)
´äk"þ�Ú�"�'¼ê�ÚD(, Ï~<�
o´b� ξ(t) Ú η(t) pØ�', �3éõÔnXÚ
¥, X-1XÚ, ÙSÜ�D(�mo´�3,«
'é5. �©b� ξ(t) Ú η(t) äk�ê'é5§÷
vXe�ÚO5�µ

〈ξ(t)〉 =0,

〈ξ(t)ξ(s)〉 =Dξλξ exp(−λξ|t − s|),

〈η(t)〉 =0,

〈η(t)η(s)〉 =Dηλη exp(−λη|t − s|),

〈ξ(t)η(s)〉 =κλξη

√
DξDη exp(−λξη|t − s|), (2)

Ù¥, Dξ Ú Dη �ÚD(rÝ, λξ Ú λη �ÚD(
��'Ç, κ �D( ξ(t) Ú η(t) �'éXê, λξη

�'éÇ. �©b� ξ(t) Ú η(t) þ��é¡�V
��ÅL§, ¿� ξ(t) 3 {A1,−B1} ¥��, η(t)
3 {A2,−B2} ��, Ai, Bi, i = 1, 2 þ��ê. Ø�
� A1 � −B1 �=�VÇ� p1, _=�VÇ� q1;
A2 � −B2 �=�VÇ� p2, _=�VÇ� q2. ξ(t)
Ú η(t) ��é¡5©O^ Λξ Ú Λη L«. u´k:

λξ = p1 + q1, Dξλξ = A1B1,

Λξ = A1 − B1, λη = p2 + q2,

Dηλη = A2B2, Λη = A2 − B2. (3)

3 XÚ�A��!��Ý±9­��
A�ÌÚ���O�

3.1 XXXÚÚÚ���AAA���������­­­���ÝÝÝ999���AAA���ÌÌÌ

é�§ (1) ü>�²þ¿|^'Xª (2), �±
��XÚ�A���Ý÷v��©�§:

d 〈x(t)〉
dt

= −ω2
0

γ
〈x(t)〉 −

2∑
k=1

ak

γ

〈
ξk(t)x(t)

〉
, (4)

ò (1) ªü>¦± ξ(t) ¿�²þ��:〈
ξ(t)

dx(t)
dt

〉
= − ω2

0

γ
〈ξ(t)x(t)〉

−
2∑

k=1

ak

γ

〈
ξk+1(t)x(t)

〉
+

R

γ
〈ξ(t)η(t)〉 cos(Ωt), (5)

d Shapiro-Loginov úª [19] ��:

d 〈ξ(t)x(t)〉
dt

=
〈

ξ(t)
dx(t)

dt

〉
− λξ 〈ξ(t)x(t)〉 , (6)

ò (6) ª�\ (5) ª, ¿|^ (2) ªk:

d 〈ξ(t)x(t)〉
dt

= −
(ω2

0

γ
+ λξ

)
〈ξ(t)x(t)〉

−
2∑

k=1

ak

γ

〈
ξk+1(t)x(t)

〉
+

κλξηR
√

DξDη

γ
cos(Ωt), (7)

5 ¿ � (4) ª Ú (7) ª ¥ Ñ � ¹ p � � � ' ¼
ê

〈
ξk(t)x(t)

〉
, k = 2, 3, 
dV�D(�5��

�, �3~ê bξ,k, cξ,k, k = 2, 3 ¦�e¡�ü�ú
ª¤á:〈

ξ2(t)x(t)
〉

=bξ,2 〈ξ(t)x(t)〉 + cξ,2 〈x(t)〉 ,〈
ξ3(t)x(t)

〉
=bξ,3 〈ξ(t)x(t)〉 + cξ,3 〈x(t)〉 , (8)

Ù¥,

bξ,2 = Λξ,

cξ,2 = λξDξ,

bξ,3 = Λ2
ξ + λξDξ,

cξ,3 = λξDξΛξ. (9)
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ò (8) ª©O�\ (4) ªÚ (7) ª¿z{, �±
�� 〈x(t)〉 Ú 〈ξ(t)x(t)〉 ¤÷v��5�©�§|:

d 〈x(t)〉
dt

= d1 〈x(t)〉 + d2 〈ξ(t)x(t)〉 ,

d 〈ξ(t)x(t)〉
dt

= d3 〈x(t)〉 + d4 〈ξ(t)x(t)〉

+d5 cos(Ωt),

(10)

Ù¥,

d1 = −ω2
0

γ
− 1

γ

2∑
k=1

akcξ,k,

d2 = − 1
γ

2∑
k=1

akbξ,k,

d3 = − 1
γ

2∑
k=1

akcξ,k+1,

d4 = −ω2
0

γ
− λξ −

1
γ

2∑
k=1

akbξ,k+1,

d5 =
κλξη

√
DξDη

γ
. (11)

¦)�§| (10), ¿- t → ∞, �±��XÚ�²
þ­��A�)ÛL�ª�:

〈x(t)〉st = Ast cos(Ωt + ϕ). (12)

Ù¥ Ast =
√

f2
1 + f2

2 Ú ϕ = − arctan(f2/f1) ©
O�XÚ­��A��ÌÚ� , Xê f1 Ú f2 d
eª(½:

f1 =− Rd2d5(d2d3 − d1d4) + Rd2d5Ω
2

(d2d3 − d1d4)2 + (d2
1 + d2

4 + 2d2d3)Ω2 + Ω4
,

f2 =− Rd2d5(d1 + d4)Ω
(d2d3 − d1d4)2 + (d2

1 + d2
4 + 2d2d3)Ω2 + Ω4

.

(13)

3.2 XXXÚÚÚ���AAA���������­­­���ÝÝÝ999������

e¡·�^aq��{5¦XÚ�A�²þ
­���Ý. Äk, �§ (1) ü>Ó�¦± 2x �²
þ, ¿òV�D(�ü�úª (8) ª�\�z{�
�:

d
〈
x2(t)

〉
dt

= − 2
γ

(
ω2

0 +
2∑

k=1

akcξ,k

) 〈
x2(t)

〉
− 2

γ

2∑
k=1

akbξ,k

〈
ξ(t)x2(t)

〉
+

2R

γ
〈x(t)η(t)〉 cos(Ωt), (14)

5¿� (14) ª¥Ñy
#�ÍÜ�
〈
ξ(t)x2(t)

〉
Ú 〈x(t)η(t)〉, Ïd·�I�éÙ?1)Í. �§ (1)
ü>¦± 2ξ(t)x(t) �²þ, ¿òúª (8) �\�z
{��: 〈

ξ(t)
dx2(t)

dt

〉
= − 2

γ

(
ω2

0 +
2∑

k=1

akbξ,k+1

) 〈
ξ(t)x2(t)

〉
− 2

γ

2∑
k=1

akcξ,k+1

〈
x2(t)

〉
+

2R

γ
〈ξ(t)η(t)x(t)〉 cos(Ωt), (15)

Ó�ò�§ (1) ü>¦± η(t) �²þ¿òúª (8)
�\�z{��:〈

η(t)
dx

dt

〉
= − 1

γ

(
ω2

0 +
2∑

k=1

akcξ,k

)
〈x(t)η(t)〉

− 1
γ

2∑
k=1

akbξ,k 〈ξ(t)η(t)x(t)〉

+
DηληR

γ
cos(Ωt). (16)

,	, d Shapiro-Loginov úªk:〈
ξ(t)

dx2(t)
dt

〉
=

d
〈
ξ(t)x2(t)

〉
dt

+ λξ

〈
ξ(t)x2(t)

〉
,

〈
η(t)

dx

dt

〉
=

d 〈η(t)x(t)〉
dt

+ λη 〈η(t)x(t)〉 .

(17)

Ïd, ò (17) ª©O�\ (15) ªÚ (16) ª�z{
��:

d
〈
ξ(t)x2(t)

〉
dt

= −
(

2ω2
0

γ
+

2
γ

2∑
k=1

akbξ,k+1 + λξ

) 〈
ξ(t)x2(t)

〉
− 2

γ

2∑
k=1

akcξ,k+1

〈
x2(t)

〉
+

2R

γ
cos(Ωt) 〈ξ(t)η(t)x(t)〉 , (18)

d 〈η(t)x(t)〉
dt

= −
(

ω2
0

γ
+

1
γ

2∑
k=1

akcξ,k + λη

)
〈x(t)η(t)〉

− 1
γ

2∑
k=1

akbξ,k 〈ξ(t)η(t)x(t)〉
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+
DηληR

γ
cos(Ωt). (19)

?�Ú, 5¿� (18) ªÚ (19) ª¥þ¹k#�ÍÜ
� 〈ξ(t)η(t)x(t)〉, Ïd·�I�ïá§��©�§.
é 〈ξ(t)η(t)x(t)〉 ¦���:

d 〈ξ(t)η(t)x(t)〉
dt

=
〈

ξ(t)
d [η(t)x(t)]

dt

〉
+

〈
η(t)x(t)

dξ(t)
dt

〉
=

〈
ξ(t)

d [η(t)x(t)]
dt

〉
+

〈
η(t)

d [ξ(t)x(t)]
dt

〉
−

〈
η(t)ξ(t)

dx(t)
dt

〉
. (20)

(20) ª�cü��±ÏLé 〈ξ(t)η(t)x(t)〉 $^ü
g Shapiro-Loginov úª��:〈

ξ(t)
d [η(t)x(t)]

dt

〉
=

d 〈ξ(t)η(t)x(t)〉
dt

+ λξ 〈ξ(t)η(t)x(t)〉 ,〈
η(t)

d [ξ(t)x(t)]
dt

〉
=

d 〈η(t)ξ(t)x(t)〉
dt

+ λη 〈ξ(t)η(t)x(t)〉 . (21)

�
z{ (20) ª�����, ·�ò (1) ªüàÓ
�¦± ξ(t)η(t) ¿�²þ��:〈

ξ(t)η(t)
dx

dt

〉
= − ω2

0

γ
〈ξ(t)η(t)x(t)〉

− 1
γ

2∑
k=1

ak

〈
ξk+1(t)η(t)x(t)

〉
+

R

γ

〈
η2(t)ξ(t)

〉
cos(Ωt). (22)

Ï� η(t) �´V�D(, ¤±·��±í�Ñ:〈
η2(t)ξ(t)

〉
=Λη 〈ξ(t)〉 + ληDη 〈η(t)ξ(t)〉

=κληλξηDη

√
DξDη, (23)

òþª�\ (22) ª¿|^V�D(�ü�úª (8)
��±��:〈

ξ(t)η(t)
dx

dt

〉
= − 1

γ

(
ω2

0 +
2∑

k=1

akbξ,k+1

)
〈ξ(t)η(t)x(t)〉

− 1
γ

2∑
k=1

akcξ,k+1 · 〈x(t)η(t)〉

+
RκληλξηDη

√
DξDη

γ
cos(Ωt). (24)

òª (21) Ú (24) Ó��\ (20) ª��:

d 〈ξ(t)η(t)x(t)〉
dt

= −
(

ω2
0

γ
+

1
γ

2∑
k=1

akbξ,k+1 + λξ + λη

)
× 〈ξ(t)η(t)x(t)〉

− 1
γ

2∑
k=1

akcξ,k+1 · 〈x(t)η(t)〉

+
RκληλξηDη

√
DξDη

γ
cos(Ωt), (25)

u ´ (14), (18) Ú (19), (25) ª � ¤ 

〈
x2(t)

〉
,〈

ξ(t)x2(t)
〉
, 〈ξ(t)η(t)x(t)〉, 〈η(t)x(t)〉 ��5�©

�§|. ¦)d�§|, - t → ∞ ¿3��±ÏS
�²þ��

〈
x2(t)

〉
�²þ­�L�ª�:

〈
x2(t)

〉
st

=
R2 [−(2d4 + λξ)g1 + 2d2g2]
2γg3 [d1(2d4 + λξ) − 2d2d3]

, (26)

Ù¥

g1 = − Dηλη

γ

[
Ω2(d1 − λη) + (d1 − λη)(d4 − λη)2

− d2d3(d4 − λη)
]
,

g2 = − Dηλη

[
d3

γ
+ (d4 − λη)d5

]
Ω2

+ Dηλη [(d1 − λη)(d4 − λη) − d2d3]

×
[
d3

γ
− (d1 − λη)d5

]
,

g3 =Ω4 +
[
(d1 − λη)2 + (d4 − λη)2 + 2d2d3

]
Ω2

+ [d2d3 − (d1 − λη)(d4 − λη)]2 . (27)

Ïdd­����½Â, �§ (1) �XÚ�A�­
����±��:

σ2
st =

Ω

2π

∫ 2π/Ω

0

[〈
x2(t)

〉
st
− (〈x(t)〉st)

2
]
dt

=
〈
x2(t)

〉
st
− 1

2
(Ast)2. (28)

4 ê�?Ø

1 3 !¥� (12) ªÚ (28) ª©O�Ñ
XÚ
�­��A�ÌÚ���)ÛL�ª. e¡·�5
?ØD(ëê (�)D(rÝ!�'Ç±9�gD
(�Xê) éXÚ­��A��Ì Ast Ú�� σ2

st

�K�.
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4.1 XXXÚÚÚ­­­������AAA���ÌÌÌ������ÅÅÅ������yyy���

·�Äk�½�gD(¼ê�Xê� a1 = 1,
a2 = −2, ã 1(a) ±�
XÚ­��A�ÌÝ Ast

� � ¦ 5 � g D ( r Ý Dξ � ¼ ê, � X Ø Ó
�{ZXê γ Cz�­�. Ù¦�ëê���
� ω0 = 0.1, R = 1, Ω = 1, λξη = 0.2, κ = 0.9,
λξ = 0.5, Λξ = 0.8, Dη = 0.5, Λη = 0.3, λη = 0.3.
�±w�, Ast �XD(rÝ Dξ �O�Ñy
�
���¸, =Ñy
2Â��Å��y�. ù´d
u�g¦5D(�±ÏN�D(��Ó�^, ¦�
D(�Uþ�±Ï&Ò�Uþ=£, l
Or
X
Ú�A�Ì�. ¿�, �X{ZXê γ �O�,Ast

���¸C�Åì²�, ¿�4�Åì~�, 4�
:� �Åìm£. ù`²XÚ�{Z�O�¦�
XÚ�A��Å��y�~f, ÎÜÔn¢S.

� X, · � � ½ ¦ 5 � g D ( � � g � X
ê a1 = −0.5, ã 1(b) ±�
XÚ­��A�Ì
Ý Ast ��D(�'Ç λξ �¼ê, �XØÓ�
�g�Xê a2 Cz�­�. Ù¦�ëê���
� ω0 = 0.2, Ω = 0.5, γ = 0.3, R = 1, Dξ = 0.6,
Λξ = 0.6, Dη = 0.5, λη = 0.3, Λη = 0.6, λξη = 0.1,
κ = 0.4. ��g�Xê a2 = 0 � (=¦5D(�V
�D(��g�5¼ê), Ast �XV�D(��'
Ç λξ �O�
Åì~�
vkÑy�Å��y�,

� a2 > 0 �, Ast �X λξ �O�Ñy
���
�¸. �X a2 �O�, Ast ���¸C��5�k
b, Ó�4�:� �Åì�£, 4�:�pÝK
ØäO\. ù`²¦5D(��g�Xêé�Å�
�y�åX�~'���^.

ã 1(a) Ú (b) L², 3¦5�gD(Ú±ÏN
�D(�K�e, �5L{Z�f�XÚ­��
A�Ì��X�gD(�rÝÚ�'Ç�Czþ
Ñy
��y�. XÚ{ZXê�~�¬¦��¸
�¸�O�. ¦5�gD(�Xêé��y��k
�~��K�, ØÓ�Xê¬¦��¸¸�O�½
~�, ¸� �Jc½ò�Ñy, Ïd, UC¦5
�gD(Xê���±k�/��XÚ��Å�
�y�.

AO/, ��gD(Xê÷v�½'X��k
�\rXÚ�A��Å���A. ~X, 3ã 1(c)
¥·�±�
éØÓ�±Ï&Ò�Ì R, XÚ­�
�A�ÌÝ Ast ��¦5�gD(rÝ Dξ �¼ê
�XØÓ��gD(XêCz�­�. Ù§�ëê

���� ω0 = 0.6, Ω = 0.6, λξη = 0.2, κ = 0.4,
λξη = 0.2, κ = 0.4, λξ = 0.2, λξ = 0.2, Dη = 0.2,
Λη = 0.3, λη = 0.3. lã¥�±w�, �±Ï&Ò
�Ì� R ©O� 1, 0.1, 0.01 �§XÚ­��A�
�Ì�XD(rÝ�O\þÑy
�Å��y�.
�±Ï-y�Ì�� (R = 0.01) �, �gD(Xê
©O�� a1 = 1, a2 = −3, XÚ­��A��Ì%
äk�²w��Å��y�. ù`²ÏLN!�g
D(Xê�±¦�=¦´d�f±Ï&Ò-y�
XÚ��A�k�~²w��Å��y�, l
k
|u�f&Ò�uÿ.
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4.2 XXXÚÚÚ���AAA­­­���������������ÅÅÅ������yyy���

e¡·�?ØD(ëêéXÚ�­����
K�. ùp·�k�½ ω0 = 0.2, Ω = 0.6, γ = 0.3,
R = 1, λξ = 0.2, Λξ = 0.2, Dη = 0.2, λη = 0.2,
Λη = 0.3, λξη = 0.2, κ = 0.2. ��½D(¼ê�
�g�Xê a1 = 1 ¿UC�g�Xê a2 �, ·�
uyXÚ�A�­����XD(rÝ Dξ �Cz
Ì�LyÑn«�Å��y�: ü¸��!ü¸ü
���ÚV¸��. � a2 = −0.2 �,σ2

st ¤Ñy�
ü¸���Ò´DÚ��Å��y�Xã 2(a) ¤
«. � a2 = −0.26 �,σ2

st ¤Ñy�ü¸ü���X
ã 2(b) ¤«, d�, XÚ�­��� σ2

st �D(r
Ý Dξ �O�k���4��, =Ñy
�Å��
y�, 
UYO�D(rÝ, XÚ­��� σ2

st ¬Ñ
y��4��, =Ñy
³�y�.
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 σ2
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�� Dξ �¼ê��gD(��g�Xê a2 Cz
�­�. �±w�, � a2 UY~��, V¸4�:
� �þÅì�£, Ó�1����¸ÅìOr

1����¸Åì~f.

ã 2(a), (b) Úã 3 L², �5L{ZXÚ�A
�­����X�gD(�rÝÑy
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��y�, �)ü¸��!ü¸ü���ÚV¸�
�, Ù¥�V¸��y�3¦5ÚD(=�V�D
(��5¼ê��¹e����w. aq/, ¦5
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¦5D
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ÏLN!�gD(�Xê, ·��±3�½��S
¢yé�5L{Z�f�Å���k���, l

¦�=¦´�f±Ï&Ò�U�)²w��Å�
�y�, TA5��f&Ò�uÿ�{mM
#�
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�Å��y�3ÔnÆÚó§¥�
A^��.
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Stochastic resonance in an over-damped linear
oscillator driven by multiplicative quadratic noise∗
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Abstract

For an over-damped linear oscillator driven by multiplicative quadratic noise and periodic modulated noise, the exact analytical

expressions of the first two moments, the amplitude and variance of the system steady-state response are obtained. We find that this

system has richer dynamic behaviors than the traditional linear systems driven by linear noise; when the coefficients of the quadratic

noise satisfy certain conditions, both the amplitude and the variance of the system steady-state response present stochastic resonance.
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