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Weiss ©f|nØ (WMFT) é¬N¥^^ - c^Ú^> - c>�CA��½þ£ã´��¤õ�. du´²
þ|nØ, q���ÐÚ©Û(�ÃSNXÚE,|©NX�C1��nØ�â. �´î8��, ¿vkék	|
� WMFT ��CA�?1�[ïÄ. 
éc>NX, ==é©f���ü�G�� WMFT ��CA�?1
ïÄ.
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4z!SUÚ'9±9·�4zÇ�§ÝCz?1î�í�, ,�é�CA��	>|�üC?1
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1 Ú ó

�þ¢�(JL², Weiss ©f|nØ (Weiss’s
molecular field theory, WMFT) é¬N¥^^ - c
^ ! ^ > - c > � C � A �, � ) N X � g u
^ (4) z!·�^ (4) zÇ!SUÚ�9'9
�§ÝCz�½þ£ã´��¤õ� [1−37]. qd
u´²þ|nØ, nØ��é¤£ãNX�:
(
�¿vkAÏ��¦, 
�=k��©f|Ïfë
þ, Ïd���ÐÚ©Û(�ÃSNXÚE,|©
NX�C1��nØ�â [38−43].

ÏL�[�Nï, �öuyé^^ - c^�C
NX, ¿vké�3	^|� WMFT ��CA�
?1�[ïÄ. 
é^> - c>�CNX, ==é

©f���ü�G�� WMFT ��CA�?1ï
Ä, ék	>|� WMFT ��CA��vk?1
�[ïÄ [1−37]. ,	, �,^^ - c^!^> - c
>�C� WMFT £ã4��q, �´duü«N
X¥�*^zÚ4z�ü�ØÓ, �±ýÏ�A
�êÆ£ã�(J�k¤ØÓ. �©Äké	>|
¥©f���¹?¿�G��^> - c>�CN
X� WMFT �CA�, �)gu4z!SUÚ'
9!±9·�4zÇ�§ÝCz?1î�í�, ,
�é�CA��	>|�üC?1
ïÄ.
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NX, ?u§Ý� T �9ú¥, ü NÈ�©fê
�Ý� N , ©f���G�ê� m. � m �óê�,

©f�¤kG�L«� i = ±1
2
,±3

2
, · · · ,±m − 1

2
;

� m �Ûê�, ©f�¤kG�L«� i = 0,

±1,±2, · · · ,±m − 1
2

.

�÷X©f��, éNX�\�mþ!�·�
	>| E, NXü NÈ�4zrÝ� P

(m)
s (T,E).

U ì WMFT, N X ¥ ? ¿ � � © f � Weiss ©
f|�

F ′ = E + βP (m)
s (T,E), (1a)

Ù¥, β �� T Ã'�©f|Ïf.
é(½�1 i ���G�, ©f÷X E �

� � > ó 4 Ý © þ �
2i

m − 1
µ (ù ´ c > � c

^NX�ØÓ�?�� [1−37]), 3 F ′ ¥�Uþ

� − 2i

m − 1
µ

(
E +

β

2
P

(m)
s (T,E)

)
, Ù¥1���

©f�m��p�^U, 1/2 Ïf´�
�ØTU
þ�­EO�, µ �©f�[È>ó4Ý. �
Xe
Lã�{ü, Ú\

F = E +
β

2
P (m)

s (T,E). (1b)

�â Boltzmann �n, ��NX¥?¿��©
f��©¼ê Zm(T,E)!NX� P

(m)
s (T,E) ±9

©f�²þSU um(T,E) �

Zm(T,E) =
i=(m−1)/2∑

i=−(m−1)/2

e
2i

m−1µF/kT , (2)

P (m)
s (T,E) =

Nµ

Zm(E, T )

i=(m−1)/2∑
i=−(m−1)/2

2i

m − 1

×e
2i

m−1µF/kT , (3)

um(T,E) =
1

Zm(E, T )

i=(m−1)/2∑
i=−(m−1)/2

− 2iµF

m − 1

×e
2i

m−1µF/kT , (4)

Ù¥ k � Boltzmann ~ê.

3 O�(J�©Û?Ø

d u � § (2) ¥ � � ¦ Ú � � ¤ � � ú '
� e−2µF/(m−1)kT ��'?ê, �â����'
?ê¦Úúª, ´�,

Zm(T,E) =
sinh

[
mµF

(m − 1)kT

]
sinh

[
µF

(m − 1)kT

] . (5)

,	, d�§ (2), (3) Ú (5) �� (��N¹ 1):

P (m)
s (T,E) =

Nµ

Zm(E, T )
∂Zm(T,E)
∂(µF/kT )

=
Nµ

m − 1

 m

tanh
(

m

m − 1
µF

kT

)

− 1

tanh
(

1
m − 1

µF

kT

)
 . (6)

� E = 0 �, P
(m)
s (T, 0) ����Ðm� (��N

¹ 2)

P (m)
s (T, 0) =


0, T > T

(m)
c

(m + 1) Nµ

3

√
15

m2 + 1

(
1 − T

T
(m)
c

)
, T 6 T

(m)
c

, (7)

Ù¥,

T (m)
c =

Nµ2β

6k

m + 1
m − 1

(8)

�	| E = 0 �XÚ��C§Ý. ��, � m �
O\, T

(m)
c ~�. ù�±n)�©f���G�ê

�õ, ©f$Ä�gd, ÏdI�3�$� T eN
XâUkSz, = T

(m)
c �$, T(J�c^NXØ

Ó [24,25].
d�§ (2), (4), (5) Ú (6) ��:

um(T,E) = − µF

Zm(E, T )
∂Zm(T,E)
∂(µF/kT )

= −
P

(m)
s (T,E)

[
E + βP

(m)
s (T,E)/2

]
N

.

(9)

NX�ü©f²þ'9�

cm(T,E) =
∂um(T,E)

∂T
. (10)

� E = 0 �, um(T,E) Ú cm(T,E) 3 T
(m)
c NC�

Ðm� (��N¹ 3)
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um(T, 0) =


0, T > T

(m)
c

5
6

(m + 1)2

m2 + 1

(
T

T
(m)
c

− 1
)

Nβµ2, T 6 T
(m)
c ,

(11)

cm(T, 0) =


0, T > T

(m)
c

5
m2 − 1
m2 + 1

k, T 6 T
(m)
c .

(12)

NX�·�4zÇ χ
(m)
s (T,E) � (��N¹ 4)

χ(m)
s (T,E) ≡ ∂P

(m)
s (T,E)

∂E

=

Nµ2

(m − 1)2kT

m2 − 1 +
1

tanh2

(
µF

(m − 1)kT

) − m2

tanh2

(
mµF

(m − 1)kT

)


1 − Nµ2β

2(m − 1)2kT

m2 − 1 +
1

tanh2

(
µF

(m − 1)kT

) − m2

tanh2

(
mµF

(m − 1)kT

)


. (13)

� E = 0 �, P
(m)
s (T, 0) ��� χ

(m)
s (T, 0) �Ðm

� (��N¹ 5)

χ(m)
s (T, 0) =


C

(m)
W

T − T
(m)
c

, T > T
(m)
c

C
(m)
W /2

T
(m)
c − T

, T 6 T
(m)
c

(14)

Ù¥,

C
(m)
W =

Nµ2

3k

m + 1
m − 1

(15)

� Curie-Weiss ~ê.
ã 1 ¤ « � ´ 	 | E = 0 �, � z �

� P
(m)
s (T, 0), um(T, 0), cm(T, 0) Ú χ

(m)
s (T, 0),

= P
(m)
s (T, 0)/(Nµ), um(T, 0)/(Nβµ2), cm(0, T )/k

Ú βχ
(m)
s (T, 0) � � z § Ý T /T (2)

c � C z ( J.
�±wÑ3 T /T (m)

c > 1 �, NX� P
(m)
s (T, 0),

um(T, 0) Ú cm(T, 0) Ñ� 0. 3 T /T (m)
c < 1 �,

P
(m)
s (T, 0) Ø� 0, �� T �ü$ëYO\, =N

XÑy
gu4z. um(T, 0) 3 T
(m)
c ëYCz,

� cm(T, 0) 3 T
(m)
c ØëYCz. ,	, χ

(m)
s (T, 0)

3 T
(m)
c NCÑy λ .�k¸. þã(JL²,

E = 0 �, NXu)
�?^> - c>�C.
ã 1 � L ², m � �, c > � (T < T

(m)
c )

� ü © f ² þ 4 z r Ý P
(m)
s (T, 0)/(Nµ) � �,


 um(0, T )/(Nβµ2), cm(0, T )/k Ú βχ
(m)
s (T, 0) �

� � � � � �� � � � � � � �� � � � �� � � � � � �	 � � 
	 � � �	 � � � ��� � � �� � 

 � �� � �� � 
� � �� � �� � � �� � � 

� � �� � �� � �� � �

��� ������ � 
! "#$ %&'(#)* +, - . "#$ %&'(/0 12 3

4#$ %&'(*0 12 3 � � �� � �5 5 6 7 5 6 8 9 6 :; < ; = > ?@
ã 1 	 | E = 0, � � G � ê m = 2, 3 Ú 100 �, N
X� P

(m)
s (T, 0), um(T, 0), cm(T, 0) Ú χ

(m)
s (T, 0) ��z§

Ý T/T
(2)
c �Cz (¢�), J�L«�´�Aëþ3 T

(m)
c NC

�CqÐm(J
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�. ù´Ï�, Ø�ýé"Ý	, � m = 2 ��/�
', ok�Ü©©f?u��G� i ���G�, §
�égu4z��z��, 3 Weiss ©f|¥�U
þ��p. 
� m ��, i ���G��õ, ��ü
©f�²þgu4z��ÚSU�p. ,��¡,
i ���G��õ, $§eU?�m�Uþ���,
é§ÝCzÚ	>|��A�r, ¤± m ��, c
>�� cm(T, 0) Ú χm

s (T, 0) ��.

ã 1 J�L«�´�Aëþ3 T
(m)
c NC�C

qÐm(J (�§ (7), (11), (12) Ú (14)), L² T
(m)
c

±e�Ðm(J==3éÄ�§«S·^. ���
Ñ�´, þãCqÐm(J�K��?�CnØ�
ýó´�����, ù�L² WMFT nØØ=�
*ëþ�Ônå
�Ù, ¤^ëþ�, 
�A^§
«�2.

ã 2 ¤«�´��G�ê m = 2, 	| E ©O
�u 0, 0.01Nµβ, 0.1Nµβ Ú 0.3Nµβ �, NX��
z P

(2)
s (T,E), u2(T,E), c2(T,E) Ú χ

(2)
s (T,E) �

�z§Ý T/T
(2)
c �Cz. �±uy, 	| E ��3,

¦� P
(2)
s (T,E), u2(T,E), c2(T,E) Ú χ

(2)
s (T,E)

� T/T
(2)
c �CzÑC�²w, � E ��, c2(T,E)

Ú χ
(2)
s (T,E) ¸Ð°��, Ó�¸�����Ñ�

5��, �E,�3X�C�A�. m ��Ù¦�
�(Jaq.

�, χ
(2)
s (T,E) � T/T

(2)
c �Cz�4zÀæ

�q [44−47], �´du�3gu4z, = P
(2)
s (T,E)

Ø �", 
 � 3 χ
(2)
s (T,E) � � � � N C, Ñ

y c2(T,E) �¸, ù�4zÀæz=CØ��. 

Uìé�Ñ�C����£ 1, =�§Ýü$, Ñ
yëY��Cz�'9¸ (L²NXgdUé§Ý
´ëY���), Ó�Sëþ¯�ëYO\�y�.
ùL²	| E ��3, UC
NX�k��?�C
A�, C��Ñ�C, �	|�r, �C§«�°.

WMFT ¤ýó�lÃ	|��?�C�k	
|��Ñ�C=z��*Ônå
�: 1) Ã	|�,
©f|Ú9ÄU©O´°¦NXkSÚÃS�°
Äå, 3�C§Ý, ü«°Äå�p-�, ©f$Ä
?uÃ�å�G�, d�?Û���	.6Ä (�
)§Ý|) ÑUÚå©f$ÄG�4�wÍ�Cz,
��'9Ú·�4zÇ�3�C:�uÑ; 2) 	|
��3é©f$ÄJø
��3��§«Ñ�3
��å, Ïdé���	.6Ä��A´�ék�
�, Ï
�Ø
'9Ú·�4zÇ�3�C:�u
Ñ, ¦��C�Ñz.

��k��(J´, XJ^ c2(T,E) ¸���
�éA�§Ý½Âþã�Ñ�C�A�§Ý, d
ã 2(c) �(J��A�§Ý�	| E kü$,�
2,p. �´, XJ^ χ

(2)
s (T,E) ¸����éA

�§Ý½Âþã�Ñ�C�A�§Ý, Kdã 2(d)
�(J��A�§Ý�	| E ��3,p.

0.9

3

4

2
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1:E=0
2:E=0.01 Nβµ
3:E=0.1 Nβµ
4:E=0.3 Nβµ
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0

0
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3
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1
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(a)

(b)

(c)

(d)

P
  

  
↼T

↪E
↽/

↼N
µ
)

u
2
↼T

↪E
↽/

↼N
β
µ

2
)

c
2
↼T

↪E
↽/

K
↼

↽

s
χ
  
  
↼T

↪E
↽/
β

↼
↽

s

3

2

1

3
4

4

2

1

0 0.6 0.12 1.8

T/T
↼↽

c

4

ã 2 3��G�ê m = 2 �, 	| E = 0, 0.01Nµβ, 0.1Nµβ

Ú 0.3Nµβ �, N X � z � P
(2)
s (T, E), u2(T, E), c2(T, E)

Ú χ
(2)
s (T, E) ��z§Ý T/T

(2)
c �Cz

4 o (

�©Äuk	>|� WMFT ïÄ
c>NX
��CA�, (JL²: 1) Ã	|�, NXu)�?
^> - c>�C, ��G�ê�O\, �C§Ý~
� (T(J�c^NXØÓ), Ó�ü©f�²þ4
zrÝ~�, 
SU!'9Ú4zÇO�; 2) 	|
��3, ¦�NX�k��?�C=z��Ñ�C,
�	|�r, �Ñ§«��. þã(Jé�\ïÄ
c>NX��C, AO´�Ñ�CAk�½�éu.

N¹ 1 P
(m)
s (T,E) L�ª�í�

- x ≡ µF

(m − 1)kT
, ¿(Ü�§ (5), �:

1 â�ö¤�, î8��q�¿vk�Ñ�C�²(½Â.
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P (m)
s (T, E) =

Nµ

(m − 1)Zm(T, E)

∂Zm(T, E)

∂x

=
Nµ

m − 1

ex − e−x

emx − e−mx

m
(
emx + e−mx

) (
ex − e−x

)
−

(
ex + e−x

) (
emx − e−mx

)
(ex − e−x)2

=
µN

m − 1

[
m

(
emx + e−mx

)
emx − e−mx

− ex + e−x

ex − e−x

]

=
µN

m − 1

 m

tanh

(
m

m − 1

µF

kT

) − 1

tanh

(
1

m − 1

µF

kT

)
 . (A1)

N¹ 2 P
(m)
s (T, 0) ����Ðm

- y ≡ µβP
(m)
s (T, 0)

2(m − 1)kT
Ú T

(m)
c ≡ Nµ2β

6k

m + 1

m − 1
, |

^ ey =
∞∑

i=0

yi

i!
, é�§ (A1) Ðm�:

(
m2 − 1

)
3

T

T
(m)
c

y

=
m

tanh(my)
− 1

tanh(y)

=
memy + me−my

emy − e−my
− ey + e−y

ey − e−y

=

1

3

(
m2 − 1

)
y +

1

30

(
m2 − 1

) (
m2 + 1

)
y3 + · · ·

1 +
1

6
(m2 + 1) y2 + · · ·

= y

[
1

3

(
m2 − 1

)
− 1

45

(
m2 − 1

) (
m2 + 1

)
y2 + · · ·

]
.

(A2)

3 P
(m)
s (T, 0) � � �, k T

T
(m)
c

y =

y

[
1 − 1

15

(
m2 + 1

)
y2

]
, =�:

P (m)
s (T, 0) =



0, T > T
(m)
c

(m + 1) Nµ

3

×

√
15

m2 + 1

(
1 − T

T
(m)
c

)
, T 6 T

(m)
c .

(A3)

N¹ 3 um(T, 0) Ú cm(T, 0) 3 T
(m)
c N

C�Ðmª
d�§ (9) Ú (10) ±9 (A3), ´�:

um(T, 0) =



0, T > T
(m)
c

5

6

(m + 1)2

m2 + 1

(
T

T
(m)
c

− 1

)
×Nβµ2, T 6 T

(m)
c ,

(A4)

cm(T, 0) =


0, T > T

(m)
c

5
(m + 1)2

m2 + 1
k, T 6 T

(m)
c .

(A5)

N¹ 4 χm
s (T,E) L�ª�í�

d�§ (13) Ú (3) �,

χ(m)
s (T, E) =

∂P
(m)
s (T, E)

∂F

∂F

∂E

=
∂P

(m)
s (E, T )

∂F

×

(
1 +

β

2

∂P
(m)
s (E, T )

∂E

)
, (A6)

=

χ(m)
s (T, E) =

∂P
(m)
s (T, E)/∂F

1 − β/2∂P
(m)
s (T, E)/∂F

. (A7)

d�§ (6) �:

∂P
(m)
s (T, E)

∂F
=

Nµ2

(m − 1)2kT

m2 − 1 +
1

tanh2

(
µF

(m − 1)kT

) − m2

tanh2

(
mµF

(m − 1)kT

)
 . (A8)
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ò�§ (A8) �\ (A7) =��§ (13).

N¹ 5 χ
(m)
s (T, 0) 3 T

(m)
c NC�Ðm

d y ≡ µβP
(m)
s (T, 0)

2 (m − 1) kT
, �§ (13) �{��

χ(m)
s (E, T )

=

Nµ2

(m − 1)2kT

[
m2 − 1 +

1

tanh2 (y) − m2

tanh2 (my)

]
1 − Nµ2β

2(m − 1)2kT

[
m2 − 1 +

1

tanh2 (y)
− m2

tanh2 (my)

] ,

(A9)

Ù¥,

1

tanh2(y)
− m2

tanh2(my)
=

(
ey + e−y

ex − e−x

)2

− m2

(
emy + e−my

emy − e−my

)2

=
e2x + 2 + e−2x

e2x − 2 + e−2x
− m2e2mx + 2m2 + m2e−2mx

e2mx − 2 + e−2mx

=


[(

1 − m2
)
(m + 1)4 + 2

(
1 + m2

)
m4 +

(
1 − m2

)
(m − 1)4 − 2

(
1 + m2

)] 4

3
y4+

[(
1 − m2

)
(m + 1)6 + 2

(
1 + m2

)
m6 +

(
1 − m2

)
(m − 1)6 − 2

(
1 + m2

)] 8

45
y6 + · · ·


÷

{[
(m + 1)4 − 2m4 + (m − 1)4 − 2

] 4x4

3
+

[
(m + 1)6 − 2m6 + (m − 1)6 − 2

] 8

45
y6 + · · ·

}

= −1

3

2
(
m2 − 1

)
+

13

15

(
m4 − 1

)
y2 + · · ·

1 +
1

3
(m2 + 1) y2 + · · ·

= −
2

(
m2 − 1

)
3

− 1

15

(
m4 − 1

)
y2 + · · · . (A10)

T
(m)
c NC, P

(m)
s (T, 0) �� (�§ (A3)), ��:

χ(m)
s (T, 0) =

C
(m)
W

[
1 − 1

5

(
m2 + 1

)
y2

]
T − T

(m)
c

[
1 − 1

5
(m2 + 1) y2

] =


C

(m)
W

T − T
(m)
c

, T > T
(m)
c

C
(m)
W /2

T
(m)
c − T

, T 6 T
(m)
c

(A11)

Ù¥,

C
(m)
W =

Nµ2

3k

m + 1

m − 1
. (A12)
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Abstract
The descriptions of the paramagnetic-ferromagnetic and paraelectric-ferroelectric phase transitions (PTs) by Weiss’s molecular

field theory (WMFT) are quite successful, and the WMFT is also a theoretical basis of initial analysis of the PTs of structural disorder
and complex compositional systems because of its mean-field characteristic. However, there is not any study on the PT behaviors of
the WMFT with external field, and only the case of two orientational states of molecules for ferroelectric systems has been investigated
by the WMFT. Although the descriptions of the above two kinds of PTs by the WMFT are quite similar, the exact ones and the
corresponding results are different more or less due to the difference in microscopic unit between the magnetization and polarization
In this work, the exact descriptions of the ferroelectric systems with arbitrary orientational states of molecules by the WMFT are
provided, including the temperature dependences of the spontaneous polarization, the internal energy, the specific heat and the static
polarizability, and then the evolutions of the PTs with an external field are studied. The obtained results are as follows. 1) Without the
external field, the PTs of the systems are of the second order, and the transition temperatures and spontaneous polarizations decrease,
which are different from those of the ferromagnetic systems, but the internal energy, the specific heat and the polarizability increase
with the increase of the orientational states. 2) The external field drives the second order PT to a diffusive one, and diffusive temperature
range becomes wider as the field is increases. The results mentioned above would benefit the deep studies of ferroelectric PT, especially
the diffusive one.
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