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1 Ú ó

C 20 c±5, �ååÆXÚ�é¡5�Åð
þ�ïÄ®���?Ð [1]. Ï¦ÄåÆXÚ�é
¡5ïÄÑy#�é¡5, X�/ØC5. Galiullin

� [2] 3ïÄ Birkhoff XÚ�, Äk�Ñ
�/Ø
C5Ú�/Ïf�Vg, ¿�ïá
�/ØC5
�Åðþ�m�'X. Cc5, ÆöéV¡�åX
Úe��/ØC5� Lie é¡5�m�'X�L
�
ïÄ [3−11], X Lagrange XÚ [3]!C�þXÚ
� [6]. ¢S�¹eü¡�å'V¡�å��ÊH
���E,. 8c, IS	�Æö¥ÜÀ�Ç3ü
¡�åXÚ��'�¡�Ñ
âÑ¤J [12,13], �
éü¡�åeïÄ�/ØC5�k�9. �©K
Äk�Ñü¡ Chetaev .���XÚ�/ØC5
�½ÂÚ(½�§, 2©OïÄ
XÚ��/Ø
C5� Noether é¡5!Lie é¡5nö�m�'
X, �����XÚ��/ØC5Ó�´Ù¦é
¡5I�÷v�^�, ¿ïÄ
�/ØC5��

� Hojman Åðþ.

2 ü¡ Chetaev .���XÚ��/
ØC5

b � å Æ X Ú �   / d n � 2 Â � I qs

(s = 1, 2, · · · , n) 5(½, §�$ÄÉk g �ü
¡n� Chetaev .����å

fβ(t, q, q̇) > 0 (β = 1, · · · , g). (1)

��å\3J £þ����
∂fβ

∂q̇s
δqs > 0 (β = 1, · · · , g), (2)

KXÚ�$Ä�©�§��¤

d
dt

∂L

∂q̇s
− ∂L

∂qs
= Qs + λβ

∂fβ

∂q̇s

(s = 1, · · · , n),

(β = 1, · · · , g),

λβ > 0, fβ > 0, λβfβ = 0, (3)

Ù¥ L �XÚ� Lagrange ¼ê, Qs ��³2Âå,

λβ ��å¦f.
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eXÚ?u�åþ, �å�§ (1) ��Ò, k

Askq̈k + Bs − Qs − Λs = 0

(s, k = 1, 2, · · · , n), (4)

Ù¥

Ask =
∂2L

∂q̇s∂q̇k
, Bs =

∂2L

∂q̇s∂qk
q̇k+

∂2L

∂q̇s∂t
− ∂L

∂qs
, (5)

Λs = Λs(t, q, q̇) = λβ
∂fβ

∂q̇s
. (6)

b�XÚ (3) �ÛÉ, d�§ (4) ��Ñ

q̈s = αs(t, q, q̇) (s = 1, · · · , n). (7)

eXÚøl�å, �å�§ (1) �Ø�Ò, k

Askq̈k + Bs − Qs = 0 (s, k = 1, 2, · · · , n). (8)

3�ÛÉcJe, d�§ (8) ��Ñ

q̈s = βs(t, q, q̇) (s = 1, · · · , n). (9)

Ú ? � m Ú 2 Â � I � Ã � � C �, Ù Ð
mª�

t∗ = t + εξ0(t, q, q̇),

q∗s(t∗) = qs(t) + εξs(t, q, q̇)

(s = 1, · · · , n), (10)

Ù¥ ε �Ã��ëê, ξ0, ξs �Ã��)¤�. �Ã
��)¤��þ

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
(11)

�g*Ð�

X(1) = X(0) + (ξ̇s − q̇sξ̇0)
∂

∂q̇s
, (12)

�g*Ð�

X(2) = X(1) + [(ξ̇s − q̇sξ̇0)· − q̈sξ̇0]
∂

∂q̈s
. (13)

-

F ′
s = Askq̈k + Bs − Qs − Λs, (14)

Fs
′′ = Askq̈k + Bs − Qs. (15)

½Â���©�§ Fs 3Ã��)¤� ξ0(t, q, q̇),

ξs(t, q, q̇) �C�e, ÷v^�

X(2)Fs = `k
sFk, (16)

K¡���©�§��/ØC�, �AØC5�X
Ú��/ØC5, `k

s ���?¿�òzÝ
, ¡�
�/Ïf.

3 ü¡ Chetaev .���XÚ��/
ØC5� Noether é¡5

éuü¡ Chetaev .����åXÚ, 3Ã�
�C�e, �35�¼ê GN = GN (t, q, q̇) ¦Ã�
�)¤� ξ0, ξs ÷v Noether �ª:

Lξ̇0 + X(1)(L) + (Qs + Λs)(ξs − q̇sξ0) + ĠN = 0,

fβ = 0, (17)

Lξ̇0 + X(1)(L) + Qs(ξs − q̇sξ0) + ĠN = 0,

fβ > 0. (18)

eXÚ?u�åþ, k��^�
∂fβ

∂q̇s
(ξs − q̇sξ0) = 0, (19)

ù«ØC5�XÚ� Noether é¡5.

···KKK 1 éuü¡ Chetaev .���åÆX
Ú, XJÃ��C� (10) �AuXÚ� Noether é
¡5, ��/Ïf�

`k
s = Es(ξk − q̇kξ0) (s, k = 1, · · · , n), (20)

¿��XÚ?u�åþ�÷v�ª[
∂

∂qs
(Qk + Λk) − ∂

∂qk
(Qs + Λs)

− d
dt

∂

∂q̇s
(Qk + Λk)

]
(ξk − q̇kξ0)

−
[

∂

∂q̇k
(Qs + Λs) +

∂

∂q̇s
(Qk + Λk)

]
×(ξ̇k − q̇kξ̇0 − q̈kξ0) = 0, (21)

�XÚøl�å�÷v�ª(
∂Qk

∂qs
− ∂Qs

∂qk
− d

dt

∂Qk

∂q̇s

)
(ξk − q̇kξ0)

−
(

∂Qs

∂q̇k
+

∂Qk

∂q̇s

)
(ξ̇k − q̇kξ̇0 − q̈kξ0)

= 0, (22)

KÃ��C� (10) ´�/ØC�, =�/ØC5�
(½�§�

X(2)Fs = Es(ξk − q̇kξ0)Fk. (23)

yyy²²² �XÚ?u�åþ�,

X(2)F ′
s − Es

{
Lξ̇0 + X(1)(L)

+(Qk + Λk)(ξk − q̇kξ0) + ĠN

}
= Es(ξk − q̇kξ0)[Ek(L) − Qk − Λk]
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+
{[

∂

∂qs
(Qk + Λk) − ∂

∂qk
(Qs + Λs)

− d
dt

∂

∂q̇s
(Qk + Λk)

]
(ξk − q̇kξ0)

−
[

∂

∂q̇k
(Qs + Λs) +

∂

∂q̇s
(Qk + Λk)

]
× (ξ̇k − q̇kξ̇0 − q̈kξ0)

}
, (24)

�¤� Qs, Λs ±9Ã��)¤�÷v (21) ª,

K `
′k
s = Es(ξk − q̇kξ0), (24) ª�

X(2)F ′
s − Es(ξk − q̇kξ0)F ′

k

= Es

{
Lξ̇0 + X(1)(L)

+(Qk + Λk)(ξk − q̇kξ0) + ĠN

}
. (25)

Ón�XÚøl�å�÷v (22) ª, K `′′
k
s =

Es(ξk − q̇kξ0), k

X(2)Fs
′′ − Es(ξk − q̇kξ0)Fk

′′

= Es

{
Lξ̇0 + X(1)(L)

+Qk(ξk − q̇kξ0) + ĠN

}
, (26)

(25) Ú (26) ª�ü¡ Chetaev .���XÚ3Ã�
�C� (10) ªe�/ØC5Ó�´ Noether é¡5
��'Xª.

4 ü¡ Chetaev .���XÚ��/
ØC5� Lie é¡5

3Ã��C� (10) ªe, eXÚ?u�åþ,

�§� Lie é¡5(½�§�L«�

X(2)F ′
s|F ′

s=0 = 0, (27)

÷v���§
X(1)(fβ) = 0 (28)

±9N\���§ (19). �XÚøl�å, �§
� Lie é¡5(½�§�L«�

X(2)Fs
′′|Fs

′′=0 = 0. (29)

����/ØC5Ó�´ Lie é¡5���/
Ïf, IïÄ

X(2)Fs − X(2)Fs|Fs=0 = Br
sFr. (30)

···KKK 2 éuü¡ Chetaev .���XÚ, Ù
�/ØC5Ó�´ Lie é¡5�^�´: �XÚ?

u�åþ�, �/Ïf�

`
′r
s = B

′r
s

= Ask

[
∂2ξk

∂t∂q̇m
+

∂2ξk

∂ql∂q̇m
q̇l +

∂ξk

∂qm
+

d
dt

∂ξk

∂q̇m

−q̇k

[
∂2ξ0

∂t∂q̇m
+

∂2ξ0

∂ql∂q̇m
q̇l +

∂ξ0

∂qm
+

d
dt

∂ξ0

∂q̇m

]]
× Amr − 2δr

s ξ̇0 +
(

∂ξk

∂q̇m
− q̇k

∂ξ0

∂qm

)
Amr

× ∂(Bs − Qs − Λs)
∂q̇k

+ X(0)(Ask)Akr, (31)

�)¤�÷v���§ (28) 9N\���§ (19);

�XÚøl�å�, �/Ïf�

`′′
r
s = B′′r

s

= Ask

[
∂2ξk

∂t∂q̇m
+

∂2ξk

∂ql∂q̇m
q̇l +

∂ξk

∂qm
+

d
dt

∂ξk

∂q̇m

−q̇k

[
∂2ξ0

∂t∂q̇m
+

∂2ξ0

∂ql∂q̇m
q̇l +

∂ξ0

∂qm
+

d
dt

∂ξ0

∂q̇m

]]
× Amr − 2δr

s ξ̇0 +
(

∂ξk

∂q̇m
− q̇k

∂ξ0

∂qm

)
Amr

× ∂(Bs − Qs)
∂q̇k

+ X(0)(Ask)Akr. (32)

···KKK 3 ��mØC�AÏÃ��C�

t∗ = t,

q∗s(t∗) = qs(t) + εξs(t, q, q̇)

(s = 1, · · · , n). (33)

éuü¡ Chetaev .���XÚ, 3AÏÃ��C
� (10) ªe, XJXÚ?u�åþ�, )¤�÷v

d̄
dt

d̄
dt

ξs =
∂αs

∂qk
ξk +

∂αs

∂q̇k

d̄
dt

ξk, (34)

∂fβ

∂qs
ξs +

∂fβ

∂q̇s

d̄
dt

ξs = 0, (35)

Ù¥
d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ αs

∂

∂q̇s
. (36)

�XÚøl�å�, ÷v�§
d̄
dt

d̄
dt

ξs =
∂βs

∂qk
ξk +

∂βs

∂q̇k

d̄
dt

ξk, (37)

ùp
d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ βs

∂

∂q̇s
, (38)

¿��3,¼ê µ = µ(t, q, q̇) ¦�XÚ?u�å
þ�÷v

∂αs

∂q̇s
+

d̄
dt

lnµ = 0, (39)
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øl�å�÷v
∂βs

∂q̇s
+

d̄
dt

lnµ = 0, (40)

K�/ØC5Ó�´ Lie é¡�, ¿��� Hojman

Åðþ

IH =
1
µ

∂

∂qs
(µξs) +

1
µ

∂

∂q̇s
(µ

d̄
dt

ξs)

= const. (41)

5 � ~

ü¡ Chetaev .���XÚ�

L =
1
2
(q̇2

1 + q̇2
2), (42)

�³2Âå�

Q1 = −2
t
q̇1, Q2 = −2

t
q̇2, (43)

Ù$ÄÉ��ü¡ Chetaev .����å

f = q̇2 − q̇1 > 0, (44)

J £�§�

δq2 − δq1 = 0, (45)

ïÄXÚ��/ØC5�Åðþ.

�XÚ?u�åþ�, XÚ��©�§�

q̈1 = −2
t
q̇1, q̈2 = −2

t
q̇2, �q̈1 = q̈2, (46)

�XÚøl�å�, �§�

q̈1 = −2
t
q̇1, q̈2 = −2

t
q̇2, (47)

¤±�Ã��)¤��

ξ0 = t
5
2 , ξ1 = ξ2 = t

1
2 . (48)

¦)¤�÷v��^� (19) ÚXÚÓ�äk�/
ØC5Ú Noether é¡5�^� (21), (22), ù�

X(2)Fs =

−5
2
t

3
2 0

0 −5
2
t

3
2


 q̈1 +

2
t
q̇1

q̈2 +
2
t
q̇2

 , (49)

Ïd�/Ïf�

`k
s =

−5
2
t

3
2 0

0 −5
2
t

3
2

 , (50)

Ù ( J � d · K 1 � � X Ú � � / Ø C 5 Ó
�´ Noether é¡5��/Ïf��, d�XÚ
´ Noether é¡5�, Ó�´�/ØC�.

ïÄXÚ��/ØC5� Lie é¡5�, �X
Ú?u�åþ�, �)¤�

ξ0 = 0, ξ1 = cq1, ξ2 = cq2, (51)

¤�)¤� (51) ª÷v Lie é¡5(½�§ (27)!
��^� (28) ±9N\��^� (19), ù�

X(2)F ′
s =

 ξ̈1 +
2
t
ξ̇1

ξ̈2 +
2
t
ξ̇2



=

 c 0

0 c


 q̈1 +

2
t
q̇1

q̈2 +
2
t
q̇2

 , (52)

XÚ?u�åþ���/Ïf�

B
′r
s =

 c 0

0 c

 , (53)

Ù(J�d·K 2 ���XÚ?u�åþ�Ù�
/ØC5Ó�´ Lie é¡5�^���.

�XÚøl�å�, �)¤��

ξ1 = c1q1, ξ2 = c2q2, (54)

¤�)¤� (54) ª÷v Lie é¡5(½�§ (29),

Ón���XÚøl�å�Ù�/ØC5Ó�
´ Lie é¡5�^��

B′′r
s =

 c1 0

0 c2

 , (55)

�XÚ´ Lie é¡�, Ó�´�/ØC�.

(39) Ú (40) ª�Ñ µ ���)

µ = (q̇1 + q̇2)−1, (56)

KXÚ��/ØC5Ó�´ Lie é¡����
Hojman Åðþk:

�XÚ?u�åþ�,

IH = 2ct−1(q̇1 + q̇2)−1(q̇2
1 + q̇2

2)

= const; (57)

�XÚøl�å�,

IH = 2t−1(q̇1 + q̇2)−1(c1q̇
2
1 + c2q̇

2
2)

= const. (58)
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6 ( Ø

ü¡ Chetaev .���XÚ3Ã��C�e�
©�§��/ØC5, �ÏL Noether é¡5é�
(½�§¥��/Ïf, ��ÏL Lie é¡5é�
(½�§¥��/Ïf. �XÚ?u�åþ�, �
�÷v^� (21) 9��^� (19), �XÚøl�

å�, ��÷v^� (22), KXÚ´ Noether é¡5
�. �XÚ?u�åþ�, ��÷v^� (31) 9�
�^� (28)!N\��^� (19), �XÚøl�å
�, ÷v^� (32), KTXÚ�´ Lie é¡5�. ü
¡ Chetaev .���XÚ��/ØC5Ó�´ Lie

é¡5��� Hojman Åðþ, ïá
�/ØC5
�Åðþ�m�'X.
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Conformal invariance, Noether symmetry and
Lie symmetry for systems with unilateral

Chetaev non-holonomic constraints
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Abstract

The conformal invariance of a system with unilateral Chetaev non-holonomic is studied, and its definition is given. The relation

between the conformal invariance and the Noether symmetry is discussed. Finally, the relation between the conformal invariance and

the Lie symmetry is discussed, and the Hojman conserved quantity due to the conformal invariance of the systems is obtained. In the

paper, an example is given to illustrate the application of the results.

Keywords: unilateral Chetaev non-holonomic constraints, conformal invariance, conformal factor, conserved
quantity
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