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1 Ú ó

·b�«
g,.±9<a�¬¥ÊH�3
�E,5, du§éÐ©^�9Ù��Cz�pÝ
¯a59Ø­½5, �È±5<�ú�·b´Ø�
���!Ø���, Ïd3A^9ó§+�¥o´
£;½-�·by�. 1990 c, Ott � [1] ÄkJÑ

Í¶� OGY ·b���{, ld, ·b��É�
��+�Æö�pÝ­À [2,3].

©ê��È©Ck 300 c�{¤, 
©ê�
�©nØ��J�� 19 ­V. �,©ê�kXa
È�{¤, �òÙA^�ÔnÆÚó§Æ�ïÄ
9���´CA�c,å�. g Pecora Ú Carroll
y²
ü�·bXÚ�±¢yÓÚù�nØ±5,
�5�õ�Æö�åuïÄ·bXÚ����Ó
Ú [4,5]. Cc5, ©ê�ÄåÆXÚ�·b���·
bÓÚ�¤
ïÄ�­: [6]. éu�ê�·bXÚ
�ïÄ®��
Ãõ¤J, �ïÄL², �ê��
´©ê��A~ [7], ©ê�'�ê�äk�ÊH�
¿Â.

1999 c, Mainieri Ú Rehacek[8] 3Ü©�5·

bXÚ¥*	��«#�ÓÚ —– ÝKÓÚ, =
°Ä - �AXÚÓÚ���'~Ïfþ, ù�'~
ÏfÚ�
ØÓa.�·bÓÚy�. ïÄuy,
3��Ï&¥, ù�'~A5�ò�?�ê*Ð
� M ?�ê, ±¢y�¯�DÑ [9,10]. ��, Ta
ÓÚy�á=Úå<�­À, Wang Ú Bu[11] KÄ
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2005 c, Wen Ú Xu[13] JÑ
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²
TnØ3É(�©ê�·bXÚÝKÓÚ¥
��15.

2 ©ê�XÚÄ�nØ

2.1 ©©©êêê���XXXÚÚÚ­­­½½½555nnnØØØ

1996 c, Matignon [15] JÑ©ê�XÚ­½5
nØ, �Ñ
�ä©ê�XÚ­½5�¿�^�.

Ún 1 �Ä©ê�·bXÚ

DαX(t) = AX(t), (1)

Ù¥ 0 < α < 1, X(t) = (x1(t), x2(t), · · · , xn(t))T

�XÚ�G�Cþ, A�XêÝ
. �Ý
 A �A
��÷v |arg(λ)| >

απ

2
�, TXÚ�ì?­½. �

Ý
 A �A��÷v |arg(λ)| > απ

2
�, TXÚ­

½. α ��5XÚ�­½«�Xã 1 ¤«.� � � � � �� � � � � �
ã 1 ©ê�G��mXÚ�­½«mã

2.2 ÄÄÄuuu Lyapunov 111������{{{���­­­½½½555nnnØØØ

�â Lyapunov 1��{�Ä�g�, �ÄX
eXÚ

Ẋ(t) = AX(t), (2)

é u X Ú (2), 3 « � D ∈ Rn S, X J � 3 �
�äkëY���ê�Iþ¼ê V (x), ¦�é
u x ∈ D, V (x) ´�½�, V̇ (x) ´�K½�, KX
Ú�²ï:´­½�; XJ3 D S, V̇ (x) ´K½
�, KXÚ�²ï:´ìC­½�. dd,·��±
é��éA� Lyapunov �{.

½n 1 eéXÚ (2), kXe Lyapunov �§

AT(P TQ + PQT)

+ (P TQ + PQT)A + P TP = 0, (3)

Ù¥, P , Q ∈ Rn×n þ��½é¡
. �� V =
XTP TQX + XTPQTX �, Kk

V̇ =XTATP TQX + XTP TQAX

+ XTATPQTX + XTPQTAX

=XT(ATP TQ + P TQA + ATPQT

+ PQTA)X

=XT
[
AT(P TQ + PQT)

+ (P TQ + PQT)A
]
X, (4)

d u P 6= 0, K k P TP > 0, = AT(P TQ +
PQT) + (P TQ + PQT)A < 0, l
 V̇ < 0, X
Ú­½.

� Q�ü 
�, � Lyapunov �§�

AT(P T + P ) + (P T + P )A + P TP = 0, (5)

- V = XTP TX + XTPX , K

V̇ =XT
[
AT(P T + P ) + (P T + P )A

]
X

= − XTP TPX < 0, (6)

P �¢é¡�½Ý
, K P T = P , k

AT(P T + P ) + (P T + P )A

=2ATP + 2PA

=2(ATP + PA) < 0, (7)

Ïd, XÚ (2) ì?­½.
þã½n´é Lyapunov 1��{�Ú�, e

¡·�ò�âù�½n, �Ñ#�©ê�­½�½
½n.

3 ©ê�XÚ­½�½#�{

du�ê��È©´©ê��È©�A~,
e�ê�XÚ­½, KÙÓ/�©ê�XÚ�­
½ [16]. Ïd, �âþãnØ, �©JÑ
©ê�·
bXÚ�#�­½�½½n.

½n 2 �Ä©ê�XÚ

DαX(t) = AX(t), (8)

Ù¥, α��ê� 0 < α < 1, A�XêÝ
, XH(t)
´ X(t) ���Ý
. k¢é¡�½Ý
 P , e

(DαX(t))H PX(t) + XH(t)PDαX(t)

+ XH(t)PX(t) = 0,

X(t) = (x1(t), x2(t), · · · , xn(t))H,

(9)

¤á, KXÚ (8)­½.
y ² d u P � ¢ é ¡ � ½ Ý 
,

k −XH(t)PX(t) 6 0, =

(DαX(t))H PX(t) + XH(t)PDαX(t) 6 0, (10)
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ò (8) ª�\ (10) ª��

(AX(t))HPX(t) + XH(t)PAX(t) 6 0, (11)

Kk

XH(t)AHPX(t) + XH(t)PAX(t)

=XH(t)(AHP + PA)X(t) 6 0. (12)

b � ± λ � A � A � �, é A � A � � þ
� ξ, ¿©O± ξH Ú ξ L« XH(t) Ú X(t), w
, Aξ = λξ, (Aξ)H = ξHAH = λ̄ξH, K (12) ªU
�� ξH(AHP + PA)ξ 6 0, = (λ̄ + λ)ξHPξ 6 0,
du ξHPξ > 0, Ïd (λ̄ + λ) 6 0, = λ ¢Ü
Ø�u", �Ò´Ý
 A �?¿A�� λ Ñ÷
v |arg(λ)| >

απ

2
, 0 < α < 1. �âÚn 1, KX

Ú (8)­½, �y.
ÏL½n 2,·��±é�B/�ä��©ê

�XÚ´Ä­½, Ó�;�
O�²ï:±9 Lya-
punov �ê�Ú½. 3�äÉ(�XÚ´ÄÓÚ�,
·��±ò½n 2 ¥�G�Cþ X(t) �¤Ø�X
Ú. e¡·�ÏLÝKÓÚ, 5�yù�½n3É
(�©ê�XÚ¥´Äk�.

4 É(�©ê�XÚÝKÓÚ

ÝKÓÚ´d Mainieri Ú Rehacek ÄkJÑ5
�, ¦�3ïÄÜ©�5·bXÚ¥*	�ù«#
�ÓÚy�, =3�½^�eÍÜ,
Ü©�5·
bXÚ�, Ø=�±¦ÍÜ�°ÄXÚÚ�AXÚ
G��� £½, 
��éAG���Ì�U,�
�½�'~'XÓÚ, ¦�òù«ÓÚ�ª�¶�
ÝKÓÚ. ù�'~ÏfÚ�
ØÓa.�·bÓ
Úy�, ��ÓÚÚ��ÓÚ©O´N�ÓÚ¥'
~Ïf� −1 Ú 1 �AÏ�¹. ÝKÓÚ±Ù3�
�Ï&¥�pS�5ÚpDÑ�Ý, Úå
¯õÆ
ö�'5 [17].
©z [10] J Ñ � Û · Ü Ý K Ó Ú, =

� X Ú ẋ(t) = F (x) �° Ä X Ú, ẏ(t) =
G(x,y) ´�AXÚ, x = (x1, x2, · · · , xn), y =
(y1, y2, · · · , yn) ∈ Rn ��A�G�Cþ. XJ�
3���"~êÝ
 k = diag(k1, k2, · · · , kn) ∈
Rn×n, ¦ lim

t→∞
‖y − kx‖ = 0, = lim

t→∞
‖yi − kixi‖ =

0 (i = 1, 2, · · · , n), KT°ÄXÚÚ�AXÚ�m
´�Û·ÜÝKÓÚ�.

e¡·�ÏLü|ê��ý¢~, 5�yÝK
ÓÚÉ(�©ê�XÚ�½n 2 ´Äk�.

4.1 ���ýýý¢¢¢~~~

g 1963 c, {Ií�Æ[ Lorenz[18] uy
1
��êÆÚÔn�. Lorenz XÚ±5, <�®Øä
/&¢ÏéÑ
éõ�·bXÚ. ùp·�Äk±
©ê� Lorenz ·bXÚ�°ÄXÚ, ±©ê� Liu
·bXÚ��AXÚ. °ÄXÚ9�AXÚ�.©
O� 

Dαx1 = −10x1 + 10x2,

Dαx2 = 28x1 − x2 − x1x3,

Dαx3 = x1x2 −
8
3
x3,

(13)


Dαy1 = −10y1 + 10y2 + u1(t),

Dαy2 = 40y1 − y1y3 + u2(t),

Dαy3 = 4y2
1 − 2.5y3 + u3(t).

(14)

½ÂÝKÓÚØ�� ei = yi − kxi, Kk

Dαe1 = −10e1 + 10e2 + u1(t),

Dαe2 = 28e1 + 12y1 + kx2 + kx1x3

− y1y3 + u2(t),

Dαe3 = −8
3
e3 + 4y2

1 +
0.5
3

y3

− kx1x2 + u3(t).

(15)

éuØ�XÚ (15) ª, �À�Ü·�¢é¡�½

Ý
 P =


p11 p12 p13

p21 p22 p23

p31 p32 p33

 .�O�{B, d?À P

�ü 
. �¦ü�XÚÓÚ, �Ò´�ÀJÜ·
���ì U(t) = (u1(t), u2(t), u3(t)), ¦�Ø�X
Úªu 0, = lim

t→∞
e(t) = 0. �â½n 2, À���

ì U(t)�

u1(t) = −10y2 + 10kx2,

u2(t) = −28kx1 − 40y1 − y2

− kx1x3 + y1y3,

u3(t) = kx1x2 − 4y2
1 − 0.5

3
y3.

(16)

�©¥þæ^ý� - ��{ [19] 5éXÚ?1
ê��ý. - α = 0.9, À�'~Xê k = −0.3, X
ÚÐ�©O� (x10, x20, x30)T = (−3.5, 4.2, 2.5)T

Ú (y10, y20, y30)T = (6, 4, 2)T. � t = 10 s �\\
��þ U(t), �ý(JXã 2 ¤«.

ÏLã 2·��±wÑ, �\\��ì= t =
10 s �, üXÚ�Ø�¯���"ªC, üXÚ��
ÓÚ.
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duØÓ(�·bXÚ�m�ÓÚy�2�
�3, �·bXÚ [20] äk'$�·bXÚ�\E
,�ÄåÆA5, ¦�¢y�·b���!ÓÚ
¯K¤����äk]Ô5�ïÄó�. cÙ3
��Ï& [20] ¥, �·b'$�·bXÚäk�\
ûÐ���5U, O\
êâDÑ�E,5, Jp

êâÏÕ���5. ù¦��·b�ïÄ¤�
CAc�9: [21]. e¡·�±�|©ê��·b
XÚ�~, 5�yTnØ��15. ±©ê��·
b Lorenz XÚ�°ÄXÚ, À���#�©ê��
·bXÚ��AXÚ [22]. °ÄXÚ9�AXÚ�
.©O�

Dαx1 = 10(x2 − x1) + x4,

Dαx2 = 28x1 − x2 − x1x3,

Dαx3 = x1x2 −
8
3
x3,

Dαx4 = −x2x3 − x4,

(17)



Dαy1 = −10y1+y2y3+y3 + u1(t),

Dαy2 = 2.5y2 − y1y3 + u2(t),

Dαy3 = y1y2 − 4y3 − 2y4 + u3(t),

Dαy4 = −0.25y1 + u4(t).

(18)

ÓÚØ�� ei = yi − kxi, Kk

Dαe1 = −10e1 − 10kx2 − kx4 + y3

+ y2y3 + u1(t),

Dαe2 = −e2 − 28kx1 + 3.5y2 + kx1x3

− y1y3 + u2(t),

Dαe3 = −4e3 −
4
3
kx3 − 2y4 − kx1x2

+ y1y2 + u3(t),

Dαe4 = −e4 − 0.25y1 + y4 + kx2x3

+ u4(t).

(19)

�â½n 2, À���� U(t)�

u1 = 10kx2 + kx4 − y3 − y2y3,

u2 = 28kx1 − 3.5y2 − kx1x3 + y1y3,

u3 =
4
3
kx3 + 2y4 + kx1x2 − y1y2,

u4 = 0.25y1 − y4 − kx2x3.

(20)

- α = 0.98, '~Xê k = 1.7, XÚÐ�©O�

(x10, x20, x30, x40)T = (1, 2, 2, 3)T,

(y10, y20, y30, y40)T = (2, 1, 1, 1)T.
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ã 3 ü�©ê��·bXÚÓÚØ�

� t = 10 s �\\��þ U(t), �ý(JXã 3
¤«. dã 3 ��, ü��·bXÚ3\\
��
ì U(t) ��, U¯�/��ÓÚ.

d±þü��ý(J·��±�Ñ, ÏL½
n 2 é©ê�·bXÚ?1���, üXÚG�l
?¿Ð©^�Ñu, ��AXÚ\þ��� U(t)
�, ��mí£, üXÚUé¯����ÓÚ��
J, ùÒy²
ù��{3É(�©ê�·bXÚ
ÝKÓÚ¥���5.

5 ( Ø

Äu Lyapunov 1�­½5nØ, (Ü©ê�
XÚ­½nØÚ©ê���5XÚ5�, JÑ

�«#�­½5nØ. TnØ;�
éXÚ²ï:
9 Lyapunov �ê�O�, �±�B/À���þ,
é©ê�·bXÚ?1ÓÚ��. ,�©O±ü|
É(�©ê�·bXÚ���é�, $^#�­½
5nØ, þ¢y
©ê�XÚ�É(�ÝKÓÚ.
ê��ý(J�y
ù�#nØ�k�5,�8�
·bXÚ�?�Ú�\ïÄC½
ûÐ�Ä:.
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A new method for projective synchronization of
different fractional order chaotic systems∗
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Abstract
Based on the Lyapunov theory as the breakthrough point, and based on the fractional order system stability theory and properties

of fractional nonlinear system, a kind of fractional-order chaotic system is proposed to determine whether the new theorem is stable, and
the theory is used for fractional order control and synchronization of chaotic systems, and gives a mathematical proof process to strictly
ensure the correctness of the method and general applicability. Then the proposed stability theorem is used to achieve the projective
synchronization of fractional Lorenz chaotic system with fractional order chaotic Liu system, as well as the projective synchronization
of four-dimensional hyperchaos of fractional order systems of different structures. In the stability theorem solving the fractional balance
point and the Lyapunov index are avoided, therefore a control law can be easily selected, and the obtained controller has the advantages
of simple structure and wide range of application. Finally, the expected numerical simulation results are achieved, which further proves
the correctness and universal applicability of the stability theorem.

Keywords: fractional-order chaotic systems, stability, Lyapunov theory, projective synchronization
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