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1 Ú ó

P~��y�3NõXÚ¥Ñ�3, X¥N�
á/$Ä, ��ÉØ��gd��, á´��>Ø
����. éAù
P~��y����5uÐ�
§ (NEE) kéõ, ,
�8ÿ��k©z�ÑÙk
.P~��)�°(L�ª. dd��©Û¿¦
) NEE �P~��)´(J
äk]Ô5�ó�.
®k��
¦) NEE �k���{, X�Ñ��
{ [1], Hirota �{ [2], àg²ï�{ [3,4], �5z)
{ [5], V­��¼êÐm�{ [6] 9Ù*Ð�{ [7],
Jacobi ý�¼êÐm�{ [8], F Ðm{ [9−11], (G′/G)
Ðm{ [12−14], LS ){ [15] �, õ^5¦) NEE �
�áÅ)Ú±Ï). �C Zhang �|^�½Xê{
�Ñ
�
�ÑÑ�� NEE �P~��)�Cq
L�ª, ¿�Ñ
ÙØ�©Û [16,17]. �©U?
©
z [16, 17] ¥��{, |^ LS ){ [15] Ú�5z)
{ [5] �g�5�Ñ Fisher �§P~��)�Cq
)ÛL�ª, ¿�ÑØ�©Û. �©��5z){,
�|^�5~�©�§�°(), ÏL��é�^
�, 5�Ñ��5~�©�§�Cq).

Fisher �§ [18−23]

ut = Duxx + u(a − bu)

´Í¶��A*Ñ�§��, ùa�§ïá
<�
¥k|ÄÏ�DÂ±9N!üV©fzÆ�A*
Ñ�ÄåÆ�., Ù¥ D, a, b ´�KXê. Fisher
�§��2�A^u<�O��., 9D�,  ²
)nÆ, g�xz�zÆ�A, ÙK$ÄL§ÚØ
�AnØ. Fisher �§�^5£ã6NåÆ!�l
fNÔnÚD/¾DÂ�¯K¥���5y� [20].
�õk' Fisher �§�&E��w©z [21, 22].

�©�Ä�5z� Fisher �§ [18,19]

ut − uxx = u(1 − u), (1)

��£ã<�¥k|ÄÏDÂ�ÄåÆ�. [18],
Fisher u 1937 cJÑ Fisher �§. �� 1979 c,
Abolowitz Ú Zeppetella Äk5¿� Fisher �§ä
k Painleve 5�, ,�¦�|^ Laurent Ðm¼�

�§ (1) ���°(1Å) [23]. Pavel � [21] |^
½5nØ©Û
²� Fisher �§�·�), �Ñ

�
Cq). ©z [19] òk��©�{Ú��{�
(Ü�Ñ
 Fisher �§�ê�). ©z [20] ^�½
Xê{�� Fisher �§�#�1Å)91ÅÅ�.
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©z [18—23] þ��Ä
 Fisher �§Å� c > 0 �
ÑÑXÚ, 
vk�Ä c < 0 �*ÜXÚ. ,
, �
8c��, ·�vkuyk'¦Ñ Fisher �§P~
��)�°()½Cq)���, �vk½5©Û
P~��)�üz�©z. �©�ïÄ�¯K´,
Fisher �§kÃP~��)? P~��)´XÛ/
¤�? XÛ¦Ñ?

3zÆx0¥¼ê u(x, t) ��AßÝ� 0 6
u(x, t) 6 1, 3d�¹e��Ø�ÄP~��), 

�´¦ÑÙÛG�Å). ,
 Fisher �§3£ã
-u0���ê��. (X Belousov-Zhabotinsky
(BZ) �A, ²*S|�) ¥, u(x, t) �K�Ì´k
¿Â� [21]. d�ïÄ Fisher �§�k.P~��
)Òäk­�¿Â
.

2 Fisher �§�k.P~��)éA
��ã9Ù¤Ï

·��Ïé Fisher �§ (1) �1Å)

u(x, t) = u(x − ct), ξ = x − ct, (2)

Ù¥~ê c �Å�. ò (2)ª�\�§ (1) � u ÷v
�~�©�§

u′′ + cu′ + u(1 − u) = 0. (3)

�§ (3)áu Lienard �§ [24].
- y1 = u, ẏ1 = y2, K�§ (3) �duXÚ

ẏ1 = y2 ≡ F1(y1, y2), (4a)

ẏ2 = −cy2 − y1(1 − y1) ≡ F2(y1, y2). (4b)

XÚ (4) d Fisher �§ (1) ²1Å�z��, Ï

·�¡XÚ (4) �1ÅXÚ. XÚ (4) kü�k
�Û: (0, 0), (1, 0). �â²¡ÄåXÚnØ [24],
(1, 0) :�Q:, ÃØ c �Û�. � c > 2 �, (0, 0)
:�­½(:; � c = 2�, (0, 0) :�­½òz(
:; � 0 < c < 2�, (0, 0) :´­½�:; � c = 0
� (0, 0) :�¥%; � −2 < c < 0�, (0, 0) :´Ø
­½�:; � c = −2�, (0, 0) :´Ø­½òz(
:; � c < −2�, (0, 0) :´Ø­½(:.

�â½5©Û�(J, e¡·�Uì c ���
5±ÑÜ©�ã.

ëê 0 < c < 2 �XÚ (4) éA��ã�
ã 1; ëê c = 0�XÚ (4) éA��ã�ã 2; ë
ê −2 < c < 0�XÚ (4) éA��ã�ã 3.

ã 1 0 < c < 2�XÚ (4) ��ã

ã 2 c = 0�XÚ (4) ��ã

ã 3 −2 < c < 0�XÚ (4) ��ã

5¿�ã 1 ¥�Q - �;� L1 (l (1, 0) :Ñ
u$Ä� (0, 0) :�;�)´3DÂ�Ý� cu′ �
�^e (=DÂ�Ý 0 < c < 2 �) dã 2 ¥Ó�
; L2 (l (1, 0) :Ñu£� (1, 0) :�;�) »��
)�, =k.P~��)´3Å��� (0 < c < 2),
��5��^�f��¹e�)�. ã 3 ¥�k.
P~��)�daq.
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3 Fisher �§�k.P~��)�C
q)ÛL�ª

�§ (1) éAQ - �;� L1 k.P~��)
����Ü©�^ã 2 ¥Ó�; L2 éA�) (|
^ LS ){ [15] �±¦ÑÓ�; L2 éA�))

u = 1 − 3
2

sech2

(
1
2
x

)
5CqL«, =

u∗ (ξ) = 1 − 3
2

sech2

(
1
2
ξ

)
, ξ 6 0, (5)

Ù¥ ξ = x − ct. ;� L1 ¿©�C�: (0, 0) �,
)�5�ªuXÚ (4) 3 (0, 0) :��5CqXÚ
�)�5�. ù´Ï��â Hartman-Grobman ½
n [24], V­Û:NC;��5�Ì�dT:��
5CqXÚû½, Ï
éAQ - �;� L1 k.P
~��)���Ü©�)�^�: (0, 0) éA��
5�§

u′′ + cu′ + u = 0 (6)

�)5CqLÑ, =

u (ξ) = e−
c
2 ξ (A1 cos Bξ + A2 sinBξ) , ξ > 0,

(7)
Ù¥ B =

√
4 − c2/2, A1 Ú A2 d (5)ªÚ (7)ª¤

÷v�é�^�

u (0) = u∗ (0) , uξ (0) = u∗
ξ (0)

5(½, =�

A1 = −1
2
, A2 = − c

2
√

4 − c2
. (8)

(7)ªQäkP~5�äk��5, P~5d e−
c
2 ξ

Ny, ��5d A1 cos Bξ +A2 sinBξ Ny. � ξ →
+∞�, u (ξ) → 0.

ò (8)ª�\ (7)ª, éÜ (5)ª, =�ã 1 ¥é
AQ - �;� L1 �k.P~��)�Cq)ÛL
�ª. nþ¤ã, ��Xe½n.

½½½nnn 1 �Å� 0 < c < 2�, Fisher �§ (1)
kéAQ - �;� L1 (ã 1 ¥l (1, 0) :Ñu$Ä
� (0, 0) :�;�) �k.P~��), ÙCq)Û

L�ª�

u (ξ) ≈



1 − 3
2

sech2

(
1
2
ξ

)
, ξ 6 0,

e−
c
2 ξ

[
−1

2
cos

√
4 − c2

2
ξ

− c

2
√

4 − c2
sin

√
4 − c2

2
ξ

]
, ξ > 0.

(9)

½½½nnn 2 �Å� −2 < c < 0�, Fisher �§ (1)
kéA� - Q;� L3 (ã 3 ¥l (0, 0) :Ñu$Ä
� (1, 0) :�;�) �k.P~��), ÙCq)Û
L�ª�

u (ξ) ≈



e−
c
2 ξ

[
−1

2
cos

√
4 − c2

2
ξ

− c

2
√

4 − c2
sin

√
4 − c2

2
ξ

]
, ξ 6 0,

1 − 3
2

sech2

(
1
2
ξ

)
, ξ > 0.

(10)

ã 4 c = 1��P~��)

ã 5 c = −1��P~��)

e¡�Ñë� (0, 0) :�P~��)�ã/.
c = 1 � Fisher �§ (1) �k.P~��) (9) �
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ã 4. c = −1 � Fisher �§ (1) �k.P~��
) (10) �ã 5.

4 Fisher �§�k.P~��)�Ø
��O

�!|^àgz�n [25] ïÄk.P~��
) (9) �Ø��O.

¦Ð�¯K

u′′ + cu′ + u = u2, (11)

u (0) = −1/2, u′ (0) = 0 (12)

�°(). �âàgz�n [25], �±)�þãÐ�
¯K (11), (12) �Ûª°(P~��)

u (ξ) = e−
c
2 ξ

[
−1

2
cos

√
4 − c2

2
ξ

− c

2
√

4 − c2
sin

√
4 − c2

2
ξ

]

+
2√

4 − c2

∫ ξ

0

e−
c
2 (ξ−τ) sin

√
4 − c2

2
×(ξ − τ)u2(τ)dτ, ξ > 0. (13)

(13)ª�N
éAã 1 ¥�Q - �;� L1 �P~
��)�Cq)�°()�m�'X.

Ï·�ïÄ�P~��)äkk.5, ��
3 M1 > 0,¦� |u(ξ)| < M1.

|u (ξ)| 6 K1e−
c
2 ξ +

2M1√
4 − c2

×
∫ ξ

0

e−
c
2 (ξ−τ) |u(τ)|dτ , ξ > 0.

Ù¥ K1 =
1
2

+
c

2
√

4 − c2
. Ï 0 < c < 2, �é?¿

÷v 0 < ξ1 6 ξ � ξ1, k

|u (ξ)| 6 K1e−
c
2 ξ1 +

2M1√
4 − c2

×
∫ ξ

0

e−
c
2 (ξ1−τ) |u(τ)|dτ , ξ > 0.

u´, �â Gronwall Ø�ª, �y

|u (ξ)| 6 K1e−
c
2 ξ1 exp

[
4M1

c
√

4 − c2

(
e−

c
2 (ξ1−ξ)

−e−
c
2 ξ1

)]
, ξ > 0.

du ξ1 �?¿5, ·�- ξ1 → ξ, �

|u (ξ)| 6 K1e−
c
2 ξ exp

[
4M1

c
√

4 − c2

(
1 − e−

c
2 ξ

)]
6 K2e−

c
2 ξ, ξ > 0. (14)

Ù¥ K2 = K1e
4M1

c
√

4−c2 . (14)ªL²� ξ → +∞�,
u (ξ) → 0.

?�Ú, d (13)ªÚ (14)ª��Xe½n.
½½½nnn 3 éAQ - �;� L1 (ã 1 ¥l (1, 0)

:Ñu$Ä� (0, 0) :�;�) �CqP~��)
�ý)�m�Ø��∣∣∣∣∣u (ξ) − e−

c
2 ξ

[
−1

2
cos

√
4 − c2

2
ξ

− c

2
√

4 − c2
sin

√
4 − c2

2
ξ

]∣∣∣∣∣
6 4K2

2

c
√

4 − c2
e−

c
2 ξ

(
1 − e−

c
2 ξ

)
6 4K2

2

c
√

4 − c2
e−

c
2 ξ, ξ > 0. (15)

(15) ªL ² Q - � ; � L1 � P ~ � �
) � C q ) � ý ) � m � Ø � � u ε(ξ) =

4K2
2

c
√

4 − c2
e−

c
2 ξ = o(e−

c
2 ξ), ξ → +∞� ε(ξ) → 0.

k.P~��) (10) �Cq)�ý)�m�
Ø��^aq�{�O.

5 ( Ø

�©Ú\~�©�§½5nØé Fisher �
§ � 1 Å X Ú ? 1 
 ½ 5 © Û, � â � A * Ñ
� Ý dx/dt = c ÷ v � � « ëê^ �, � ä Ñ

 Fisher �§�3éA��ëê^��1Å), ©
Û
 Fisher �§P~��)�¤Ï, 
�|^ LS
){¦Ñ
1ÅXÚ�Ó�;éA�¨G�Å),
Ó�/Ï�5z){�Ñ
 Fisher �§3Å��
���¹eéA�k.P~��)�Cq)ÛL
�ª, ¿|^àgz�n�Ñ
Cq)�ý)�Ø
��O, ÙØ��ëê�Cz¥�êeüª³. �
©�ïÄ�{Ú(Jé½59½þïÄP~��
y�äk�½�¿Â.

a�þ°nó�ÆnÆ�Ü¥I�Ç�����Ï.
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Bounded damped oscillatory solutions of
Fisher equation∗
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Abstract

To research the bounded damped oscillatory solutions of nonlinear evolution equation, we choose the Fisher equation as an

example. The solutions with negative amplitudes of Fisher equation may become meaningful in the context of nonscalar models

describing excitable media (e.g. the Belousov-Zhabotinsky (BZ) reaction). The theory of planar dynamical systems is used to study the

existence conditions of bounded traveling wave solutions of Fisher equation. The bounded approximate damped oscillatory analytic

solution is given by using LS method and linearization method. And its error is also estimated.

Keywords: Fisher equation, planar dynamic system, damped oscillatory solutions, error estimate
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