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1 Ú ó

D(�µe��f&Òuÿ´�Ï(6<�
�JK. l 20 V 90 c�å, ·bnØ���«
#��f&Òuÿ�{, ¤�ó§A^+��Ì�
ïÄ���� [1−4], ¿Ð«Ñ4Ù2,�A^c
þ. Äu·bnØ�&Òuÿ´�yk��«ÿþ
�{��ØÓ�Ï#�&Ò?n�{, §Ì�|^
·bXÚ��²ï�CéXÚëê�Ä�¯a5
±9éD(��¼Uå, 3���ÿþêâÚ?¿
ÚD(�µe¢y4$�uÿ&D'. ��ÿ±Ï
&Ò¿\?u�.G��·bXÚ����XÚ
�ÄåÆ1�u)��UC, �âù«Cz, ÏL
·�&Ò?n, B�¢yé�f&Ò�uÿ9Ùë
ê�ÿ½.

Cc5, 3|^ Duffing ·b�fuÿ�f±
Ï&Ò�ïÄ¥, IS	Æö��
�½?Ð. �
Ð´é Duffing �§�	\-y�?1�65¢y
uÿ, 3dÄ:þ, �UÑy
�
U?�uÿX
Ú, &D'uÿ���±��~5�{�e�. X
Û?�Úü$u&D'uÿ��¤�8c·bu

ÿ�ïÄ9:.

20 V 80 c�, Benzi � [5] JÑ
�Å��
�Vg¿^5)º1oV�¥í�XA¯K. d�,
'u�Å���nØÚ¢�ïÄÚå<��2�
,�Ú'5. ,, DÚ¿Âe��Å���ÊH
@��UÑy3k±Ï&ÒÚD(°Ä���5
XÚ¥. Cc5, �
ÆöÚïÄ<
m©'5±
Ï&ÒÚN�D(°Ä��5XÚ¥��Å��
y� [6−8], ù«�Å��Ï~�¡�2Â�Å�
� [9], =XÚ�A�,
¼ê (XÝ!&D'�) �
XÚ�,
A�ëê (¿ØÛ�uD(rÝ) ¥�
üNCz�y�. Erkki Soika � [6,10,11] Æö@�,
3·��XÚëêÚD(rÝe, �Å��UÚå
±Ï&ÒÌ����, léXÚ�ÑÑ&D'k
È4�Uõ�^.

ÏL�Å��éD(ìv��f&Ò¢y�
�?n, 3$&D'e, ¿ØU��lD(¥&ÿ
�±Ï&Ò��3. �©JÑ
�«Äu·bÚ�
Å��Å�e��f&Òuÿ�{, (Ü©ê��
5�féD(¥�±Ï&Ò����^Ú Duffing
·b�fé�f±Ï&Ò�¯a5, ¢y
D(�
µe�f±Ï&Ò�uÿ. �ý(JL², T�{
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Uk�/lD(�µ¥ò�f�u&ÒuÿÑ5,
¿�UwÍü$&D'��.

2 ©ê��5�fé±Ï&Ò���
�^

�Ä��V�D(6Ä�©ê��5�f

Ẍ + γ0D
α
t X + [ω2 + η(t)]X

=A0 cos(Ωt) + ξ(t), (1)

0D
α
t X ´ Caputo ©ê��ê, ½Â�

0D
α
t X =

1
Γ (1 − α)

∫ t

0

(t − u)−αẊ(u)du,

0 6 α < 1,

Ù¥, X(t) �âf £, A0, Ω ´±Ï-y�u&
Ò�Ì�ÚªÇ, γ > 0 �{ZXê, ω �XÚ��
kªÇ, ξ(t) �âf¤É���Åå. η(t) ��k
ªÇ ω É���Å6Ä, Ï~ï��V�D(, η(t)
�±�ü�lÑ� {τ,−τ}, τ > 0, ����V
Ç÷v Ps(τ) = Ps(−τ) = 1/2, η(t) �þ�Úg�
'¼ê÷v

〈η(t)〉 = 0, 〈η(t)η(s)〉 = τ2 exp(−v|t − s|), (2)

Ù¥, τ2 �V�D(rÝ, ν �=�Ç, =D(�'
�m��ê. \5D( ξ(t) �"þ��pdxD
(, ¿Ú η(t) �pÕá.

é (1) ªü>�Xn²þ, ��XÚ�A��
Ý 〈X(t)〉 ÷v��©�§

〈Ẍ〉 + γ0D
α
t 〈X〉 + ω2〈X〉 + 〈η(t)X〉

=A0 cos(Ωt). (3)

du (3) ª¥Ñy
#�ÍÜ� 〈η(t)X(t)〉, I�
éT�?1)Í. |^ Shapiro-Loginov úª [12] �
� 〈η(t)X(t)〉 ¤÷v��©�§:

d
dt

〈η(t)X(t)〉 = 〈ηẊ〉 − ν〈η(t)X(t)〉. (4)

-:

x1 = 〈X〉, x2 = 〈Ẋ〉,

x3 = 〈ηX〉, x4 = 〈ηẊ〉,

¿�Ü (1), (3), (4) ª���©�§|

ẋ1 =x2,

ẋ2 = − ω2x1 − x3 −
γ

Γ (1 − α)

×
∫ t

0

x2(t′)dt′

(t − t′)α
+ A0 cos(Ωt),

ẋ3 =x4 − νx3,

ẋ4 = − τ2x1 − ω2x3 − νx4 −
γ

Γ (1 − α)

× e−νt

∫ t

0

x4(t′)
(t − t′)α

eνt′ dt′.

(5)

(5) ª�)�±L�Xe/ª

xi(t) =
4∑

k=1

Hik(t)xk(0)

+ A0

∫ t

0

Hi2(t − t′) cos(Ωt′)dt′, (6)

Ù¥ xi(0), i = 1, 2, 3, 4 �Ð©^�. Hik(t), i, k =
1, 2, 3, 4 �XÚ¼ê, ÷v Hik(0) = δik.

|^ Laplace C�¿�Ü (5), (6) ª��:

sĤ1k(s) − Ĥ2k(s) = δ1k,

(s + γsα−1)Ĥ2k(s) + ω2Ĥ1k(s)

+ Ĥ3k(s) = δ2k,

(s + ν)Ĥ3k(s) − Ĥ4k(s) = δ3k,

(s + ν + γ(s + ν)α−1)Ĥ4k(s)

+ τ2Ĥ1k(s) + ω2Ĥ3k(s) = δ4k.

(7)

Ù¥, Ĥik(s) ´ Hik(t), i, k = 1, 2, 3, 4 � Laplace C
�, =

Ĥik(s) =
∫ ∞

0

Hik(t) e−stdt.

¦) (7) ª��

Ĥ12(s) =
1

H(s)
[ω2 + (s + ν)2 + γ(s + ν)α], (8)

Ù¥

H(s) =(s2 + γsa + ω2)[ω2 + (s + ν)2

+ γ(s + ν)α] − τ2. (9)

��y (6) ª¤��XÚ�A���Ý�½
5, (9) ª7I÷v�§ H(s) = 0 ØUk�¢�, K
XÚëêI÷vØ�ª

τ2 < ω2(ω2 + ν2 + γνα).
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d�, 3 t → ∞ ��¹e, Ð©^�éX
Ú�A�K�òÅì��, XÚ�A����
Ý�

〈X〉as = 〈X〉|t→∞

= A0

∫ t

0

H12(t − t′) cos(Ωt′)dt′. (10)

(10) ª¥XÚ�A����Ý��±L«
� 〈X〉as = H12(t)∗A0 cos(Ωt), = 〈X〉as �u�u
&Ò A0 cos(Ωt) Ñ\®�XÚ¼ê� H12(t) ��
5�ØCXÚ�ÑÑ, d�5�AnØ [13,14], ©ê
��5XÚ (1) �XÚ�A����ÝäkªÇ

ØC5Ú�£A5. (10) ª�?�ÚL«� [15]

〈X〉as = A cos(Ωt + ϕ). (11)

-

χ(Ω) = χ′(Ω) + iχ′′(Ω) = Ĥ12(−iΩ)

=
∫ ∞

0

ejΩtH12(t)dt, (12)

K��

A = A0|χ|, ϕ = arctan
(
− χ′′

χ′

)
.

|^ (8) Ú (12) ª�±?�Ú���£ ϕ Ú
XÚ�A���Ý�Ì�OÃ G ©O�

ϕ = arctan
(τ2f3 + γΩα(f2

1 + f2
3 ) sin

(
πα

2

)
a2f1 − f2(f2

1 + f2
3 )

)
, (13)

G =
A

A0
=

√√√√√ f2
1 + f2

3[
f1f2 − γΩαf3 sin

(
πα

2

)
− τ2

]2

+
[
f2f3 + γΩαf1 sin

(
πα

2

)]2 , (14)

Ù¥

f1 = ω2 + ν2 − Ω2 + γ(ν2 + Ω2)α/2

× cos
[
α arctan

(
Ω

ν

)]
,

f2 = ω2 − Ω2 + γΩα cos
(

πα

2

)
,

f3 = 2Ων + γ(ν2 + Ω2)α/2 sin
[
α arctan

(
Ω

ν

)]
.

XÚ�A���Ý�Ì�OÃ G ´V�D
(rÝ τ2, =�Ç ν, {ZXê γ, ©ê��ê α

±9�u&Ò�ªÇ Ω, XÚ��kªÇ ω �¼
ê. ã 1(a) ´ Ω �ØÓ��XÚ�AÌ�OÃ G

�{ZXê γ �'X�. XÚ�AÌÝOÃ G

´{ZXê γ ��üN¼ê, ¿�3,��{Z
Xê?, XÚ�AÌÝOÃ G �����, =Ñ
y2Â�Å��y�. ��X&Ò�ªÇ Ω �
O�, Ù¸�Åì�{ZXê γ O\���£Ä.
ã 1(b) ´ ν �ØÓ��XÚ�AÌ�OÃ G �±
Ï&ÒªÇ Ω �'X�. 3 ν ����, XÚ�
AÌ�OÃÑ�����¸; 3 ν = 0.1 NC, O
Ã G ÑyV¸��1�. ã 1(c) � γ �ØÓ��
XÚ�AÌ�OÃ G �V�D(rÝ τ2 �'X
�. d�ÑyDÚ��Å��y�. ÌÝOÃ G ´

V�D(rÝ τ2 ��üN¼ê, �XD(rÝ τ2

�O�, G k´O����¸�, ,�2Åì~�.

lã 1 ��, ÃØ´2Â�Å���´DÚ�
�Å��, 3�½�ëê^�e, ¸�?�ÌÝO
Ã G Ñ���u 1. Ï©ê��5XÚ (1) é±
Ï&Ò�Ì�äk���^, lk|uD(�¸
e�f±Ï&Ò�uÿÚ�O.

3 Äu·b��f&Òuÿ�n

Duffing �§3��5ÄåÆXÚ�ïÄ¥Ó
k��/ , �|^ Melinkov �{ [16], Duffing
�§äk�·bA5®²��nØþ��y. �©
ò|^ Duffing ·bXÚ5uÿrD(�µ¥��
f±Ï&Ò.

�ÄXe Duffing �f

ẍ(t) + kẋ(t) − x(t) + x3(t) = f cos(t), (15)

ª¥ k �{Z', f cos(t) �±ÏüÄå, −x(t) +
x3(t) ���5¡Eå. � k �½, òëê f w¤´
Cþ, �X f ��O\, XÚ¬²{Ó�;�!©

!·b�G�. � f ��L�K��, 	\±Ï
üÄå�� ? u� � / , ¦X Ú×�l
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ã 1 ©ê��5�fé±Ï&ÒÌ�����^ (a)
Ω �ØÓ��XÚ�AÌ�OÃ G �{ZXê γ �'X
�, ν = 0.1, ω = 1, τ2 = 0.4, α = 0.1; (b) ν �ØÓ�
�XÚ�AÌ�OÃ G �±Ï&ÒªÇ Ω �'X�,
γ = 0.7, ω = 1, τ2 = 0.4, α = 0.1; (c) γ �ØÓ��XÚ
�AÌ�OÃ G �V�D(rÝ τ2 �'X�, ν = 0.01,
ω = 1, Ω = 0.4, α = 0.1

·b�C��ºÝ±Ï�, d�XÚÄåÆ1��
;,´±Ï$Ä, XÚ²þ$Ä±Ï�±ÏüÄå
�ªÇCq÷v T0 =

2π

Ω
. � f ?u·bÚ�±Ï

��.��, �;,G�éÓªÇ�&Ò�~¯a,
���Ì�Oþ=Ur¤�C�u), éØÓª
Ç�&ÒÚD(äkér��¼å.

ã 2 � Ñ 
 X Ú ë ê k = 0.15, Ω = 1,
f ∈ [0.1, 0.4] ��©
ã, �±w�� f �L�
.� fc �XÚG�×�l·b�?\�±ÏG�.
�Ä�Ð©� é&Òuÿ�K�, d©ê��5

�fªÇØC5Ú�£A5, �±�EXe/ª
� Duffing uÿ�f

ẍ(t) + kẋ(t) − x(t) + x3(t)

=fc cos(Ωt + ϕ), (16)

Ù¥ fc � Duffing �fl·b�?\�±ÏG�
��.�. �
¢yé?¿ªÇ�{u&Ò�uÿ,
ÏL�mºÝ�Cz, (16) ª�±U��Xe�d
/ª: ẋ = Ωy,

ẏ = Ω(−ky + x − x3 + fc cos(Ωt + ϕ)).
(17)

XÚ (17) �±���f±Ï&Ò�uÿì. X
Úëê f = fc �·b��±ÏG���.�, T�
.���ëê k k', ØÉÐ©�  ϕ �K�. �
·Ü&Ò� A0 cos(Ωt) + ξ(t), Ù¥ A0 cos(Ωt) �
�uÿ&Ò, ξ(t) ��µD(. d�5�AnØ, &
ÒÑ\©ê��5XÚ (1), ÙXÚ�A X(t) ��
��ÝL�ª/X (11). ÑÑ&Ò����Ý
�Ì� A = A0|χ|, lã 1 �±wÑ, 3�Å��Å
�e, �±4 |χ| À 1. ò����&Ò X(t) ¿\
uÿì (17), �âXÚl·bG���ºÝ±ÏG
���C�Ä�±¢yéìv3D(¥��f±
Ï&Ò�uÿ.

ã 2 Duffing �f©
ã

4 ê��[

�D(�µe��uÿ&Ò� A0 cos(Ωt) +
ξ(t), Ì� A0 = 10−6 V, D(rÝ σ = 10−10. X
ã 3(a) ´�ÿ&Ò A0 cos(Ωt) + ξ(t), ã 3(b) ´©
ê��5�f (1) �XÚ�A X(t). ��, ==Ï
L©ê��5�f�Å��éD(ìv��f&
Ò¢y��?n, ¿ØU��l·Ü&Ò¥uÿ�
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±Ï&Ò��3, Ïk7�ò����&ÒÑ\
·bXÚ?1uÿ.

� � � � � � �� �� ���� ���	
�� �� � � �
� � � � � � �� � �� ���	
�� �� � � �

ã 3 ©ê��5�f�Ñ\ÑÑ (a) Ñ\ x(t); (b) Ñ
Ñ X(t)

ÄkN�uÿìëê, ¦ f ?u�.G�. ò
©ê��5�f (1) �ÑÑ X(t) ¿\uÿXÚ, �
�XeL�ª

ẋ = Ωy,

ẏ = Ω(−ky + x − x3

+fc cos(Ωt + ϕ) + X).

(18)

�
¢yê�¦), �±éá (1) ªÚ (18) ª
|¤©ê��Å�©�§|:

Ẋ = Y,

Ẏ = −γZ − (ω2 + η(t))X

+A0 cos(Ωt) + ξ(t),

0D
1−α
t Z = Y,

ẋ = Ωy,

ẏ = Ω(−ky + x − x3 + fc cos(Ωt

+ϕ) + X).

(19)

é (19) ª, �ëê k = 0.15, Ω = 1.3, ν = 0.05,
ω = 1, τ2 = 0.4, γ = 0.5, α = 0.1, ©ê��

�ê� 1 − α = 0.9. ÏL Duffing �f�©

ãÚ¢�©Û�¦�·b��±ÏG���.
�� fc = 0.3196983. æ^o� Runge-Kutta {
é�§?1¦), �âXÚ´Ä�[��ºÝ
±ÏG�, �äÑ\&Ò¥´Ä�k�f�u
& Ò. � ý ( J �: u ÿ ì U u ÿ � � & Ò �
$ Ì � � A0 = 2 × 10−7 V, = � $ u ÿ � �
� 20 lg(2×10−7) = −133.98 dB. Ó�, ²L�þ�
�ý¢�, ÿ��$&D'uÿ���

SNR = 10 lg
±Ï&ÒõÇ

D(rÝ

= 10 lg
(2 × 10−7)2

10−10
− 36.99 dB.

�
`²�Å���Ü·buÿ�{�k�
5, e¡ò�©�{ÚDÚ���ò�ÿ&ÒÑ
\·buÿì�(J�
'�. ã 4 ´ü«uÿ
ìé�ÿ&Ò A0 cos(Ωt) + ξ(t) ��A�ã, Ì
� A0 = 10−7 V, D(rÝ σ = 10−10. ã 4(a) ´�
�ò�ÿ&ÒÑ\uÿì (18) �ÑÑ(J, �ã�
±·bG�; ã 4(b) ´ò�ÿ&ÒÑ\©ê��5
�f, 2òÑÑ¿\·buÿì, �� (19) ª�Ñ
Ñ(J, �ã��ºÝ± ÏG�. ��, ��^·b

� � � � � � �� � �� � � � ��	
� �  ��
� � � � � � �� � �� � � � ��	
� � � ��

ã 4 ü«uÿì�XÚ�A�ã'� (a) ·b�{;
(b) ·b + �Å���{
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�{Ã{uÿ���f±Ï&Ò, ÏL©ê��5
�f�Å����?n�, 2^·b�{U
k�
uÿÑ5, Ï�Å���Ü·b�f&Òuÿ�
{Uk�ü$uÿ��.

L 1 ü«uÿ�{5U'�

uÿ�{ Ì�uÿ�� &D'uÿ��

·b�{ 1 × 10−6 V −20.00 dB

·b + �Å�� 1 × 10−7 V −36.99 dB

L 1 ´ü«uÿ�{�uÿ5U'�. '��
�, érD(�µe��f±Ï&Ò, ©ê��5
�f�Å��(Ü·b�{'��·buÿ²w

ü$
Ì�uÿ��; �$uÿ&D'�wÍü$.

5 ( Ø

�©JÑ
�«Äu·bÚ�Å��Å�e
��f±Ï&Òuÿ�{. nØþ©Û
�f±Ï
&ÒÑ\V�D(6Ä�©ê��5�f�XÚ
�AäkªÇØC5Ú�£A5, ¿�3·��ë
êN!e, |^©ê�5��f��Å��Å�,
�±¢yé�f±Ï&Ò���ÝÌ����
?n. �â©ê��5�f�XÚ�A�L�/ª,
�E�A� Duffing ·b�f���f&Òuÿì.
�ý¢�y², �©�{'�DÚ�·buÿ�{
Uk�ü$Ì�uÿ��Ú&D'uÿ��.
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Abstract

The frequency invariance and phase shift of the first-order steady state moment of system response are deduced for fractional

order linear oscillator. Moreover, through the theoretical analysis, the amplification effect of fractional order linear system on the

amplitude of first-order steady state moment is verified in stochastic resonance mechanism. Duffing detector is used to realize weak

signal detection based on parameter perturbation sensitivity and noise immunity of chaos. Numerical simulations show that this scheme

can effectively extract the weak sinusoidal signal from the strong colored noise background and significantly reduce the signal-to-noise

ratio threshold in comparison with traditional chaotic detection method.
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