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1
nØ&¢. (ØØþ!©ÙØK�í��5�Ä����ªÇ, ��ÄÌÝÉ�k�(ØÌ��K�. |^Å
?Cq{©Û
+S��5�Äí��Äª!n�ªÚn©��©ª�Ä�Ì - ª�A'X, (JL²�°Ä(Ø
�L 0.1 MPa �, í��Ä?u��5G�. ��5(�AA�Ì�Ly�: ÄªÚ©ª�ÄÌ��A�õ�5; n
�ª�Ä3$ª«�Arupª«; n©ª�Ä3�u��ªÇ�ª�SÑy�VÇ��.

'�c: ÎGí�, É½�Ä, ��5�Ä, (�A
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1 Ú ó

�X)Ô�Æ�(�uÐ, �(Å3¹N)Ô
|�S�ÄåÆ1��5�É'5. �(EKJ�
�5\É+S�Jp�(�äL§¥£ÅrÝ, �
<�Jø
�«B$!²L��³4����Ã
ã. prÝ�(Å�^u�����)�(�z
�A, l¢y|^�(Uþ?1ÛÜ£� [1−4].
NõïÄ(JL², Ð��(�äÚ£��Jþ
��(Å�^eí��ÄåÆ1�k', �(EK
J��3)ÔNS���5�Ä�¦|��ú\
ì [5−8]. �(�zÚå|��ú�)ÔÆ�A�Å
nÏ~Äu±eü«b� [3]: �´�zí�3��
5��L§¥�$/¤p§!pØ!ÀÂÅ�Ú
åÛÜØåÚ§ÝCz, Ó���U/¤p�$Ä
���6��É+9���k²ï¿/¤��; �
´3°Ä(Ø�KØ�í���Ø½É+, 3+9
/¤���±�Aå (circumferential stress) 6Äl
��É+�ú [9]. Ïd, É+Sí��ÄåÆ1
��ïÄéO(ýÿ�(Å�^eEKJ��½

)ÔNS�k�zØé*N|��K�äk�
�y¢¿Â.

í�3+G(�S�$ÄÚ3Ã>.�N¥
�$Ä�'�E,�õ [10]. Äkí�$ÄÉ�>
.�å, 4´/¤ l¥/��Ä [11], Ù/GC
z�E,5û½
§�)äÚ�$Ån�¥Gí
�ÄåÆ�'¬�\E,; Ùgk.�mSÏ~(
Ø�m©Ùäk7ÅA� [12], l��í���
��ÉåØþ!¿¦�Ù/GE,Cz��U5
O�, ÏduÐ�·Ü+G(�Sí��Ä�Äå
Æ�.´)ûda¯K�'�. >.��{Ï~^
u�[.¡NCí���¥/�Ä, ��<�Jø
��°(�*�åÆãµ [6,9]. Leighton � [13]

b½í� u�àµ4�f5+.Ü�¿÷
�
��¡/¤ÎGí�, �kí� - �N�ýà¡�
±gd£Ä, uÐ
��í�gd�ÄnØ. e(
Å�^e�É+��w¤f5+, í�3É+S
�$Ä�w¤´üý�Î - í�ÍÜ�ÄXÚ, ù
«�.�@d Oguz Ú Prosperetti[14] JÑ, Sassaroli
Ú Hynynen[15] ±d�Ä:©Û
0�Å9{Zé
XÚ���A�K�. ¯õïÄL², í�3+G
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(�S��ÄÉ�+9á���5A�!í��
��Ð©G�±9°Ä	|�K�, Ù�kªÇd
uÉ�f5+�åü$��X+f�Ý~�
~� [15−17]. e	°Äå��, du�SíNÔ�
Cz��äk��5A�, í� - �ÎÍÜ�ÄX
Ú7òÑy��5(�A. �©ò3í� - �ÎÍ
Ü�Ä�.�Ä:þ©Ûf5[+Sí��Ä�
��5A�, Ó�&?í���5�Äé±�0�
Ú+9�K�.

2 �.£ã

2.1 êêêÆÆÆ���...

�í��Ð©�»Ú+º���'[�, Ù3
+S��Ä�{z�+¶�������Ä, =ò
í�w¤´��Ã�þ�Ø �ÎG�5N. T�
.�^uïÄí�?u+G(� (Xf[É+�)
S�í�ÄåÆ¯K, �@d Oguz Ú Prosperetti[14]

JÑ, Martynov � [7] �òd�.í2����Ä
ïÄí���5É+�m��p�^. �^�
(EKJ��;.�»��Ï~3 1—5 µm �
m [15], Úf[É+�»�Øõ, Ïd���?\
f[É+�, �Cq@�Ù�±�kÐ©NÈØ
C�/GC¤
�¡ÈÚf[É+�Ó��ÎN,
lòf[É+S��N©�ü��Î, 3	|
��^e, �Î - ÎGí�NX/¤��ÍÜ�
�XÚ, Xã 1 ¤«. �í�/G�¥/��N
È� VB = 4πR3

B/3, RB �í�Ð©¥�»; �í
�?\�+�C¤��ÎN, Ù¶��Ý�Cq
L«�

LB =
4πR3

B

3S
, (1)

ª¥ S = πR2 L«+�¡È, R ��¡�», í�
�müý�Î��Ý©O� L1 Ú L2. ��

1

�
B

�
2

O

ã 1 +SÎGí��Ä«¿ã

ïáü@�IX, o-x′ ��I�:3 t = 0 �
�í�¥%�·��IX, O-x ��I�: O 3 t

��í�¥%�Ä�IX, ü@�IX�I¶÷+
¶��, �����Ó. � t ��Ä�IX�:3·
�IX¥� ��I� x′, t = 0 ���müý�

Î�% �� x10 Ú x20, t ���müý�Î�%
�éuÄ�IX��I� x1 Ú x2, ü�Î�ÄÚ
å�í�NÈCz�

(x2 − x20) − (x1 − x10) = LBXB(t), (2)

ª¥ XB(t) ´�Lí��Ä�Ãþjëê. ·�ò
XÚ$Ä?1©), ��Ø�Äí�NÈCz�X
Ú��N$Ä (Vë$Ä), ��+�müýgdà
�(ÅØåk', ^í�¥% ��$Ä�L; �
´í�NÈCzÚå�üý�Î�ÍÜ�Ä (�é
$Ä), ��+�müýgdà�(ÅØåÚ�Sí
NØåCzk'. XÚ�ÄåÆ�§�L«�

ρ(L1 + L2)ẍ′ = p1a e iωt − p2a e iωt, (3)

ρL1ẍ1 + 2ρL1bvẋ1

=p1a e iωt − ρL1ẍ
′ − (pB(t) − p0) , (4)

ρL2ẍ2 + 2ρL2bvẋ2

= − p2a e iωt − ρL2ẍ
′ + (pB(t) − p0) , (5)

ª¥ p1a e iωt Ú p2a e iωt ©O�L�+�müýg
dà�(ÅØå, bv ´�ÅÝ{ZXê, −ρL1ẍ

′

Ú −ρL2ẍ
′ �.5å, p0 ��N·Øå, �SíN

Øå pB(t) �L«�

pB(t) =p0(1 + XB(t))−Φ

≈p0

[
1 − ΦXB +

Φ

2
(1 + Φ)X2

B

− Φ

6
(2 + 3Φ + Φ2)X3

B

]
, (6)

ª¥ Φ �Eõ��ê, Ù¢Üû½XÚ���ª
Ç, JÜ�XÚ9�Ñk'.(pB(t) − p0) �XÚ�
�5¡Eå, L�Û¼ê, �Ñ�n�±þ��
þ��Ä�§ (4) Ú (5) ¥ (pB(t) − p0) �L�ª
A�

pB(t) − p0 ≈ −Φp0XB − Φ

6
(2 + 3Φ + Φ2)p0X

3
B.

(7)

2.2 ���555CCCqqq

�5CqcJe, pB(t) ≈ p0 (1 − ΦXB), òÙ
�\ (4) Ú (5) ª, (Ü (3) ªk

ρL1ẍ1 + 2ρL1bvẋ1 − p0ΦXB = pa e iωt, (8)

ρL2ẍ2 + 2ρL2bvẋ2 + p0ΦXB = −pa e iωt, (9)

�ü�É½�Ä��f�ÍÜÄåÆ�§, ª
¥ pa =

L1p2a + L2p1a

L1 + L2
�XÚ��	|6ÄØ
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å. Ù�)�L«�

x1 − x10 = x1a e i(ωt+α),

x2 − x20 = x2a e i(ωt+α),
(10)

ª¥�müý�Î��Ì x1a, x2a Ú�  α �©
OL«

x1a = − pa

ρL1

√
(ω2 − ω2

0)2 + 4ω2b2
, (11)

x2a =
pa

ρL2

√
(ω2 − ω2

0)2 + (2ωb)2
, (12)

tanα =
2ωb

ω2 − ω2
0

, (13)

ª¥

ω2
0 =

p0

ρLB

(
1
L1

+
1
L2

)
Re Φ, b = bv +

ω2
0

2ω

Im Φ

Re Φ
,

Ù¥ ω0 �XÚ��ªÇ, b �Äª�Ä�XÚ�o
{ZXê, �XÚÅ95U�'. � p1a = p2a �,
Vë$Ä��, �Î��Ä5Æ� Sassaroli � [8]

�(J�Ó. ò (10) ª�\ (2) ª���í���
Ä5ÆCq�

XB(t) = XBa e i(ωt+α), (14)

ª¥

XBa =
pa

ρLB

√
(ω2 − ω2

0)2 + (2ωb)2

(
1
L1

+
1
L2

)
.

(15)

l�5^�eí�É½�ÄÌ��L�ª�±w
Ñ, �+üý(ØØÓØK�í����ªÇ, �
K�Ù�ÄÌ�.

2.3 ������555666ÄÄÄ

ò (7) ª�\ (4) Ú (5) ª, k

ẍ1 + 2bvẋ1 −
p0Φ

ρL1
XB

− Φ

6ρL1
(2 + 3Φ + Φ2)p0X

3
B

=
pa

ρL1
e iωt, (16)

ẍ2 + 2bvẋ2 +
p0Φ

ρL2
XB

+
Φ

6ρL2
(2Φ + 3Φ2 + Φ3)p0X

3
B

= − pa

ρL2
e iωt, (17)

ò (17) ª~� (16) ª, Cqk

ẌB + 2bvẊB + ω2
0

(
1 + i

Im Φ

Re Φ

)
XB + b1X

3
B

= − pa

ρLB

(
1
L1

+
1
L2

)
e iωt, (18)

=�í���5�Ä�ÄåÆ�§, ª¥

b1 =
ω2

0

6
(Re Φ + 1)

Re Φ

(
(Re Φ)2 + 2Re Φ − 3(Im Φ)2

)
.

(19)

duU\�nØ·^u��5XÚ, �ØU^U\
�n¦)�§ (18), �du{Z��3¦�É½�
ÄÚ°Äå�m�3X�� �, b½d� �´
�½�, ¿�Äª�Ä) XB1(t) �� �", °Ä
å��  α1 �½. ò�§ (18) Cq=�¤Í¶�
Ú©�§ [18] �/ª, =

ẌB + 2bẊB + ω2
0XB + b1X

3
B

=
pa

ρLB

(
1
L1

+
1
L2

)
cos(ωt + α1). (20)

���§�)� XB1 = A cos ωt �, k(
(ω2

0 − ω2)A +
3
4
b1A

3

)2

+ 4b2ω2A2

=
(

pa

ρLB

(
1
L1

+
1
L2

))2

, (21)

=���56Ä�í�Äª�Ä�Ì÷v��
§, ·^u°Äå!{Z9�£Eå�'�Xê
´Ó?�þ�f��5�/. þªL², í�ÄÅ
�Ì�°Ä(ÅªÇ!�Ì!XÚ�{ZÏêÚ
XÚ�kªÇ�Ï��'. |^Å?%C{��
|^Ú¥�§©Ûí���ªÚg�ª�Ä [18],
�O�{B, ·�3d�{ü?Ø 3 �ªÚ 1/3
©�ª�Ä. � 3 �ª�Ä�L«� XB2(t) =
A2 cos (3ωt + α2), ò X(t) = XB1 + XB2 �\�
§ (20), Cqk

ẌB2 + 2bẊB2 + ω2XB2

= − 1
4
b1A

3 cos 3ωt. (22)

|^n�¼ê'X¦�ªü> cos 3ωt Ú sin 3ωt �
Xê��, Kk

A2 = ± b1A
3

8ω
√

9b2 + 16ω2
, (23)

tanα2 =
3b

4ω
. (24)

Ó n, � 1/3 © � ª � Ä � XB3(t) =
A3 cos (ωt/3), ò X(t) = XB1 +XB3(t) ���?C

194303-3



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 19 (2012) 194303

q)�\�§ (20), '� cos (ωt/3) c¡�Xê, C
qk

3b1

4
(
A2

3 + AA3 + 2A2
)
− ω2

9

− 2ωb

3
+ ω2

0 = 0, (25)

=� 1/3 ©�ª�ÄÌ� |A3| �Äª�ÄÌ� |A|
�m�'X, (26) ªk�"¢ê)�^��

16
(
ω2 + 6ωb − 9ω2

0

)
27b1

− 7A2 > 0. (26)

Ïd, ©�ª�Ä�/¤�°Ä(ÅªÇ!Äª
�ÄÌ�ÚXÚ��5�A5k', Ùå�Ì�
� |A/2|, XÚ{Zé©ª�Ä���51�kr
?�^.

2.4 õõõ������êêê Φ ÚÚÚÅÅÅ555{{{ZZZ

� © Û í � � 5 Ú f � � 5 � Ä A �, ·
� � I 
 ) õ � � ê Φ Ú Å 5 { Z � C z A
�. Sassaroli � � Ñ 
 � Î + S õ � � ê � L
�ª [15,16], =

Re Φ =
γ(1 + (γ − 1)g1)

(1 + (γ − 1)g1)2 + (γ − 1)2g2
2

,

Im Φ = − γ(γ − 1)g2

(1 + (γ − 1)g1)2 + (γ − 1)2g2
2

,

(27)

ª¥ γ ´íN'9', g1 Ú g2 ©O½Â�

g1 =1 + Re

[
Ω

∞∑
n=1

(
2

knλn

)2 tanh knΠ

knΠ

]
,

g2 =Im

[
Ω

∞∑
n=1

(
2

knλn

)2 tanh knΠ

knΠ

]
,

(28)

Ù¥ λn �"�1�a Bessel ¼ê J0 �":, Ù¦
ëþ©O�

Ω =
ωR2L2

B

4D(R + LB)2
,

Π =1 +
LB

R
,

kn =
LB

2(R + LB)

√
λ2

n +
iω
D

R2,

(29)

ª¥ D �0�9*ÑÇ. {ZÏê bv ��ÄX
ÚÚ0��5�k', �+S�0�{ZÏê�
+�»!(ÅªÇ±90�ÅÝXê�Ï�k',
Sassaroli ��Ñ
§��mE,�êÆ'X, �©
¥b½{ZÏê��0�ÅÝXêÚ�+�»k
', = bv =

4v

R2
, v  0�$ÄÆÅÝ, éÉ�ó,

~��� v = 2 × 10−6 m/s2.

3 ê�©Û

3ê�O�L§¥, ·�Äk�(½õ��
ê Φ, Φ ��SíN¤©k', Ó�´í�Ð©�
»!+�»Ú°Ä(ÅªÇ�¼ê [15,16]. Φ �¢
Üû½�SíNCz´�§L§½ý9L§. é�
í�½$ª�/, �SíN�Cz�Cqw¤´�
§L§. �°Ä(ÅªÇ�L 1MHz ½öí��»
�u 4 µm, �SíN�CzÏ~3�§L§Úý
9L§�m. Φ �JÜCzK�XÚ$Ä{Z, Ó
�K�XÚ���5G�.

Úí�����5ÍÜ�Ä�', ��5�Ä
�E,�õ, ��¡Ly��ª½©�ª�Ä�Ñ
y, ,��¡í��Äª�Ä�ÌÚªÇØ2´ü
N���éA'X. ã 2 �Ñ
í�Äª�ÄÌ�
Ú°Ä(ÅªÇ�m�'X. éA�XÚCþ�:
í�Ð©�» RB = 3 µm, �+�» R = 5 µm, �
Ý� L = 100 µm, �ý�Î�Ý L1 = L/5, mý�
Î�Ý L2 = L − L1 − LB. °Ä(ÅØå�k��
©OéA�: (a) pa = 0.1 MPa, (b) pa = 0.2 MPa, (c)
pa = 0.3 MPa. ã 2 ¥n^�éA��ÌCz5
ÆA��Ó, =�Ìäkõ�5, Ïd�í�É�
ÅìCz�ªÇ-y�, �ÌØ�½´üNO\½
~�, ��UÑya�y�. a�y�Ï~u)3
�uXÚ��ªÇ�(ÅªÇ��, °Ä(Åk�
ØåÌ�ØÓ, a�y�Ñy�ªÇ���¬Ñy
�É, ¿�X°Ä(ÅØåÌ��O\Åì�pª
«£Ä. du0�Å95UÚ��5�A��ÓK
�, É½�ÄXÚ����A�Ì�k��. UC
í�� �!Ð©�»±9�+�º��þ¬U
CXÚ���ªÇ, l¦�Ì - ª�A�ÌÝC
z, �Ä�A��±ØC.

� � � � � � � �� � 	 � 
 	 � � 	 � ����� ��
ã 2 Ä ª � Ä Ì � � ° Ä ( Å ª Ç m � ' X (a)
pa = 0.1 MPa; (b) pa = 0.2 MPa; (c) pa = 0.3 MPa

194303-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 19 (2012) 194303

3éÄª�ÄÌ - ª'X©Û�Ä:þ, ·
��é�Ó^�en�ª�Ä�Ì - ª'X?1

ê�O�, Xã 3 ¤«, ã¥n^�éA�°
Ä(ÅØåk��©O� (a) pa = 0.1 MPa, (b)
pa = 0.2 MPa, (c) pa = 0.3 MPa. ÚÄª�ÄÌ�
�', n�ª�ÄÉ°Ä(ÅØå�K��é��,
cÙ3pª«. n�ª�Ä3 ω/ω0 < 0.5 �$ª
«Ì��p, L²3n�ª�Ä3°ÄªÇ$uX
Ú��ªÇ�ªãS�N´�-yÑ5. O�(J
�L², 3��°ÄªãS, n�ª�ÄÌ�´k
��, 3��ªÇNC�$, ùL²��5�¸
eÄª��ò�f��ª�Ä�UþD4.

� � � �
� � �� � �� � ��	 
� � �  �����

� �
ã 3 n � ª � Ä Ì � |A2| � ª Ç C z ' X ã (a)
pa = 0.1 MPa; (b) pa = 0.2 MPa (c) pa = 0.3 MPa

� � � �� � � � � �	 �	 �	 �����
ã 4 n©��©ª�ÄÌ� |A3| �ªÇCz'Xã

3 (26) ª¥, A3 ���K, äNÎÒ�n©ª
�Äå���Ð� �',  |A3| K�n©ª�
Ä�Ì, Ïd, ã 4 ¥��Ó��Ñ
°ÄØå
k�� pa = 0.2 MPa �n©ª�Ä�Ì - ªCz
'X. ÚÄªÚ�ª�Ä�', n©ª�Ä�Ì -
ªCz��ÕA. 3 ω/ω0 > 2.5 �pª«Ì - ª

Cz�Ø2ëY, ù�UÚn©ª�Ä�å�^
� (27) ªk', Ï���5�Äé°ÄåÌ�!
ªÇ±9XÚ���Ð©^�k�r��6'X.
3 ω/ω0 = 2 NC�ª�S, Ì��õ�5�²w,
`²Tª�Sn©ª�A4Ø½. Ì - ª�Ñ
y3 ω/ω0 > 1 �ª�S, Ïd, é�+S��ÍÜ
�Ä�í�ó, n©ª�Äò�U3 ω/ω0 > 1
�ª�S�).

gd|¥í��»��Ä3°Ä(ÅØåÌ
��u 0.1MPa �ò¬/¤��5�ÄéA��z
�A, 3ÛÜ�mÚåp§pØ!��6�, ¤�
(Uþ�Ù¦Uþ=���Äå. 3�+¥�í
�3�r�	(|�°Äe�¬/¤��5�Ä,
�ÙÄª�ÄÌ��A�é�f, X���A«
NCk�°ÄØå� 0.1 MPa �í��Ä�pÌ
��� 1.7LB, °ÄØå� 0.3 MPa ��pÌ��
� 3.4LB, Ógd|¥�ÓÐ©�»Ú-y^��
í���5�Äí��', ÙÄª�ÄÉ�
�½
§Ý�³�. 3 ω/ω0 < 1 $ª«, n©ª�ÄÉ
�³�, n�ª�Ä�é�r. Ïd, du�+��
å, Ø=í��5�Ä���ªÇÉ�K�, Ù�
�5�A�Úgd|¥�í�ØÓ.

3·���.¥, í���ÄG�û½
�S
íN�9åÆCz5Æ, �SíN�ØåCzò
¬K��Ù���+9�ÉåG�, Ïd3(Å�
°Äeí��ì�(�A7,Úå�Ù�C�+
9�(�A, Xí�3��5K�e�¯�Â �
��SíNØå,p, K+9SýØå,p, +9
SýØå�Cz=�ß9Øå (transmural pressure
∆P ) �Cz. d Laplace ½Æ ∆P = T/R � [8], +
9S�±�Üå T �¬/¤�A�Cz, ?¤�
»�+9�d3Äå. Ïd, í�?\)ÔNS�
3	(|�^e���5É½�Ä1�kÏuJ
p(Uþ|^�Ç.

4 ( Ø

Sassaroli � [15] éf[É+Sí� - �ÎÍÜ
�ÄXÚ��5É½�ÄA5?1
©Û, �©�
nØ©Û´3¦��ïÄÄ:þ�ÿÐ, Ì�Xú
u	Ü(|�^e�+Sí� - �ÎÍÜ�ÄX
Ú���5A�, |^Å?Cq{éÄª!n�ª
Ún©��©ª�Ä?1
nØ©Û. e�+üý
(Ø©Ùþ!, Kí��Ä�°Äå��Î�ÝÃ
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Abstract

Based on the model for the one-dimensional coupled oscillation of bubble-liquid column in tube, a theoretical investigation of

the forced oscillation of a cylindrical gaseous bubble in a microtubule is presented. For the case that the two acoustic pressures of

microtubule ends are not homogenous, the linear natural frequency is not affected, but its oscillating amplitude is influenced by the

effective acoustic pressure amplitude. The relations between the amplitudes of fundamental, third and one third harmonic oscillations

and the acoustic frequency are analyzed using the succession-level approximation method. Numerical results show that the bubble

oscillates nonlinearly if the effective value of acoustic pressure exceeds 0.1MPa. It is found that the amplituds of fundamental, third

and one third harmonic oscillations are multivalued, and the response of third harmonic oscillation is stronger in the region of lower

frequencies. Furthermore, the third harmonic oscillation may be probably induced in the region of ω/ω0 > 1.
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