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ïÄ�>âf3^|¥�{Z$Ä�©ÛåÆL«. Äk, ¦)$Ä�©�§� Birkhoff åÆ_¯K, ���>
âf� 4 � Rirkhoff L«; Ùg, �Ñ 4 �G��m¥ Lagrange L«ÚéA� 4 � /�m¥ Lagrange L«; 1n,

�EÑ 4 � Hamilton ¼ê; ��, lâf$Ä�©ÛåÆL«���� 4 �1�È©, ¿¦Ñ$Ä�§�).
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1 Ú ó

©ÛåÆ�uÐ/¤
��@ÕA�ïÄÄ
åÆ�§��{, ù
�{é¦)���©�§�
´k��, �d, kAò�©�§©ÛåÆz, =ò
�©�§L«¤©ÛåÆ/ª, X Lagrange �§,

Hamilton �§½ Birkhoff �§ [1]. ù«¯K´©Û
åÆ_¯K, ÙØ%´l�Ñ��©�§�EÑé
A�XÚA�¼ê, X Lagrange ¼ê!Hamilton ¼
ê½ Birkhoff ¼êÚ¼ê|, 'uù�9��K®
kéõ¤J [2−12].

©z [13] Ú [14] ¥, ïÄ
�z� Lorentz-

Dirac �§

ẍ = αẋ − βẏ, ÿ = βẋ + αẏ, (1)

T�§£ã^|¥�>âf�²¡{Z$Ä, ©z
�Ñ� Lagrange ¼ê�

L =
1
2
ẋ ln(ẋ2 + ẏ2) + ẏ arctan

ẋ

ẏ

+αx − βy, (2)

Ó�/Ïò�§ (1) ��zÚÚ\9ÏCþ, �
EÑ'�E,� Hamilton ¼ê. �©ÏLØÓ�
´»UYïÄ�§ (1) �©ÛåÆz, Äk�Ñ�
§ (1) � Birkhoff L«, 2C��� Lagrange L«
Ú Hamilton L«. ·���o|L«, Ù¥�|L

«¥ Lagrange ¼ê� (2) ª L �Ó, Ù¦n|K
ØÓ, ��� Hamiton ¼ê'©z [13] ¥{z. �
�, l©ÛåÆL«��
�§ (1) �).

2 ^ | ¥ � > â f { Z $ Ä
� Birkhoff L«

�§ (1) ´�I�m¥âf$Ä�©�§, Ú
\�Ý�mCþ, K��¤G��m¥�§

ẋ = u, ẏ = v,

u̇ = αu − βv, v̇ = βu + αv. (3)

Ú\ Birkhoff Cþ [3,5]

a1 = x, a2 = y, a3 = u, a4 = v, (4)

�§ (3) �¤

ȧ1 = σ1 = a3, ȧ2 = σ2 = a4,

ȧ3 = σ3 = αa3 − βa4,

ȧ4 = σ4 = βa3 + αa4. (5)

��§ (5) � Birkhoff ¼ê|� Rµ(t, a)(µ = 1, 2, 3, 4),

Birkhoff ¼ê� B(t, a), Birkhoff �§�

ωµυȧυ − ∂B

∂aµ
− ∂Rµ

∂t
= 0

(µ, υ = 1, 2, 3, 4), (6)
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ª¥ Birkhoff Üþ�

ωµυ =
∂Rυ

∂aµ
− ∂Rµ

∂aυ
. (7)

e�§ (6) ��§ (5) �d, K ωµυ A÷ve��
§ [7]:

∂ωµυ

∂t
+

∂ωµυ

∂aρ
σρ − ωυρ

∂σρ

∂aµ

+ωµρ
∂σρ

∂aυ
= 0. (8)

ò�§ (5) ¥ σµ(µ = 1, 2, 3, 4) �\�§, ��(
½ ωµυ � 6 �Õá©þ��§Xe:

∂ω12

∂t
+

∂ω12

∂a1
a3 +

∂ω12

∂a2
a4 +

∂ω12

∂a3

×(αa3 − βa4) +
∂ω12

∂a4
(βa3 + αa4) = 0,

∂ω13

∂t
+

∂ω13

∂a1
a3 +

∂ω13

∂a2
a4 +

∂ω13

∂a3

×(αa3 − βa4) +
∂ω13

∂a4
(βa3 + αa4)

+αω13 + βω14 = 0,

∂ω14

∂t
+

∂ω14

∂a1
a3 +

∂ω14

∂a2
a4 +

∂ω14

∂a3

×(αa3 − βa4) +
∂ω14

∂a4
(βa3 + αa4)

+ω12 − βω13 + αω14 = 0,

∂ω23

∂t
+

∂ω23

∂a1
a3 +

∂ω23

∂a2
a4 +

∂ω23

∂a3

×(αa3 − βa4) +
∂ω23

∂a4
(βa3 + αa4)

+ω21 + αω23 + βω24 = 0,

∂ω24

∂t
+

∂ω24

∂a1
a3 +

∂ω24

∂a2
a4 +

∂ω24

∂a3

×(αa3 − βa4) +
∂ω24

∂a4
(βa3 + αa4)

−βω23 + αω24 = 0,

∂ω34

∂t
+

∂ω34

∂a1
a3 +

∂ω34

∂a2
a4 +

∂ω34

∂a3

×(αa3 − βa4) +
∂ω34

∂a4
(βa3 + αa4)

−ω41 − αω43 + ω32 + αω34 = 0. (9)

�§| (9) �)Ø´���, �Ñ 4 |)Xe:

ω12 = −ω21 = 0,

ω13 = −ω31 =
a3

(a3)2 + (a4)2
,

ω14 = −ω41 =
a4

(a3)2 + (a4)2
,

ω23 = −ω32 =
a4

(a3)2 + (a4)2
,

ω24 = −ω42 = − a3

(a3)2 + (a4)2
,

ω34 = −ω43 = 0; (10)

ω′
12 = −ω′

21 = 0,

ω′
13 = −ω′

31 = − a4

(a3)2 + (a4)2
,

ω′
14 = −ω′

41 =
a3

(a3)2 + (a4)2
,

ω′
23 = −ω′

32 =
a3

(a3)2 + (a4)2
,

ω′
24 = −ω′

42 =
a4

(a3)2 + (a4)2
,

ω′
34 = −ω′

43 = 0; (11)

ω̄12 = −ω̄21 = 0,

ω̄13 = −ω̄31 = − e−αt sinβt,

ω̄14 = −ω̄41 = e−αt cos βt,

ω̄23 = −ω̄32 = e−αt cos βt,

ω̄24 = −ω̄42 = e−αt sinβt,

ω̄34 = −ω̄43 = 0; (12)

ω̄′
12 = −ω̄′

21 = 0,

ω̄′
13 = −ω̄′

31 = e−αt cos βt,

ω̄′
14 = −ω̄′

41 = e−αt sinβt,

ω̄′
23 = −ω̄′

32 = e−αt sinβt,

ω̄′
24 = −ω̄′

42 = − e−αt cos βt,

ω̄′
34 = −ω̄′

43 = 0. (13)

�
�Ñ Rµ, ò (10) ª¥ ωµυ �\ (7) ª, ��X
e�§:

∂R2

∂a1
− ∂R1

∂a2
= 0,

∂R3

∂a1
− ∂R1

∂a3
=

a3

(a3)2 + (a4)2
,

∂R4

∂a1
− ∂R1

∂a4
=

a4

(a3)2 + (a4)2
,

∂R3

∂a2
− ∂R2

∂a3
=

a4

(a3)2 + (a4)2
,

∂R4

∂a2
− ∂R2

∂a4
= − a3

(a3)2 + (a4)2
,

∂R4

∂a3
− ∂R3

∂a4
= 0. (14)

�§| (14) �)�Ø´���, Ù¥�|)�

R1 = −1
2

ln
(
(a3)2 + (a4)2

)
,

R2 = −arctan
a3

a4
, N R3 = R4 = 0. (15)

�
�Ñ B, ò�§ (5) ¥ σµ, (10) ª ωµυ
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Ú (15) ª¥ Rµ �\ (6) ª, ��
∂B

∂a1
= α,

∂B

∂a2
= −β,

∂B

∂a3
= −1,

∂B

∂a4
= 0. (16)

dd�� B ���)�

B = αa1 − βa2 − a3. (17)

(15) ª ¥ Rµ Ú (17) ª ¥ B, ´ � (10) ª
¥ ωµυ éA��§ (5) � Birkhoff ¼ê|Ú¼ê, ´
�>âf$Ä�§ (1) ½ (3) ��� BirkhoffL«.

aq�§S��±�Ñ� (11), (12) Ú (13) ª
¥ ωµυ éA�,	 3 | Birkhoff ¼ê|Ú¼ê�

R′
1 = − arctan

a4

a3
, R′

2 = −1
2

ln
(
(a3)2 + (a4)2

)
,

R′
3 = R′

4 = 0, B′ = βa1 + αa2 − a4; (18)

R̄1 = e−αt(a3 sinβt − a4 cos βt),

R̄2 = − e−αt(a3 cos βt + a4 sinβt),

R̄3 = R̄4 = 0,

B̄ = e−αt
[1
2
(
(a3)2 − (a4)2

)
sinβt

−a3a4 cos βt
]
; (19)

R̄′
1 = − e−αt(a3 cos βt + a4 sinβt),

R̄′
2 = − e−αt(a3 sinβt − a4 cos βt),

R̄′
3 = R̄′

4 = 0,

B̄′ = e−αt
[1
2
(
(a4)2 − (a3)2

)
cos βt

−a3a4 sinβt
]
. (20)

nþ¤ã, ·��Ñ
 4 |âf$Ä�©�
§ (1) ½ (3) � Birkhoff L«, ¯¢þ, z�|L«
��±ÏL Birkhoff 5�C��¤#�L« [3], ,
, �©éù��L«Ø2Ú\.

3 l Birkhoff L«�Ñ Lagrange L«
Ú Hamilton L«

3.1 ���>>>âââfff$$$ÄÄÄ���GGG������mmm Lagrange
LLL«««

d Birkhoff ¼ê| Rµ Ú¼ê B, �±��X
Ú��� Lagrange ¼ê [3,5]

L = −Rµȧµ + B, (21)

é^|¥�>âf{Z$Ä, �C� (5) �_C�,

=ò Birkhoff CþC�¤�I - �ÝG�Cþ, Ò
��âfG��m Lagrange ¼ê [15]. ~X, d (15)

ª Rµ Ú (17) ª B, ��

Ls1 =
1
2
ẋ ln(u2 + v2) + ẏ arctan

u

v
+αx − βy − u. (22)

éA�G��m Lagrange �§�
uu̇ + vv̇

u2 + v2
− α = 0,

vu̇ − uv̇

u2 + v2
+ β = 0.

−uẋ + vẏ

u2 + v2
+ 1 = 0, −vẋ − uẏ

u2 + v2
= 0. (23)

d�§ (23) �±�Ñ�§ (3), �é{`, (22) ª
¥ Ls1 Ú�§ (23) ´âf$Ä�G��m La-

grange L«��. aq/, d (18), (19) Ú (20) ª�
��,	 3 �G��m Lagrange ¼ê

Ls2 = ẋ arctan
v

u
+

1
2
ẏ ln(u2 + v2)

+βx + αy − v, (24)

Ls3 = e−αt
[
(v cos βt − u sinβt)ẋ

+(u cos βt + v sinβt)ẏ

+
1
2
(u2 − v2) sin βt − uv cos βt

]
, (25)

Ls4 = e−αt
[
(u cos βt + v sinβt)ẋ

+(u sinβt − v cos βt)ẏ

+
1
2
(v2 − u2) cos βt − uv sinβt

]
. (26)

éA� Lagrange �§Ø2�Ñ.

3.2 ���>>>âââfff$$$ÄÄÄ���   ///���mmm Lagrange
LLL«««

©z [15] ¥�Ñ
åÆXÚ /�m¥ La-

grange ¼ê Lc ÚG��m (�I - �Ý�m) ¥ La-

grange ¼ê Ls �m�C�'X�

Ls = L̄c +
∂L̄c

∂uα
(q̇α − uα), (27)

ª¥

L̄c = L̄c(q, u, t) = Lc(q, q̇, t)|q̇α→uα . (28)

�L5, �®�G��m Lagrange ¼ê

Ls = Aα(q, u, t)q̇α + G(q, u, t). (29)

òU�¤

Ls = Aα(q̇α − uα) + G′, (30)

Ù¥

G′(q, u, t) = G(q, u, t) + Aαuα. (31)
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XJ G′ ÷ve�^�:

Aα =
∂G′

∂uα
, (32)

K� Ls éA� /�m¥ Lagrange ¼ê�

Lc(q, q̇, t) = G′(q, u, t)|uα→q̇α . (33)

Uìþã§S, ò Ls1 U�¤

Ls1 =
1
2
(ẋ − u) ln(u2 + v2)

+(ẏ − v) arctan
u

v
+

1
2
u ln(u2 + v2)

+v arctan
u

v
+ αx − βy − u, (34)

Ú\

G′(x, y, u, v, t) =
1
2
u ln(u2 + v2) + v arctan

u

v
+αx − βy − u, (35)

��Ò���y
∂G′

∂u
=

1
2

ln(u2 + v2),

∂G′

∂v
= arctan

u

v
. (36)

�� Ls1 éA� /�m Lagrange ¼ê

Lc1 =
1
2
ẋ ln(ẋ2 + ẏ2) + ẏ arctan

ẋ

ẏ

+αx − βy − ẋ. (37)

é' (2) ª L, Lc1 � L ����5�C�� ẋ, �
é{, ·��Ñ
©z [13] �(J. Ød�	, ·�
��±��,	 3 �©O� Ls2, Ls3 Ú Ls4 éA�
 /�m Lagrange ¼ê

Lc2 = ẋ arctan
ẏ

ẋ
+

1
2
ẏ ln(ẋ2 + ẏ2)

+βx + αy − ẏ, (38)

Lc3 = e−αt
[1
2
(ẏ2 − ẋ2) sin βt + ẋẏ cos βt

]
,(39)

Lc4 = e−αt
[1
2
(ẋ2 − ẏ2) cos βt + ẋẏ sinβt

]
.(40)

ù 3 � Lagrange ¼ê´©z [13] ¥����(
J, Ù¥ Lc3 Ú Lc4 ´�Ý��g¼ê, �Øw
¹�I x Ú y, �±���� 2 �Õá�Ì�È
©,  Lc1 Ú Lc2 Øw¹�m t, �±���� 2

� Jacobi È©.

3.3 ���>>>âââfff$$$ÄÄÄ��� Hamilton LLL«««

dâf$Ä� Birkhoff L«, G��m La-

grange L«Ú /�m Lagrange L«Ñ�±�
Ñ Hamilton L« [15,16]. Ñ�í�L§, ���Ñ 4

� Hamilton ¼ê±9éA�2ÂÄþL�ªXe:

Px1 =
1
2

ln(ẋ2 + ẏ2), py1 = arctan
ẋ

ẏ
, (41)

H1 = ePx1 sin py1 − αx + βy; (42)

Px2 = arctan
ẏ

ẋ
, py2 =

1
2

ln(ẋ2 + ẏ2), (43)

H2 = ePy2 cos Px2 − βx − αy; (44)

Px3 = e−αt(ẏ cos βt − ẋ sinβt),

px3 = e−αt(ẏ sinβt + ẋ cos βt), (45)

H3 =
1
2

eαt
[
(P 2

y3 − P 2
x3) sin βt

+2Px3Py3 cos βt
]
; (46)

Px4 = e−αt(ẋ cos βt + ẏ sinβt),

Py4 = e−αt(ẋ sinβt − ẏ cos βt), (47)

H4 =
1
2
eαt

[
(P 2

x4 − P 2
y4) cos βt

+Px4Py4 sinβt
]
. (48)

�â�Ñ� 4 � Hamilton ¼ê, �±l H1

Ú H2 ��ü�2ÂUþÈ©, l H3 Ú H4 �±
�� 4 �2ÂÄþÈ© (Õá��k 2 �). d	,

©z [13] ¥�Ñ�� Hamilton ¼ê´�>âf3
^|¥{Z$Äþfz�1�Ú, é'©z [13]

¥��� Hamilton ¼ê, �±wÑùp��� 4

� Hamilton ¼ê, AO´ H3 Ú H4 �(�{ü, �
N´þfz.

4 �>âf$Ä�©�§�)

3���>âf$Ä�©�§ (1) �©ÛåÆ
L«�, �±^©ÛåÆ�{¦). ~X, d (37)—

(40) ª� Lagrange ¼ê�±���� 4 �Õá�
1�È©

ẋ − αx + βy = c1, (49)

ẏ − βx − αy = c2, (50)

e−αt(ẋ cos βt + ẏ sinβt) = c3, (51)

e−αt(ẋ sinβt − ẏ cos βt) = c4, (52)

Ù¥ c1, c2, c3, c4 �È©~ê. l (49)—(52) ª��
^�ê�{���§ (1) �)

ẋ = (c3 cos βt + c4 sinβt) eαt, (53)

ẏ = (c3 sinβt − c4 cos βt) eαt, (54)

x =
1

α2 + β2

{
c3 eαt(α cos βt + β sinβt)
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+c4 eαt(α sinβt − β cos βt)

−αc1 − βc2

}
, (55)

y =
1

α2 + β2

{
c3e

αt(α sinβt − β cos βt)

−c4 eαt(α cos βt + β sinβt)

+βc1 − αc2

}
. (56)
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Analytical mechanics representations of a moving
charged particle in a magnetic field

with radiation friction
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Abstract

The anatylical mechanics representations of a charged particle moving in a uniform magnetic field with radiation friction are

studied. First, by solving the inverse problem of Birkhoffian mechanics for the differential equations of motion the 4 Birkhoffian

representations of the charged particle are obtained. Secondly, 4 Lagrangian representations in the state space and 4 Lagrangian

representations in the configuration space are derived, and then 4 Hamiltonians are constructed. Lastly, 4 first integrals are obtained

from the analytical mechanics representations of the moving particle, and the solutions of the equations of motion are presented.

Keywords: reduced Lorentz-Dirac equation, analytical mechanics representation, inverse problem
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